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Abstract 

We introduce the notion of a regular quadratic equation and a regular NTQ system over a free group. We 
prove the results that can be described as Implicit function theorems for algebraic varieties corresponding 
to regular quadratic and NTQ systems. We will also show that the Implicit function theorem is true only 
for these varieties. In algebraic geometry such results would be described as lifting solutions of equations 
into generic points. From the model theoretic view-point we claim the existence of simple Skolem functions 
for particular V3-formulas over free groups. Proving these theorems we describe in details a new version of 
the Makanin-Razborov process for solving equations in free groups. We also prove a weak version of the 
Implicit function theorem for NTQ systems which is one of the key results in the solution of the Tarski's 
problems about the elementary theory of a free group. We call it the Parametrization theorem. 



E 



Preliminaries|_ 



2.1 Free monoids and free erouDsl 

2.2 On G-groupj 



2.3 Formulas in the language L4I 



2.4 Elements of algebraic geometry over group; 



^^^^isc^mm^^^m^^i^^o^ri 
^^^^^c^^is^^m^^^^^TOTOsI 



f 



2.7 Quadratic equations over freely discriminated groupsi 



2.8 Formulation of the basic Implicit function thcorcnj 



I3 For mulas over freely disc riminated groupj 



3j2_^UniversaHbrmulas_OT 



3.3 Positive and general formulaa 



I4 Gen eralized equations a nd positive theory of free groupsI 



4.2 Reduction to generalized eauationj 



4.3 Generalized equations with parameters! 
4'4PosiMvrTh^orv^ffrcc''group . . . 



Is Makanin's process and Cut eauationd 
^^^^El^^^^^^^^m^^m^on^ 



5.2 Derived transformations and auxiliary transformations! 

5.3 Construction of the tree 



F^~^cri odizc^^^^o ns! 



5.4.1 Periodic structm-g 



5.4.2 Case 1. Set NV is empty.! . 



§^4J^__^|^agc_2^_^cWy^ Pj£jj£n^cm 



^^^^^^^^m^^o^^on^ 



5.5.3 The finite subtree Tn(fl): cutting off long branches! 



§_^^^^^^alj]gj;2II£SZ21Mjlll KJi£L^^ solutions of fl are in Tn(fl"i 
5A5~^h^'TfeconiPOsitiont^^ . 



5.6 The solution tree r.„, f». A)! 
s'^^uT^ouation^ ...... 



!6 Definitions and elementary properties of liftings! 

\7 Imp licit function theorem: lifting solutions into gener ic points! 



7.1 Basic Automorphisms of Oricntablc Quadratic Equations! 



7.2 Generic Solutions of Qricntablc Quadratic Equation^ 



7.3 Small cancellation solutions of standard oricntablc eouationa 
^^^^^^ic^^^mcM^^^^c^^^^^^ ^ua^^^^^^^onj 



7.6 Implicit function theorem: NTQ systems! . 



3 



1 Introduction 

In this paper we prove so-called Implicit function theorems for regular quadratic and NTQ systems over free 
groups f Theorems 1^ 151 They can be viewed as analogs of the corresponding result from analysis, hence 
the name. To show this we formulate a very basic version of the Implicit function theorem. 
Let 

S{xi, . . . , a;„, ai, . . . , Ofe) = 1 

be a "regular" quadratic equation in variables X = [xi, . . . , Xn) with constants ai, . . . , ajt in a free group F 
(roughly speaking "regular" means that the radical of S coincides with the normal closure of S and S is not 
an equation of one of few very specific types). Suppose now that for each solution of the equation S{X) = 1 
some other equation 

T(xi, . . . ,Xn,yi,. ■ ■ym.,ai, . . . ,afe) = 1 

has a solution in F, then T{X, Y) ~ 1 has a solution Y ~ {yi, . . . , ?/,„) in the coordinate group Gfj(^s) of the 
equation S{X) = 1. 

This implies, that locally (in terms of Zariski topology), i.e., in the neighborhood defined by the equation 
S{X) = 1 , the implicit functions yi,. ■■ ,ym can be expressed as explicit words in variables xi,. . . ,Xn and 
constants from F, say Y = P{X). This result allows one to eliminate a quantifier from the following formula 

$ = yX3Y{S{X) = 1 T{X, Y) = 1). 
Indeed, the sentence $ is equivalent in F to the following one: 

^' = VX(S'(X) = 1 ^ T{X,P{X)) = I). 

From model theoretic view-point the theorems claim existence of very simple Skolem functions for particular 
V3- formulas over free groups. While in algebraic geometry such results would be described as lifting solutions 
of equations into generic points. We discuss definitions and general properties of liftings in Section 6. We also 
prove Theorem 1121 which is a weak version of the Implicit function theorem for NTQ systems. We call it the 
Parametrization theorem. This weak version of the Implicit function theorems forms an important part of the 
solution of Tarski's problems in All Implicit function theorems will be proved in Section 7. 

In Sections 4 and 5 we describe a new version of the Makanin-Razborov process for a system of equations 
with parameters, describe a solution set of such a system (Theorems |5l and ITj) and introduce a new type of 
equations over groups, so-called cut equations (see Definition 1211 and Theorem 

We collect some preliminary results and basic notions of algebraic geometry for free groups in Section 2. 
In Section 3 we discuss first order formulas over a free group and reduce an arbitrary sentence to a relatively 
simple form. 

This paper is an extended version of the paper j23j , the basic version of the Implicit function theorem was 
announced at the Model Theory conference at MSRI in 1998 (see [23 and |22|). 

We thank Igor Lysenok who carefully read the manuscript and whose numerous remarks and suggestions 
have substantially improved the exposition. 

2 Preliminaries 

2.1 Free monoids and free groups 

Let A = {ai, . . . ,am} be a set. By Fmon{A) we denote the free monoid generated by A which is defined as 
the set of all words (including the empty word 1) over the alphabet A with concatenation as multiplication. 
For a word w — bi . . .bn, where 6^ G A, by |u;| or d{w) we denote the length n of w. 

To each a G A we associate a symbol a~^. Put A^^ = {a^^ \ a E A}, and suppose that A D A~^ = 0. We 
assume that = a, (a"^)"^ = a and A^ = A. Denote ^ AuA^''-. If «; = &f . . . 6^" e Fmon{A'^'^), where 
{si E {1, —1}), then we put w^-^ = b^"^" . . . 6j~"^; we see that w^^ G M{A^^) and say that w^^ is an inverse 
of w. Furthermore, we put 1^^ = 1. 

A word w G F„ioniA^^) is called reduced \f it does not contain subwords bb^^ for b G A^^ . If = wibb^^W2, 
w G Fmon{A^^) then we say that wiW2 is obtained from w by an elementary reduction bb^^ ^ 1. A reduction 
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process for w consists of finitely many reductions which bring w to a reduced word w. This w does not depend 
on a particular reduction process and is called the reduced form of w. 

Consider a congruence relation on F^oni-A^^), defined the following way: two words arc congruent if a 
reduction process brings them to the same reduced word. The set of congruence classes with respect to this 
relation forms a free group F{A) with basis A. If not said otherwise, we assume that F{A) is given as the set 
of all reduced words in A^^. Multiplication in F{A) of two words u,w is given by the reduced form of their 
concatenation, i.e., uv = uv. A word w £ Fmon{A^^) determines the element w G F{A), in this event we 
sometimes say that if is an element of F{A) (even though w may not be reduced). 

Words u,w G Fmon{A'^^) are graphically equal if they are equal in the monoid Fmon{A^^) (for example, 
aia2a^^ is not graphically equal to ai). 

Let X = {xi, . . . , a;„}be a finite set of elements disjoint with A. Let w(X) = w{xi, . . . , Xn) be a word in 
the alphabet {X U A)*^ and U = {ui{A), . . . ,u„(A)) be a tuple of words in the alphabet A^^ . By w{U) we 
denote the word which is obtained from w by replacing each xt by Ui. Similarly, if 14^ = (wi{X), . . . ,Wm{X)) 
is an m-tuple of words in variables X then by W{U) we denote the tuple {wi{U), . . . ,Wm{U)). For any 
set S we denote by 5" the set of all n-tuples of elements from S. Every word w{X) gives rise to a map 
Pw : {Fmon{A^^)T i^mo«(A±i) defined by p^{U) = w{U) for U e Fmon{A^^T ■ We caU the word map 
defined by w{X). If W{X) = {wi{X), . . . ,Wm{X)) is an m-tuple of words in variables X then we define a 
word map Pw ■ (^^mo„(A±i))" F„„„(A±i)" by the rule Pw{U) = W{U). 

2.2 On G-groups 

For the purpose of algebraic geometry over a given fixed group G, one has to consider the category of G- 
groups, i.e., groups which contain the group G as a distinguished subgroup. If H and K are G-groups then 
a homomorphism (p : H ^ K is a G- homomorphism if g'^ = g for every gi G G, in this event we write 
(f) : H — >(3 K. In this category morphisms arc G-homomorphisms; subgroups are G-subgroups, etc. By 
Homc{H, K) we denote the set of all G-homomorphisms from H into K. It is not hard to sec that the free 
product G * F{X) is a free object in the category of G-groups. This group is called a free G-group with basis 
X, and wc denote it by G[X]. A G-group H is termed finitely generated G-group if there exists a finite subset 
A C H such that the set GU A generates H. We refer to jlj for a general discussion on G-groups. 

To deal with cancellation in the group G[X] we need the following notation. Let it = mi . . . u„ g G[X] = 
G * F{X). We say that u is reduced (as written) if Ui ^ 1, ui and Wi+i are in different factors of the free 
product, and if Ui G F[X^ then it is reduced in the free group F{X^. By red(u) we denote the reduced form 
of u. If red{u) = ui . . . u„ G G[X], then we define |m| = n, so |u| is the syllable length of u in the free product 
G[X]. For reduced u,v G G[X], we write u o w if the product uv is reduced as written. If u = iti . . . u„ is 
reduced and mi, u„ are in different factors, then we say that u is cyclically reduced. 

If u = r o s, V = s^^ o t, and rt = r o t then wc say that the word s cancels out in reducing uv, or, simply, 
s cancels out in uv. Therefore s corresponds to the maximal cancellation in uv. 

2.3 Formulas in the language La 

Let G be a group generated by a set of generators A. The standard first-order language of group theory, 
which we denote by L, consists of a symbol for multiplication •, a symbol for inversion and a symbol for 
the identity 1. To deal with G-groups, we have to enlarge the language L by all non-trivial elements from G 
as constants. In fact, we do not need to add all the elements of G as constants, it suffices to add only new 
constants corresponding to the generating set A. By La we denote the language L with constants from A. 

A group word in variables X and constants A is a word S{X,A) in the alphabet {X U A)^^. One may 
consider the word S{X,A) as a term in the language La- Observe that every term in the language La is 
equivalent modulo the axioms of group theory to a group word in variables X and constants A U {I}. An 
atomic formula in the language La is a formula of the type S{X,A) = 1, where S{X,A) is a group word in 
X and A. With a slight abuse of language we will consider atomic formulas in La as equations over G, and 
vice versa. A Boolean combination of atomic formulas in the language La is a disjunction of conjunctions 
of atomic formulas or their negations. Thus every Boolean combination $ of atomic formulas in La can be 
written in the form $ = V"=i where each has one of the following forms: 
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n n n m 

[\{S,{X,A) = ll /\{T,{X,A)^1), /\{S,{X,A)^l)k /\{n{X,A)^l). 

j=i j=i j=i fe=i 

Observe that if the group G is not trivial, then every formula \1', as above, can be written in the from 

n 

/\{S,{X,A)^1 & T,{X,A)^1), 
i=i 

where (if necessary) we add into the formula the trivial equality 1 = 1, or an inequality of the type a ^ 1 for 
a given fixed non-trivial a G A. 

It follows from general results on disjunctive normal forms in propositional logic that every quantifier-free 
formula in the language Lj^ is logically equivalent (modulo the axioms of group theory) to a Boolean combi- 
nation of atomic ones. Moreover, every formula in Lj^ with variables Z{zi, . . . , Zk} is logically equivalent to 
a formula of the type 

Q1X1Q2X2 ■ ■ ■ QnXn'^{X, Z, A), 

where Qi G {V, 3}, and '^{X^Z,A) is a Boolean combination of atomic formulas in variables from X U Z. 
Using vector notations QY = Qyi ■ ■ ■ QVn for strings of similar quantifiers we can rewrite such formulas in the 
form 

$(Z) = QiZi . . . QkZk-^iZi, . . . , Zk,X). 
Introducing fictitious quantifiers, one can always rewrite the formula $ in the form 

$(Z) = yX,3Y, . . . yXk3Yk'^{X,,Y,, ...,Xk, Ffc, Z). 

If is a G-group, then the set ThA{H) of all sentences in La which are valid in H is called the elementary 
theory of H in the language La- Two G-groups H and K are elementarily equivalent in the language La (or 
G-elementarily equivalent) if ThA{H) = ThA^K). 

Let T be a set of sentences in the language La- For a formula $(X) in the language La^ we write T h <!> 
if 4> is a logical consequence of the theory T. If X is a G-group, then we write i^T ^ T if every sentence 
from T holds in K (where we interpret constants from A by corresponding elements in the subgroup G of K) . 
Notice, that ThA{H) h $ holds if and only if X |= VX$(X) for every G-group K which is G-elementarily 
equivalent to H- Two formulas ^{X) and ^{X) in the language La are said to be equivalent modulo T (we 
write $ ~T *) if r I" VX($(X) ^ ^{X))- Sometimes, instead of $ ^ThA(G) * we write $ --g * and say 
that <I> is equivalent to 5* over G. 

2.4 Elements of algebraic geometry over groups 

Here we introduce some basic notions of algebraic geometry over groups. We refer to and jj^l for details. 

Let G be a group generated by a finite set A, F{X) be a free group with basis X = {xi, a;2, . . . a;„}, 
G[X] ~ G * F{X) be a free product of G and F{X). If 5 C G[X] then the expression 5 = 1 is called a 
system of equations over G. As an element of the free product, the left side of every equation in S" = 1 can be 
written as a product of some elements from X \J X~^ (which are called variables) and some elements from A 
(constants). To emphasize this we sometimes write S{X,A) ~ 1. 

A solution of the system S{X) = 1 over a group G is a tuple of elements gi, . . . S G such that after 
replacement of each Xi by gi the left hand side of every equation in 5 = 1 turns into the trivial element of G. 
Equivalently, a solution of the system S ^ 1 over G can be described as a G-homomorphism cf) : G[X] — > G 
such that (j>{S) = 1. Denote by ncl{S) the normal closure of S in G[X], and by Gs the quotient group 
G[X]/ncl{S)- Then every solution of S(X) ~ 1 in G gives rise to a G-homomorphism Gs G. and vice 
versa. By Vg{S) we denote the set of all solutions in G of the system S" = 1, it is called the algebraic set 
defined by S- This algebraic set Vg{S) uniquely corresponds to the normal subgroup 

R{S) = {T{x) e G[X] I VA € G"(5(A) = 1 ^ T{A) = 1)} 
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of the group G[X]. Notice that if Vg{S) = 0, then R{S) = G[X]. The subgroup R{S) contains S, and it is 
called the radical of S. The quotient group 

G«(S) - G[X]/RiS) 

is the coordinate group of the algebraic set V{S). Again, every solution of S{X) = 1 in G can be described as 
a G-homomorphism G^k^s) ^ G. 

We recall from that a group G is called a CSA group if every maximal Abelian subgroup AI of G is 
malnormal, i.e., n A/ = 1 for any g E G — M. The class of CSA-groups is quite substantial. It includes 
all Abelian groups, all torsion-free hyperbolic groups j4()j . all groups acting freely on A-trees P], and many 
one-relator groups jlHj . 

We define a Zariski topology on G" by taking algebraic sets in G" as a sub-basis for the closed sets of this 
topology. If G is a non- Abelian CSA group, in particular, a non- Abelian freely discriminated group, then the 
union of two algebraic sets is again algebraic (see Lemma^J. Therefore the closed sets in the Zariski topology 
over G are precisely the algebraic sets. 

A G-group H is called cquationally Noetherian if every system S{X) = 1 with coefficients from G is 
equivalent over G to a finite subsystem 5*0 = 1, where C 5", i.e., Vg{S) = Vg('5'o)- If G is G-equationally 
Noetherian, then we say that G is equationally Noetherian. It is known that linear groups (in particular, freely 
discriminated groups) are equationally Noetherian (see ^Hli [Z|i E])- If G is equationally Noetherian then the 
Zariski topology over G" is Noetherian for every n, i.e., every proper descending chain of closed sets in G" is 
finite. This implies that every algebraic set V in G" is a finite union of irreducible subsets (called irreducible 
components of V), and such a decomposition of V is unique. Recall that a closed subset V is irreducible if it 
is not a union of two proper closed (in the induced topology) subsets. 

Two algebraic sets Vf{Si) and Vf{S2) are rationally equivalent if there exists an isomorphism between 
their coordinate groups which is identical on F . 

2.5 Discrimination and big powers 

Let H and K be G-groups. We say that a family of G-honiomorphisms J- C HomaiH, K) separates [dis- 
criminates] H into K if for every non-trivial element h € H [every finite set of non-trivial elements Hq C H] 
there exists 4> € such that h'^ 1 [h'^ ^ 1 for every h £ -ffo]- In this case we say that i? is G-separated 
{G- discriminated) by K. Sometimes we do not mention G and simply say that H is separated [discriminated] 
by K. In the event when is a free group we say that H is freely separated [freely discriminated]. 

Below we describe a method of discrimination which is called a big powers method. We refer to )40| and 
ISni for details about BP- groups. 

Let G be a group. We say that a tuple u ~ {ui, ...,Ufc) G G*^ has commutation if [ui,Ui^i] = 1 for some 
i = 1, ...A: — 1. Otherwise we call u commutation-free. 

Definition 1. A group G satisfies the big powers condition (BP) if for any commutation-free tuple u = 
(ui, Mfe) of elements from G there exists an integer n{u) (called a boundary of separation for u) such that 

Mi^^-.u^"- ^ 1 

for any integers ai, . . . , a/,- > n{u). Such groups are called BP-groups. 

The following provides a host of examples of BP-groups. Obviously, a subgroup of a BP-group is a BP- 
group; a group discriminated by a BP-group is a BP-group (|4()j): every torsion-free hyperbolic group is a 
BP-group (02). From those facts it follows that every freely discriminated group is a BP-group. 

Let G be a non- Abelian CSA group and u E G not be a proper power. The following HNN-extension 

G{u,t) = {G,t[g' ^gigeGoiu))) 

is called a free extension of the centralizer Cg{u) by a letter t. It is not hard to see that for any integer k the 
map t ^ u'^ can be extended uniquely to a G-homomorphism : G(w, t) G. 
The result below is the essence of the big powers method of discrimination. 
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Theorem ( f4U| ) Let G be a non-Abelian CSA BP-group. If G{u,t) is a free extension of the centralizer 
of the nonproper power u by t, Then the family of G-homomorphisms {^^ \ k is an integer} discriminates 
G{u, v) into G. More precisely, for every w G G{u, t) there exists an integer iV^, such that for every k > N^^ 
w^" 7^ 1. 

If G is a non-Abelian CSA BP-group and AT is a finite set, then the group G[X] is G-embeddablc into 
G{u,t) for any nonproper power u ^ G. It follows from the theorem above that G[X] is G-discriminated by 
G. 

Unions of chains of extensions of centralizers play an important part in this paper. Let G be a non-Abelian 
CSA BP- group and 

G = Gq < Gi < . . . < Gn 

be a chain of extensions of centralizers G^+i ~ Gi{ui, ti). Then every n-tuple of integers p ~ {pi, . . . ,p„) gives 
rise to a G-homomorphism : G„ — > G which is composition of homomorphisms ^p. : Gi — > Gi_i described 
above. If a centralizer of is extended several times, we can suppose it is extended on the consecutive steps 
by letters tj, . . . , t^+j. Therefore Wj+i = t^, . . . , u.^+j = tj+j_i. 

A set P of n-tuples of integers is called unbounded if for every integer d there exists a tuple p = [pi , . . . , p„) S 
P with Pi > d for each i. The following result is a consequence of the theorem above. 

Corollary Let Gn be as above. Then for every unbounded set of tuples P the set of G-homomorphisms 
Sp = {^p I p S P} G- discriminates G„ into G. 

Similar results hold for infinite chains of extensions of centralizers (see 001) and [Sj). For example, Lyndon's 
free Z[a;]-group F^^^^ can be realized as union of a countable chain of extensions of centralizers which starts 
with the free group F (see |40| ) . hence there exists a family of i^-homomorphisms which discriminates F^^^^ 
into F. 

2.6 Freely discriminated groups 

Here we formulate several results on freely discriminated groups which are crucial for our considerations. 

It is not hard to see that every freely discriminated group is a torsion- free CSA group 0]. 

Notice that every CSA group is commutation transitive |40| . A group G is called commutation transitive if 
commutation is transitive on the set of all non-trivial elements of G, i.e., if a,b,c G G— {1} and [a, b] = 1, [b, c] = 
1, then [a, c] = 1. Clearly, commutation transitive groups are precisely the groups in which centralizers of non- 
trivial elements are commutative. It is easy to see that every commutative transitive group G which satisfies 
the condition [a, a**] = 1 — > [a, b] ~ 1 for all a, 6 S G is CSA. 

Theorem l'|47|'l. Let F be a free non-abelian group. Then a finitely generated F-group G is freely F- 
discriminated by F if and only if G is F -universally equivalent to F (i.e., G and F satisfy precisely the same 
universal sentences in the language La). 

Theorem (0], |19|). Let F be a free non-abelian group. Then a finitely generated F-group G is the 
coordinate group of a non-empty irreducible algebraic set over F if and only if G is freely F -discriminated by 
F. 

Theorem fl'iUp. Let F be a non-abelian free group. Then a finitely generated F-group is the coordinate 
group i^p,(s) of an irreducible non-empty algebraic set V{S) over F if and only if G is F-embeddable into the 
free Lyndon's Z[t]-group 

This theorem implies that finitely generated freely discriminated groups are finitely presented, also it allows 
one to present such groups as fundamental groups of graphs of groups of a very particular type (see [501 for 
details). 

2.7 Quadratic equations over freely discriminated groups 

In this section we collect some known results about quadratic equations over fully residually free groups, which 
will be in use throughout this paper. 

Let S C G[Ar]. Denote by var{S) the set of variables that occur in S. 
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Definition 2. A set S C G[X] is called quadratic if every variable from var{S) occurs in S not more then 
twice. The set S is strictly quadratic if every letter from var{S) occurs in S exactly twice. 

A system 5* = 1 over G is quadratic [strictly quadratic] if the corresponding set S is quadratic [strictly 
quadratic]. 

Definition 3. A standard quadratic equation over a group G is an equation of the one of the following 
forms (below d,Ci are nontrivial elements from G): 

n 

Y[[x^,y^]^l, n>0; (1) 

i=l 

n m 

yi] J]^ ^"-^CiZid 1, 71, m > 0,771 + n > 1; (2) 

i=l i=l 

n 

na;? = l, n>0; (3) 

i=l 

n m 

n n -^r^'^i^i^ 71, 771 > 0, 71 + 771 > 1. (4) 

i=l i=l 

Equations 0J), ^ are caltec/ orientable of genus n, equations ^ are caltec/ iion-oricntablc of genus n. 

Lemma 1. Let W be a strictly quadratic word over G. Then there is a G- automorphism f G AutQ{G[X]) 
such that is a standard quadratic word over G. 

Proof. See 

Definition 4. Strictly quadratic words of the type \x,y], x^, z~^cz, where c S G, are called atomic 
quadratic words or simply atoms. 

By definition a standard quadratic equation S = 1 over G lias the form 

ri r2...rkd= 1, 

where r,; are atoms, d £ G. This number k is called the atomic rank of this equation, we denote it by r(S). 
In Section we defined the notion of the coordinate group Gj^^s)- Every solution of the system 5 = 1 is a 
homomorphism (f> : G'/j(s) — *■ G. 

Definition 5. Let S = \ be a standard quadratic equation written in the atomic form rir2 . ■ . r^d ~ 1 with 
k > 2. A solution cf) : Gjk^s) —^GofS~lis called: 

1. degenerate, if rf — 1 for some i, and non-degenerate otherwise; 

2. commutative, if [j'f , 7'f_|_]^] = 1 for all i ~ 1, . . . , k — 1, and non- commutative otherwise; 

3. in a general position, if [rf , rf^^] ^ 1 for all i ^ 1, . . . , k ~ 1,. 

Observe that if a standard quadratic equation S{X) = 1 has a degenerate non-commutative solution then 
it has a non-degenerate non-commutative solution see j20|'). 

Theorem 1 (^|20p. Let G be a freely discriminated group and S = 1 a standard quadratic equation over 
G which has a solution in G. In the following cases a standard quadratic equation S* = 1 always has a solution 
in a general position: 

1. S ~ I is of the form n > 2; 

2. S ~ 1 is of the form n > 0, n + m > 1; 

3. S = 1 is of the form n > 3; 
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4- S = 1 is of the form n > 2; 

5. r{S) > 2 and S ^ I has a non- commutative solution. 

The following theorem describes the radical R{S) of a standard quadratic equation S = I which has at 
least one solution in a freely discriminated group G. 

Theorem 2 (|20j). Let G be a freely discriminated group and let S ^ 1 be a standard quadratic equation 
over G which has a solution in G. Then 

1. If S = [x,y]d or S ^ [xi,yi][x2,y2], then R{S) = ncl{S) ; 

2. If x^d, then R{S) ncl{xb) where b^ = d; 

3. IfS = c'-d, then R{S) = ncl{[zb-^ , c]) where d-^ = c^■ 
4-. If S ~ x\x\, then R{S) ~ ncl{[xi,X2]); 

5. If S ~ x\x\x\, then R{S) = ncl{[xi,X2\,[xi,x^],[x2TX^]); 

6. If r{S) > 2 and 5 — 1 has a non- commutative solution, then R(S) ~ ncl{S); 

7. If S = \ is of the type ^ and all solutions of S = \ are commutative, then R{S) is the normal closure 
of the following system: 

{xi . . .a;„ = si . . .s„, [xk.xi] = 1, [a^^Zj,^^] = 1, [xk, C] = 1, [a'^^Zi, C] = 1, 

[a~^z,,a~^Zj] = 1 (fc,Z = 1, . . . ,n;i, j = 1,. . . ,m)}, 

where Xk Sfc, Zi a,; is a solution of S ~ \ and C — Cg(c"^ , • ■ • , cj^j" , si, . . . , s„) is the corresponding 
centralizer. The group G^k^s) an extension of the centralizer C . 

Definition 6. A standard quadratic equation 5 = 1 over F is called regular if either it is an equation of the 
type [x,y] = d {d ^ 1), or the equation [xi, yi] [x2-, 2/2] = 1; or r{S) > 2 and S{X) ~ 1 has a non- commutative 
solution and it is not an equation of the type c^^c^^ = C\C2, x^c^ = a^c, x\x\ = a\a\. 

Put 

k{S) = \X\+e{S), 

where e{S) = 1 if the coefficient d occurs in 5, and e{S) ~ otherwise. 

Equivalently, a standard quadratic equation S{X) = 1 is regular ii n{S) > 4 and there is a non-commutative 
solution of S{X) = 1 in G, or it is an equation of the type [x, y]d = 1. 

Notice, that if S{X) = 1 has a solution in G, k{S) > 4, and n > in the orientable case (n > 2 in the 
non-orientable case), then the equation 5=1 has a non-commutative solution, hence regular. 

Corollary 1. 1. Every consistent orientable quadratic equation S{X) = 1 of positive genus is regular, 
unless it is the equation [x,y] = 1; 

2. Every consistent non-orientable equation of positive genus is regular, unless it is an equation of the type 
x^c^ = a^c, xlx2 = a\a2-,x\x2x\ = 1, or S(X) = 1 can be transformed to the form [zi,Zj] = [zi,a] = 
1, j = 1, . . . , m by changing variables. 

3. Every standard quadratic equation S{X) = 1 of genus is regular unless either it is an equation of the type 
c\^ = d,c\^c^ = C1C2, or S{X) = 1 can be transformed to the form [zi,Zj] = [zi,a] = 1, i,j = 1, . . . ,to 
by changing variables. 
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2.8 Formulation of the basic Implicit function theorem 

In this section we formulate the imphcit function theorem over free groups in its basic simplest form. Wc refer 
to Sections 17.21 17.41 for the proofs and to Section 171)1 for generalizations. 

Theorem 3. Let S{X) ~ I be a regular standard quadratic equation over a non-ahelian free group F and let 
T{X, Y) ^ \ he an equation over F , \X\ = m, \Y\ = n. Suppose that for any solution U G Vf{S) there exists a 
tuple of elements W G F" such that T{U, W) = 1. Then there exists a tuple of words P — {pi{X), . . . ,pn{X)), 
with constants from F, such that T(U, P(U)) = 1 for any U G Vf{S). Moreover, one can fund a tuple P as 
above effectively. 

From algebraic geometric view-point the implicit function theorem tells one that (in the notations above) 
T{X, Y) = 1 has a solution at a generic point of the equation S{X) = 1. 

3 Formulas over freely discriminated groups 

In this section we collect some results (old and new) on how to effectively rewrite formulas over a non-Abelian 
freely discriminated group G into more simple or more convenient "normal" forms. Some of these results hold 
for many other groups beyond the class of freely discriminated ones. We do not present the most general 
formulations here, instead, we limit our considerations to a class of groups T which will just suffice for our 
purposes. 

Let us fix a finite set of constants A and the corresponding group theory language La, let also a, b be two 
fixed elements in A. 

Definition 7. A group G satisfies Vaught's conjecture if the following universal sentence holds in G 

(V) \lx\ly\lz{x'^y^z^ 1 ^ [x, y] = 1 & [x, z] = 1 & [y, z\ = 1) 

Lyndon proved that every free group satisfies the condition (V) (see |26jV 
Denote by T the class of all groups G such that: 

1) G is torsion-free; 

2) G satisfies Vaught's conjecture; 

3) G is CSA; 

4) G has two distinguished elements a, b with [a, b] 1. 

It is easy to write down axioms for the class T in the language L^a,b}- Indeed, the following universal 
sentences describe the conditions l)-4) above: 

(TF) = 1 ^ a; = 1 (n = 2, 3, . . .); 

(V) yx\fy\/z{x'^y^z^ = l-^[x,y]^l k [x, z] = 1 & [y, z] = 1); 

(CT) yxiy^zix 7^ 1 & ?/ ^ 1 & z 7^ 1 & [x, y] = 1 & [x, z] 1 ^ [y, 2] = 1); 

(WCSA) Va;Vy([a;, x^] = 1 -> [x, = 1); 

(NA) [a, 6] 7^1. 

Observe that the condition (WCSA) is a weak form of (CSA) but (WCSA) and (CT) together provide the 
CSA condition. Let GROUPS be a set of axioms of group theory. Denote by Aq- the union of axioms (TF), 
(V), (CT), (WCSA), (NA) and GROUPS. Notice that the axiom (V) is equivalent modulo GROUPS to the 
following quasi-identity 

Va:Vj/Vz(x^y^z^ ~ \ ^ [x,y] ^ 1). 
It follows that all axioms in Ar, with exception of (CT) and (NA), are quasi-identities. 
Lemma 2. The class T contains all freely discriminated non-abelian groups. 
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Proof. We show here that every freely discriminated group G satisfies (V). Similar arguments work for the 
other conditions. If u^v^'uP' = 1 for some u,v,w G G and, say, [u,v] ^ 1, then there exists a homomorphism 
(f> : G ^ F from G onto a free group F such that [u'^,v'^] ^ 1. This shows that the elements m*^, u"^, w*^ in F 
give a counterexample to Vaught's conjecture. This contradicts to the Lyndon's result. Hence (V) holds in 
G. This proves the lemma. 

Almost all results in this section state that a formula $(X) in La is equivalent modulo Aq- to a formula 
^'(X) in La- We will use these results in the following particular form. Namely, if G is a group generated by 
A and H is a G-group from T then for any tuple of elements U € (here n = \X\) the formula $(J7) holds 
in H if and only if ^{U) holds in H. 

3.1 Quantifier-free formulas 

In this section by letters X, Y, Z we denote finite tuples of variables. 

The following result is due to A.Malcev |34) . He proved it for free groups, but his argument is valid in a 
more general context. 

Lemma 3. Let G E T . Then the equation 

x^ax^a"^ = {ybyb-^f (5) 

has only the trivial solution x = 1 and y ~ 1 in G. 

Proof. Let G be as above and let x,y he a. solution in G of the equation (0 such that x ^1. Then 

{x'afa'' ^ {{yhfh-^f. (6) 

In view of the condition (V), we deduce from © that [x^a, a"^] = 1, hence [a:;^,a~^] = 1. By transitivity of 
commutation [x, a] = 1 (here we use inequality x ^ 1). Now, we can rewrite © in the form 

x'x^ = {{yhfb~')\ 

which implies (according to (V)), that [x^ , {yh)'^b~'^] = 1, and hence (since G is torsion-free) 

x^ = {yhfb~\ (7) 

Again, it follows from (V) that [y, &] = 1. Henceforth, x^ = y^ and, by the argument above, x = y. We proved 
that [x,a\ = 1 and [x,b] = 1 therefore, by transitivity of commutation, [a, 6] ~ 1, which contradicts to the 
choice of a, b. This contradiction shows that x ^ 1. In this event, the equation © transforms into 

iiybfb-r = 1, 

which implies {yb)^b^'^ = 1. Now from (V) we deduce that [yb,b] = 1, and hence [y,b] ~ 1. It follows that 
= 1, so ?/ = 1, as desired. 

Corollary 2. Let G E T. Then for any finite system of equations Si{X) — 1, . . . , Sk{X) = 1 over G one 
can effectively find a single equation S{X) = 1 over G such that 

VG{Si,...,Sn)^VG{S). 

Proof. By induction it suffices to prove the result for k = 2. In this case, by the lemma above, the following 
equation (after bringing the right side to the left) 

SiiX^aSiiXfa-^ = (52(X)652(^)6"')' 
can be chosen as the equation S{X) = 1. 
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Corollary 3. For any finite system of equations 

Si{X) = l,...,Sk{X) = l 
in La, one can effectively find a single equation S{X) = 1 in La such that 

k 

{f\S.{X) = l) ^Ar S{X) = 1. 
i=l 

Remark 1. In the proof of Lemma\^ and Corollaries \^ and\^ we did not use the condition (WCSA) 
so the results hold for an arbitrary non-abelian torsion-free commutation transitive group satisfying Vought's 
conjecture. 

The next lemma shows how to rewrite finite disjunctions of equations into conjunctions of equations. In 
the case of free groups this result was known for years (in PSl Makanin attributes this to Y.Gurevich). We 
give here a different proof. 

Lemma 4. Let G be a CSA group and let a, b be arbitrary non-commuting elements in G. Then for any 
solution x,y ^ G of the system 

[x,yT = l, [x,y^'^] = l, (8) 

either x = 1 or y = 1. The converse is also true. 

Proof. Suppose x,y are non-trivial elements from G, such that 

[x,y"] = l, = [x,y^'^] = l. 

Then by the transitivity of commutation [y^ ^ y""^] = 1 and [y", y^\ = 1. The first relation implies that [y, y""] — \, 
and since a maximal Abelian subgroup M of G containing y is malnormal in G, we have [y, a] = 1. Now from 
[y°'TV^] = 1 it follows that [y,y^] = 1 and, consequently, [y,b] = 1. This implies [a, 6] = 1, a contradiction, 
which completes the proof. 

Combining Lemmas 0] and |31 yields an algorithm to encode an arbitrary finite disjunction of equations into 
a single equation. 

Corollary 4. Let G G T . Then for any finite set of equations Si{X) = 1, . . . , Sk{X) = 1 over G one can 
effectively find a single equation S{X) = 1 over G .such that 

VGiSi)U...UVGiSk) = VGiS). 

Inspection of the proof above shows that the following corollary holds. 

Corollary 5. For any finite set of equations Si{X) = 1, . . . , Sk{X) = 1 in La, one can effectively find a 
.single equation S{X) — 1 in La .such that 

k 

(\/5.(X) = l) ^Ar S{X) = 1. 
i=l 

Corollary 6. Every positive quantifier-free formula ^{X) in La is equivalent modulo Aq- to a single 
equation S{X) ~ 1. 

The next result shows that one can effectively encode finite conjunctions and finite disjunctions of inequal- 
ities into a single inequality modulo Aq-. 

Lemma 5. For any finite set of inequalities 

Si{X)^l,...,Sk{X)^l 
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in La, one can effectively find an inequality R{X) ^ 1 and an inequality T{X) 1 in La such that 

k 

{/\S,{X)j^l) ^Ar R{X)7^l 
i=l 

and 

k 
i=l 

Proof. By Corollary |5l there exists an equation R{X) = 1 such that 

k 

\/{S,{X) = l) ^Ar R{X) = 1. 

1=1 

Hence 

k k 
(/\ S,{X) ^ 1) S.,{X) = 1) ^Ar ^{R{X) = 1) ^Ar R{X) ^ 1. 

i=l i=l 

This proves the first part of the result. Similarly, by Corollary |21 there exists an equation T{X) ~ 1 such that 

k 

{f\S,{X) = l) ^Ar nX) = \. 

4=1 

Hence 

k k 

{\J Sm^l) ^Ar ^{f\S,{X)^l) 

i=l 1=1 

^Ar AnX) = l) ^Ar T{X) ^ \. 

This completes the proof. 

Corollary 7. For every quantifier-free formula in the language La, one can effectively find a formula 

n 

^{X) = \/{S,{X)^\ & T,{X)^l) 

i=l 

in La which is equivalent to modulo Aq- . In particular, if G ^ T, then every quantifier-free formula 

$(X) in Lq is equivalent over G to a formula "^{X) as above. 

3.2 Universal formulas over F 

In this section we discuss canonical forms of universal formulas in the language La modulo the theory Aq- of 
the class T of all torsion-free non-Abelian CSA groups satisfying Vaught's conjecture. We show that every 
universal formula in La is equivalent modulo Aq- to a universal formula in canonical radical form. This implies 
that if G £ T is generated by A, then the universal theory of G in the language La consists of the the axioms 
describing the diagram of G (multiplication table for G with all the equalities and inequalities between group 
words in A), the set of axioms Aq-, and a set of axioms Aqi which describes the radicals of finite systems over 
G. 

Also, we describe an effective quantifier elimination for universal positive formulas in La modulo ThA{G), 
where G € T and G is a BP-group (in particular, a non-Abelian freely discriminated group). Notice, that in 
Section 14.41 in the case when G is a free group, we describe an effective quantifier elimination procedure (due 
to Merzljakov and Makanin) for arbitrary positive sentences modulo T/i^(G). 

Let G g T and A be a generating set for G. 
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We say that a universal formula in La is in canonical radical form (is a radical formula) if it has the 
following form 

<i>s,T{X) = Vy y) = 1 ^ T{Y) = 1) (9) 

for some S e G[X UY],T e G[Y]. 

For an arbitrary finite system S{X) = 1 with coefficients from A denote by S{X) = 1 an equation which 
is equivalent over G to the system S{X) = 1 (such S(X) exists by Corollary (SJ- Then for the radical R{S) of 
the system S* = 1 we have 

RiS) = {T e G[X] I G h *s,t}- 
It follows that the set of radical sentences 

As = {$5,T I G h <i>S,T} 

describes precisely the radical R{S) of the system S = 1 over G, hence the name. 

Lemma 6. Every universal formula in La is equivalent modulo Ax to a radical formula. 

Proof. By Corollary {7\ every Boolean combination of atomic formulas in the language La is equivalent 
modulo At to a formula of the type 

n 
i=l 

This implies that every existential formula in La is equivalent to a formula in the form 

n 

3Y{\/{S,{X,Y)^1 & T,{X,Y)^1)). 

i=l 

This formula is equivalent modulo Aj- to the formula 

n n 

3zi...3z„3r((/\z, ^1) & {y{S,{X,Y)^l & T,{X,Y) = z,))). 

i=l i=l 

By Corollaries El and 13 one can effectively find S G G[X,Y,Z] and T G G[Z] (where Z = (zi,...,z„)) such 
that 

n 

\/{S^{X,Y) = l & T,{XX)^z^) -Ar S{X,Y,Z) = 1 

i=l 

and 

n 

/\{z,^l) ^Ar T{Z)^1. 

i=l 

It follows that every existential formula in La is equivalent modulo Aq- to a formula of the type 

3Z3Y{S{X,Y,Z) = 1 & T{Z)t^\). 
Hence every universal formula in La is equivalent modulo At to a formula in the form 

vzvy(5(x,y,z)^i V r(z) = i), 

which is equivalent to the radical formula 

vzvy(S'(x, r, z) = 1 ^ r(z) = i). 

This proves the lemma. 

Now we consider universal positive formulas. 
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Lemma 7. Let G he a BP-group from T . Then 

G h yX{U{X) = 1) ^ G[X] h U{X) = 1, 

i.e., only the trivial equation has the whole set G" as its solution set. 

Proof. The group G[X] is discriminated by G Therefore, if the word U{X) is a non-trivial element of 

G[X], then there exists a G-homomorphism : G[X] G such that C/"^ ^ 1. But then U{X't') ^ 1 in G 

contradiction with conditions of the lemma. So U{X) = 1 in G[X]. 

Remark 2. The proof above holds for every non-Abelian group G for which G[X] is discriminated by G. 

The next result shows how to eliminate quantifiers from positive universal formulas over non-Abelian freely 
discriminated groups. 

Lemma 8. Let G be a BP-group from T . For a given word U{X, Y) G G[X U Y], one can effectively find 
a word W{Y) e G[Y] such that 

WX{U{X,Y) = 1) W{Y)^l. (10) 

Proof. By Lemma[7| for any tuple of constants C from G, the following equivalence holds: 

G h yX{U{X, G) = 1) ^ G[X] h U{X, G) = 1. 

Now it suffices to prove that for a given U{X, Y) G G[X U Y] one can effectively find a word G G[Y] 

such that for any tuple of constants G over F the following equivalence holds 

G[X] 1= U{X, G) = 1 ^ G h W{C) = 1. 

We do this by induction on the syllable length of U{X, Y) which comes from the free product 
G[X UY]^ G[Y] * F{X) (notice that F{X) does not contain constants from G, but G[Y] does). If U{X, Y) is 
of the syllable length 1, then either U{X,Y) = U{X) G F{X) or U{X,Y) = U(Y) G G[Y]. In the first event 
F \= U{X) = 1 means exactly that the reduced form of U(X) is trivial, so we can take Vl^(y) trivial also. In 
the event U{X,Y) = U{Y) we can take W{Y) = U{Y). 

Suppose now that U(X, Y) G G[Y] * F{X) and it has the following reduced form: 

U{X, Y) = gi{Y)vi{X)g2iY)v2{X) . . .v,„iX)g„-,+i{Y) 

where w^'s are reduced nontrivial words in F(X) and gi{YYs are reduced words in G[Y] which arc all nontrivial 
except, possibly, 51(F) and g„+i(y). 

If for a tuple of constants G over G we have G[X] \= U(X, G) = 1 then at least one of the elements 
52(G), . . . , gmiC) must be trivial in G. This observation leads to the following construction. For each i ~ 
2, . . . ,TO delete the subword gi(Y) from U{X.,Y) and reduce the new word to the reduced form in the free 
product F{X) * G[Y]. Denote the resulting word by Ui{X, Y). Notice that the syllable length of Ui{X, Y) is 
less then the length of U{X,Y). It follows from the argument above that for any tuple of constants G the 
following equivalence holds: 

m 

G[X] h U{X,C) = 1 ^ G[X] h \/{g^{C) = 1 & U,{X,C) - 1). 

By induction one can effectively find words W2{Y), . . . , Wm{Y) G G[Y] such that for any tuple of constants 
G we have 

G[X] h U^iX, G) = 1 ^ G ^ W,{C) = 1, 
for each i = 2, . . . , m. Combining the equivalences above we see that 

m 

G[X] h U{X,C) = 1 ^ G h \/{9^{C) = 1 & W,{C) = 1). 
By Corollaries 121 and 121 from the previous section we can effectively rewrite the disjunction 

m 

y {g,{Y) = 1 k W,{Y) ^ 1) 
as a single equation VF(y) = 1. That finishes the proof. 
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3.3 Positive and general formulas 

In this section wc describe normal forms of general formulas and positive formulas. We show that every 
positive formula is equivalent modulo Aq- to a formula which consists of an equation and a string of quantifiers 
in front of it; and for an arbitrary formula $ either $ or -1$ is equivalent modulo Aq- to a formula in a general 
radical form (it is a radical formula with a string of quantifiers in front of it). 

Lemma 9. Every positive formula ^{X) in La is equivalent modulo Aq- to a formula of the type 

QiXi . . . QkXk{S{X, Xi,...,Xk)^ 1), 

where Qi G {3, V} (i = 1, . . . , fc). 

Proof. The result follows immediately from Corollaries 13 and |S| 

Lemma 10. Let ^{X) be a formula in La of the form 

$(X) = QiXi . . . QkXkVY^oiX, Xi,...,Xk, Y), 

where Qi G {3,V} and $0 quantifier-free formula. Then one can effectively find a formula ^{X) of the 
form 

^(X) = QiXi . . . 0fcXfeVrVZ(5(X, Xi, . . . , Xk, Y,Z) = l^ T{Z) = 1) 
such that '^{X) is equivalent to modulo Aq-. 

Proof. Let 

= QiXi . . . QfeXfcVy$o(^, ^1, . . . , Xk, r), 

where Qi G {3, V} and $0 is a quantifier- free formula. By LemmalHlthere exists equations S{X, Xi, . . . , Xk, Y, Z) = 
1 and T{Z) = 1 such that 

vr$o(^,^i,...,^,n~ArVyvz(5(Xi,...Xfe,r,z) = i ^ t{z) = i). 

It follows that 

= QiXi . . . QfeXfeVy$o(X, Xi, . . . , Xk, Y) ^Ar QiXi . . . QkXk^Y^Z{S{X, . . . ,Xk,Y, Z) = I ^ T{Z) = 1, 
as desired. 

Lemma 11. For any formula ^{X) in the language La, one can effectively find a formula '^{X) in the 
language La in the form 

= 3X1 VFi . . . 3XfeVyfeVZ(5(X, Xi, Fi, ...,Xk,Yk,Z) = l^ T{Z) = 1), 

such that ^{X) or its negation (and we can check effectively which one of them) is equivalent to ^(X) 

modulo Aq-. 

Proof. For any formula ^{X) in the language La one can effectively find a disjunctive normal form $i(X) 
of ^{X), as well as a disjunctive normal form <I>2 of the negation of ^{X) (see, for example, [HI). We 

can assume that either in $i(X) or in ^2{X) the quantifier prefix ends with a universal quantifier. Moreover, 
adding (if necessary) an existential quantifier 3v in front of the formula (where v docs not occur in the 
formula) wc may also assume that the formula begins with an existential quantifier. Now by Lemma llUI one 
can effectively find a formula with the required conditions. □ 
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Figure 1: From the cancellation tree for the equation xyz = 1 to the generalized equation (x = Ai o A2, y = 
A2 ^ o A3, X^^ o Aj^^). 

4 Generalized equations and positive theory of free groups 

Makanin |32j introduced the concept of a generalized equation constructed for a finite system of equations 
in a free group F ~ F{A). Geometrically a generalized equation consists of three kinds of objects: bases, 
boundaries and items. Roughly it is a long interval with marked division points. The marked division points 
are the boundaries. Subintervals between division points are items (we assign a variable to each item). Line 
segments below certain subintervals, beginning at some boundary and ending at some other boundary, are 
bases. Each base either corresponds to a letter from A or has a double. 

This concept becomes crucial to our subsequent work and is difficult to understand. This is one of the 
main tools used to describe solution sets of systems of equations. In subsequent papers we will use it also to 
obtain effectively different splittings of groups. Before we give a formal definition we will try to motivate it 
with a simple example. 

Suppose we have the simple equation xyz = 1 in a free group. Suppose that we have a solution to this 
equation denoted by x'^, y'^, z'^ where is is a given homomorphism into a free group F{A). Since x'^, y"^, z'^ 
are reduced words in the generators A there must be complete cancellation. If we take a concatenation of 
the geodesic subpaths corresponding to x'^,y'^ and z'^ we obtain a path in the Cayley graph corresponding 
to this complete cancellation. This is called a cancellation tree (see Fig. 1). In the simplest situation 
a; = Ai o \2.y ~ A^^ o A3 and z = Ag"^ o Aj^^. The generalized equation would then be the following interval. 

The boundaries would be the division points, the bases are the A's and the items in this simple case are 
also the A's. In a more complicated equation where the variables X, Y, Z appear more than one time this 
basic interval would be extended. Since the solution of any equation in a free group must involve complete 
cancellation this drawing of the interval is essentially the way one would solve such an equation. Our picture 
above depended on one fixed solution <f). However for any equation there are only finitely many such cancellation 
trees and hence only finitely many generalized equations. 

4.1 Generalized equations 

Let A ~ {ai, . . . , am} be a set of constants and X — {xi, . . . , Xn] be a set of variables. Put G = F{A) and 
G[X] ^G*F{X). 

Definition 8. A combinatorial generalized equation O (with constants from A^^) consists of the following 
objects: 
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1. A finite set o/ bases BS = BS{^). Every base is either a constant base or a variable base. Each 
constant base is associated with exactly one letter from A^^ . The set of variable bases M consists of 2n 
elements M. = {/ii, . . . , ^2n}- The set A4 comes equipped with two functions: a function s : A4 ^ {1, —1} and 
an involution A : A4 ^ M (i.e., A is a bisection such that A^ is an identity on Ad). Bases /i and A(/i) (or 
pL ) are called dual bases. We denote variable bases by fi, X, . . . . 

2. A set o/ boundaries BD = BD{Q). BD is a finite initial segment of the set of positive integers 
BD ~ {1, 2, . . . , p + 1}. We use letters . . . for boundaries. 

3. Two functions a : BS — > BD and p : BS — > BD. We call a{pL) and Pin) the initial and terminal 
boundaries of the base fj, (or endpoints of pi). These Junctions satisfy the following conditions: a{b) < P{b) for 
every base b £ BS; if b is a constant base then P{b) = a{b) + 1. 

4-. A finite set o/ boundary connections BC = BC'{fl). A boundary connection is a triple {i,^,j) where 
i,j G BD, fi E A4 such that a{p,) < i < P{p-) and a(A(/i)) < j < /3(A(^)). We will assume for simplicity, 
that if{i,^,j) G BC then (j,A(/i),i) G BC. This allows one to identify connections {i,fi,j) and (j,A(/i),i). 

For a combinatorial generalized equation fl, one can canonically associate a system of equations in vari- 
ables hi,.. .,hp over F{A) (variables hi are sometimes called items). This system is called a generalized 
equation, and (slightly abusing the language) we denote it by the same symbol fl. The generalized equation 
il consists of the following three types of equations. 

1. Each pair of dual variable bases (A, A(A)) provides an equation 

[ha{\)ha{\) + l ■ ■ ■ ^/3(A)-l]"'-^' = [^q(A(A)) /la(A(A)) + l " ' ' 'i/3(A(A))-l]^^^''^''^ • 

These equations are called basic equations. 

2. For each constant base b we write down a coefficient equation 

ha{b) = a, 

where a G A^^ is the constant associated with b. 

3. Every boundary connection (p, \,q) gives rise to a boundary equation 

[ha[\)ha[\) + i ■ ■ ■ /ip-l] = [ha{A{\))ha(A{\)) + l ' ' ' '^g-l], 

if e(A) =e(A(A)) and 

[ha{\)ha(X) + l ■ ■ ■ hp^l] ~ [hqhq+l ■ ■ ■ /l^(A(A))-l] : 

if£(A) = -£(A(A)). 

Remark 3. We assume that every generalized equation comes associated with a combinatorial one; 

Example. Consider as an example the Malcev equation [a;,j/][6,a] = 1, where a,6 G A. Consider the 
following solution of this equation: 

x't' = ((&"ia)"^&)"^6"ia, / = (6"ia)"^&. 

Fig. 2 shows the cancellation tree and the generalized equation for this solution. This generalized equation has 
ten variables hi, ... , hiQ and eleven boundaries. The system of basic equations for this generalized equation 
is the following 

hi = /i7, /i2 = hs, = he, hih2h2,hi = /ig/ir, /15 = hshghiQ. 
The system of coefficient equations is 

/13 = b, /14 = a, hg ~ a, hiQ = b. 

Definition 9. Let n{h) = {Li{h) = Ri{h) , . . . , L s{h) = Rs{h)} be a generalized equation in variables 
h ~ {hi, . . . , hp) with constants from A^-^ . A sequence of reduced nonempty words U = {Ui{A), . . . , Up{A)) in 
the alphabet A^^ is a solution of D, if: 

1) all words Li{U), Ri{U) are reduced as written; 
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[x,y][b,a]=1 
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Figure 2: A cancellation tree and the generalized equation corresponding to this tree for the equation 
[x,y][b,a] = 1. 



2) L,{U) = R,{U), i = l,...s. 

The notation (fi, U) means that ?7 is a solution of the generalized equation fi. 

Remark 4. Notice that a solution U of a generalized equation Q can be viewed as a solution of in 
the free monoid Fmoni^^^) (i-e., the equalities Li[U) = Ri{U) are graphical) which satisfies an additional 
condition U e F{A) < F„io„(^^^). 

Obviously, each solution U oi fl gives rise to a solution of fl in the free group F{A). The converse does not 
hold in general, i.e., it might happen that C/ is a solution of ft in F{A) but not in FmoniA^^), i.e., all equalities 
Li{U) ~ Ri{U) hold only after a free reduction but not graphically. We introduce the following notation which 
will allow us to distinguish in which structure [F„ion[A^^) or F{A)) we are looking for solutions for Vl. 

If 

S = {Li(/i) = . . . , L,{h) = R,[h)} 

is an arbitrary system of equations with constants from A^^ ^ then by S* we denote the system of equations 

S* = {Li{h)Ri{h)-' = 1, . . . , L,{h)Rs{h)-' = 1} 

over the free group F{A). 

Definition 10. A generalized equation is called formally consistent if it satisfies the following conditions. 

1) If e{fi) = — £(A(/i)), then the bases /i and A{ii) do not intersect, i.e. non of the the items /Iq(;^), ^/3(^i)_i 
is contained in A{fi). 

2) If two boundary equations have respective parameters {p,X,q) and {pi,X,qi) with p <pi, then q < qi in 
the case when e(A)e(A(A)) = 1, and q > qi in the case e(A)£(A(A)) = —1, in particular, if p — pi then 
q = 91- 

3) Let fi be a base such that a{fi) ~ a{A{fi)) (in this case we say that bases fi and A.{fi) form a matched 
pair of dual bases). If (p, fi, q) is a boundary connection related to fi then p ~ q. 
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4) A variable cannot occur in two distinct coefficient equations, i.e., any two constant bases with the same 
left end-point are labelled by the same letter from A^^ . 

5) If hi is a variable from some coefficient equation, and if (i, /i, gi), (i + 1, /i, (72) o,re boundary connections, 
then \qi — (72I = 1- 

Lemma 12. 1. If a generalized equation VL has a solution then Q is formally consistent; 

2. There is an algorithm which for every generalized equation checks whether it is formally consistent or 
not. 

The proof is easy and we omit it. 

Remark 5. In the sequel we consider only formally consistent generalized equations. 
It is convenient to visualize a generalized equation Q as follows. 
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4.2 Reduction to generalized equations 

In this section, following Makanin we show how for a given finite system of equations S{X, A) ^ 1 over a 
free group F{A) one can canonically associate a finite collection of generalized equations GE{S) with constants 
from A^'^, which to some extent describes all solutions of the system S{X, A) = 1. 

Let S{X, A) = 1 he a, finite system of equations 5*1 = 1, • . • , S„i ~ 1 over a free group F{A). We write 
S{X, A) ^ 1 in the form 

riiri2 . . .ri/i = 1, 

r'2ir22 . . .r-2/2 = 1, ^^^^ 

^ml^m2 ■ ■ ■ '^mlm — -^i 

where are letters in the alphabet X^^ U A^^ . 

A partition table T of the system above is a set of reduced words 

T = {Fy (zi, ...,zp)} il<i<m,l<j < k) 

from a free group F[Z] = F{A U Z), where Z = {zi, . . . , Zp}, which satisfies the following conditions: 

1) The equality ViiV^2 ■ . -Va^ ^ 1,1 < i < m, holds in F[Z]; 

2) \V,j\<h-l; 

3) if Ty = a E A^^, then Vij = a. 

Since \V[j\ < li — 1 then at most |5| = J^iLiih — different letters Zi can occur in a partition table of 
the equation S{X,A) = 1. Therefore we will always assume that p < \S\. 

Each partition table encodes a particular type of cancellation that happens when one substitutes a partic- 
ular solution M^(yl) e F{A) into S{X, A) = 1 and then freely reduces the words in S{W{A), A) into the empty 
word. 
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Lemma 13. Let S{X,A) = 1 be a finite system of equations over F(A). Then 

1 ) the set PT{S) of all partition tables of S{X, A) = I is finite, and its cardinality is bounded by a number 
which depends only on \S{X,A)\; 

2) one can effectively enumerate the set PT{S). 

Proof. Since the words Vij have bounded length, one can effectively enumerate the finite set of all collections 
of words {Vij} in F[Z] which satisfy the conditions 2), 3) above. Now for each such collection {T^ij}, one can 
effectively check whether the equalities VuVa ■ ■ ■ Vu- = 1,1 < i < m hold in the free group F[Z] or not. This 
allows one to list effectively all partition tables for S{X,A) = 1. □ 

To each partition table T = {Vij} one can assign a generalized equation Qt in the following way (below 
we use the notation = for graphical equality). Consider the following word V in M{A^^ U Z^^) : 

V = Viiyi2 ...Vil^... Vm\Vm2 ■ ■ ■ ^Vl---Vp^ 

where yi £ A^^ U Z^^ and p = 1{V) is the length of V . Then the generalized equation = ^rih) has p + 1 
boundaries and p variables hi, . . . ,hp which are denoted hy h = {hi, . . . , hp). 

Now we define bases of ^It and the functions a, (3, e. 

Let z ^ Z . For any two distinct occurrences of z in 1^ as 

y^ = z^\ yj^z"^ (£„£j e {1,-1}) 
we introduce a pair of dual variable bases p-z.i, Pz,j such that A{pz^i) = fiz.j (say, if i < j). Put 

aifJ'z.i) = i, PiPzj) = j + 1, e(M^,i) = £i- 

The basic equation that corresponds to this pair of dual bases is h^^' = /i^^ . 
Let X G X. For any two distinct occurrences of x in S{X, A) = 1 as 

rij = x^'^ rs,t = x^'' {£ij,£st e {1, -1}) 

we introduce a pair of dual bases fix,i,j and fj,x,s,t such that A{px,i.j) = fJ'x.s,t (say, if {i,j) < {s,t) in the left 
lexicographic order). Now let Vij occurs in the word V aa a subword 

Vij =yc---yd- 

Then we put 

a{pxA,j) = c, l3{pxA,j) = d + 1, e{px,ij) = £y • 
The basic equation which corresponds to these dual bases can be written in the form 

Let r.y = a £ A^^ . In this case we introduce a constant base pij with the label a. If Vij occurs in V as 
Vij = yc, then we put 

Ct{P-lj) = C,l3{pLij) = c + 1. 

The corresponding coefhcient equation is written as he = a. 

The list of boundary connections here (and hence the boundary equations) is empty. This defines the 
generalized equation 17^. Put 

^£'(5') = {VLt \ T is a partition table for S{X, A) = 1}. 

Then QE{S) is a finite collection of generalized equations which can be effectively constructed for a given 
Six, A) = 1. 

For a generalized equation f2 we can also consider the same system of equations in a free group. We denote 
this system by D,*. By F^k^qj we denote the coordinate group of Q*. Now we explain relations between the 
coordinate groups of S{X,A) ~ 1 and fl"^. 
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For a letter x in X we choose an arbitrary occurrence of x in S{X, A) = 1 as 



Let ^ — fJ.x,i,j be the base that corresponds to this occurrence of x. Then Vij occurs in V as the subword 

= 2/a(M) • --ypM-i- 

Define a word Px(h) e F[h] (where h = {hi, . . . , hp}) as 

Px{h, A) = ^q(^) . . . 

and put 

P(/i) = (P,,,...,P,J. 

The tuple of words P{h) depends on a choice of occurrences of letters from X in V. It follows from the 
construction above that the map X — > F[h] defined by a; ^ Px{h,A) gives rise to an F-homomorphism 

Observe that the image tt{x) in PR(jiy) does not depend on a particular choice of the occurrence of x in 
S{X,A) (the basic equations of fix make these images equal). Hence tt depends only on Qt- 

Now we relate solutions of S{X,A) — 1 with solutions of generalized equations from QE{S). Let M^(yl) be 
a solution of S{X,A) = 1 in F{A). If in the system Hll() we make the substitution a : X ^ W{A), then 

(nir,2 . . .ri,J = r^ir^j • = 1 

in F(v4) for every i = 1, . . . , m. Hence every product Ri = rfj^rfj ■ ■ - "I'll, can be reduced to the empty word by a 
sequence of free reductions. Let us fix a particular reduction process for each Ri. Denote by zi, . . . , Zp all the 
(maximal) non-trivial subwords of that cancel out in some i?i (i = 1, . . . , m) during the chosen reduction 
process. Since every word r^- in this process cancels out completely, ithat mplies that 

■rlj ="Ky(Zl,...,2p) 

for some reduced words Vij{Z) in variables Z = {zi, . . . , Zp}. Moreover, the equality above is graphical. 
Observe also that if rij = a G A^^ then r^- = a and we have Vij = a. Since every word r^- in Ri has at most 
one cancellation with any other word and does not have cancellation with itself, we have l{Vij) < li — 1- 
This shows that the set T = {Vij} is a partition table for S{X, A) ~ 1. Obviously, 

t/(A) = (z~l,...,Zp) 

is the solution of the generalized equation fix, which is induced by Vl^(^). From the construction of the map 
P{H) we deduce that W{A) = P{U{A)). 

The reverse is also true: if U{A) is an arbitrary solution of the generalized equation ^It, then P{U{A)) is 
a solution of S{X, A) = 1. 

We summarize the discussion above in the following lemma, which is essentially due to Makanin |32j . 

Lemma 14. For a given system of equations S{X, A) = I over a free group F ~ F{A), one can effectively 
construct a finite set 

QE{S) = {VIt \ T is a partition table for S{X, A) = 1} 
of generalized equations such that 

1. If the set QE[S) is empty, then S{X,A) ~ 1 has no solutions in F{A); 

2. for each fl{H) g QE{S) and for each x ^ X one can effectively find a word Px{H,A) S F[H] of 
length at most \H\ such that the map x :— > Px{H,A) (x € X) gives rise to an F -homomorphism 
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3. for any solution W{A) G F{A)" of the system S{X^A) = 1 there exists VL[H) G QE{S) and a solution 
U{A) of VL{H) such that W{A) ~ P{U{A)), where P{H) = (Pxi, ■ ■ ■ ,Px„)7 '"^'^ equality is graphical; 

4- for any F-group F , if a generalized equation Q{H) G QE{S) has a solution U in F, then P{U) is a 
solution of S{X,A) ~ I in F. 

Corollary 8. In the notations of Lemma \14\ for any solution W{A) G of the system S{X,A) = 1 

there exists fl{H) G QE{S) and a solution U{A) of VL{H) such that the following diagram commutes. 

TT 



■Kw 




F 



4.3 Generalized equations with parameters 

In this section, following |45| and |21| . we consider generalized equations with parameters. This kind of 
equations appear naturally in Makanin's type rewriting processes and provide a convenient tool to organize 
induction properly. 

Let f2 be a generalized equation. An item hi belongs to a base ^ (and, in this event, /i contains hi) if 
Q!(m) * ~ 1- An item hi is constant if it belongs to a constant base, hi is free if it does not belong to 

any base. By 7(/ii) = 7i wc denote the number of bases which contain hi. We call 7^ the degree of hi. 

A boundary i crosses (or intersects) the base ^ if a{^) < i < (3{fJ-). A boundary i touches the base fi (or 
i is an end-point of fi) if i ~ a{fi) or i — (3{fi). A boundary is said to be open if it crosses at least one base, 
otherwise it is called closed. We say that a boundary i is tied (or bound) by a base /i (or fi-tied) if there exists 
a boundary connection (p, /i, q) such that i ^ p oi i = q. A boundary is free if it does not touch any base and 
it is not tied by a boundary connection. 

A set of consecutive items [i,j] = {hi, . . . , /ij+j-i} is called a section. A section is said to be closed if the 
boundaries i and i + j are closed and all the boundaries between them are open. A base fi is contained in a 
base A if a(A) < a(/i) < /3(/i) < /3(A). If /i is a base then by (T(/i) we denote the section [a(/i), /3(/i)] and by 
h{p) we denote the product of items ft.Q.(p) . . . In general for a section [i,j] by h[i,j] we denote the 

product hi . . . hj-i. 

Definition 11. Let &e a generalized equation. If the set S ~ of all closed sections of VL is partitioned 
into a disjoint union of subsets 

En = l^S U PE U CS, (12) 

then Q, is called a generalized equation with parameters or a parametric generalized equation. Sections from 
VTijPT,, and CT, are called correspondingly, variable, parametric, and constant sections. To organize the 
branching process properly, we usually divide variable sections into two disjoint parts: 

VT.:^ A^UNAJ: (13) 

Sections from AT, are called active, and sections from NAT are non-active. In the case when partition HcH) 
is not specified we assume that AT ~ VT. Thus, in general, we have a partition 

Tn ^ATU NAT UPTUCT (14) 

IfaET, then every base or item from a is called active, non-active, parametric, or constant, with respect to 
the type of a. 
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We will see later that every parametric generalized equation can be written in a particular standard form. 

Definition 12. We say that a parametric generalized equation f2 is in a standard form if the following 
conditions hold: 

1 ) all non-active sections from N AY,i^ are located to the right of all active sections from AY,, all parametric 
sections from PSq are located to the right of all non-active sections, and all constant sections from CS 
are located to the right of all parametric sections; namely, there are numbers 1 < pA ^ Pna 1£ Pp 1£ Pc 1£ 
p=pvi such that [1, pA + l], [pA + 1, Pna + 1], [pna + 1, Pp + 1], and [pp + l,pn + 1] are, correspondingly, 
unions of all active, all non-active, all parametric, and all constant sections; 

2) for every letter a S A^^ there is at most one constant base in labelled by a, and all such bases are 
located in the CS; 

3) every free variable (item) hi of is located in CS. 

Now we describe a typical method for constructing generalized equations with parameters starting with a 
system of ordinary group equations with constants from A. 

Parametric generalized equations corresponding to group equations 
Let 

S{X,Yi,Y2,...,Yk,A) = l (15) 

be a finite system of equations with constants from A^^ and with the set of variables partitioned into a disjoint 
union 

XUYiU ...UYk (16) 

Denote by QE{S) the set of generalized equations corresponding to = 1 from LcmmalT^ Put Y = YiU. . .UYk- 
Let n e QE{S). Recall that every base p occurs in O either related to some occurrence of a variable from XiJY 
in the system S{X, Y,A) = 1, or related to an occurrence of a letter z £ Z va the word V (see Lemma [TS|) . or 
is a constant base. If p corresponds to a variable x & X {y £ Yi) then we say that p is an X-base {Yi-base). 
Sometimes we refer to li-bases as to Y bases. For a base p oi Q, denote by cr^ the section ~ Wip), P{p)]- 
Observe that the section ct^ is closed in D, for every X-base, or y-base. If p is an X-base (F-base or Yi- 
base), then the section is called an X-section (Y -section or Yi-section). If ^ is a constant base and the 
section cr^ is closed then we call ct^ a constant section. Using the derived transformation D2 wc transport all 
closed Yi-sections to the right end of the generalized equations behind all the sections of the equation (in an 
arbitrary order), then we transport all Y2-sections an put them behind all Yi-sections, and so on. Eventually, 
we transport all y-sections to the very end of the interval and they appear there with respect to the partition 
(|16|) . After that wc take all the constant sections and put them behind all the parametric sections. Now, let 
AY be the set of all X-sections, NAY = 0, PY be the set of all F-sections, and CY be the set of all constant 
sections. This defines a parametric generalized equation = f2y with parameters corresponding to the set 
of variables Y . If the partition of variables H16(l is fixed we will omit Y in the notation above and call Q. the 
parameterized equation obtained from Vl. Denote by 

GEpar{^) = {riy I r! G gE{n)} 

the set of all parameterized equations of the system (|15|l . 
4.4 Positive theory of free groups 

In this section we prove first the Mcrzljakov's result on elimination of quantifiers for positive sentences over free 
group F = F{A) This proof is based on the notion of a generalized equation. Combining Merzljakov's 
theorem with Makanin's result on decidability of equations over free groups we obtain decidability of the 
positive theory of free groups. This argument is due to Makanin . 

Recall that every positive formula '^{Z) in the language La is equivalent modulo Ar to a formula of the 
type 

yxi3y^...'ixk3yk{S{X,Y,Z,A) = 1), 
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where S{X, Y, Z,A) = 1 is an equation with constants from A^'^ , X = {xi, . . . , Xk), Y = {yi, . . . , yk), Z = 
(zi, . . . ,Zm)- Indeed, one can insert fictitious quantifiers to ensure the direct alteration of quantifiers in the 
prefix. In particular, every positive sentence in is equivalent modulo Aq- to a formula of the type 

yxi3yi..yxk3yk{S{X,Y,A) = 1). 

Now we prove the Merzlyakov's theorem from though in a slightly different form. 
Merzljakov's Theorem. // 

F h Vxi3yi . . . yxk3yk{S{X, Y, A) = 1), 
then there exist words (with constants from F) qi{xi), . . . , qk{xi, . . . ,Xk) G ^[-'^li such that 

F[X] ^ S{xi,qi{xi), . . .,Xk,qk{xi, . . . ,Xk,A)) = 1, 

i.e., the equation 

S{xi,yi, . . .,Xk,yk,A) = 1 

(in variables Y) has a solution in the free group F[X]. 

Proof. Let QE{u) = {r2i(Zi), . . . , r2r(-^r)} be generalized equations associated with equation S'(X, F, A) = 
1 in Lemma Il4l Denote by pi — \Zi\ the number of variables in il^. 
Let a, 5 e A, [a, b] ^ 1, and put 

.91 =ba"'''ba"''^b...a"''^ib, 
where mn < mi2 < . . . and maxjpi, . . . , pr}\S{X, A)\ < ui. Then there exists hi such that 

F ^ yx23y2 ■ . ■yxk3yk{S{gi,hi,x2,y2, ■ ■ ■,Xk,yk) = !)• 
Suppose now that elements gi,hi, . . . gi-i, /li-i £ F are given. We define 

g, = ba"'''ba"''''b...a"''"'b (17) 

such that: 

1) mn < mi2 < . . . min.] 

2) ma^{pi,...,pr}\S{X,A)\ <ni; 

3) no subword of the type ba"^'^b occur in any of the words gi, hi for I < i. 

We call words 1171 Merzljakov 's words. Then there exists an clement hi ^ F such that 

F \= Vxi+iByi+i . . .yxk3yk{S{gi,hi, . . . , g^, /i^, x^+i, . . .,Xk,yk) = !)• 

By induction we have constructed elements gi, /ii, . . . , gj,, /i^ £ F such that 

Sigi,hi,. .. ,gk,hk) = 1 

and each gi has the form p7|) and satisfies the conditions 1), 2), 3). 

By Lemma [TH there exists a generalized equation il{Z) G QE{S), words Pi{Z, A),Qi{Z, A) G F[Z] {i = 
1 , . . . , A:) of length not more then p = \Z\, and a solution U ^ {ui, ... ,Up) oi n{Z) in F such that the following 
words are graphically equal: 

g^^P^{U), h,^Q,{U) {l^\,...,k). 

Since Ui > p\S{X, A)\ (by condition 2)) and Pi{U) = yi . . .yq with yi G U^^,q < p, the graphical equalities 

g, = ba"'^'ba"''^b...a"''"'b^ P,{U) {i = l,...,k) (18) 

show that there exists a subword w,; = 60™'^ b of gi such that every occurrence of this subword in H18() is an 
occurrence inside some uf'^- For each i fix such a subword Vi ~ ba"^'^b in gi. In view of condition 3) the word 
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Vi does not occur in any of the words gj {j ^ i), hg {s < i), moreover, in g,; it occurs precisely once. Denote by 
the unique index such that Vi occurs inside u^^J^ in Pi{U) from H18|l (and Vi occurs in it precisely once). 

The argument above shows that the variable docs not occur in words Pt{Z,A) [t ^ i), Qs{Z,A) 
(s < i). Moreover, in Pi{Z) it occurs precisely once. It follows that the variable Zj(^i) in the generalized 
equation f2(Z) does not occur neither in coefficient equations nor in basic equations corresponding to the dual 
bases related to Xt (t ^ i), ys {s < i). 

We "mark" (or select) the unique occurrence of Vi (as vf^) in Uj(j-) i = 1, . . . , fc. Now we are going to mark 
some other occurrences of Vi in words ui, ... ,Up as follows. Suppose some Ud has a marked occurrence of some 
Vi. If r2 contains an equation of the type z| = z^, then = graphically. Hence has an occurrence of 
subword vf^ which correspond to the marked occurrence of vf^ in Ud. Wc mark this occurrence of v^^ in u^. 

Suppose Q contains an equation of the type 

[ha^ . . . hp^^iY^ = [ha^ . . . hp^^iY^ 
such that Zd occurs in it, say in the left. Then 

graphically. Since v^^'^ is a subword of Ud, it occurs also in the right-hand part of the equality above, say in 
some Ur. We marked this occurrence of v^~^^ in Ur. The marking process will be over in finitely many steps. 
Observe that one and the same can have several marked occurrences of some . 

Now in all words ui, . . . ,Up we replace every marked occurrence of Vi = ha^^^h with a new word ha^^^Xib 
from the group F[X]. Denote the resulting words from F[X] by mi, . . . ,Up. It follows from description of 
the marking process that the tuple U = (iti, . . . ,Up) is a solution of the generalized equation f2 in the free 
group -ff^]. Indeed, all the equations in Q. are graphically satisfied by the substitution Zi Ui hence the 
substitution Ui Ui still makes them graphically equal. Now by LemmalTUX = P{U), Y — Q{U) is a solution 
of the equation S{X, A) = \ over F[X] as desired. □ 

Corollary 9. There is an algorithm which for a given positive sentence 

yxi3yi...yxk3yk{S{X,Y,A) = 1) 
in La determines whether or not this formula holds in F, and if it does, the algorithm finds words 

qi{xi), . . .,qk{xi,. ..,Xk)& F[X] 

.such that 

F[X] ^ w(.Ti,gi(a;i), . . .,Xk,qkixi, . . . ,Xk)) = 1. 

Proof. The proof follows from Proposition^land decidability of equations over free groups with constraints 
yi e F[Xi], where Xi = {xi, ...,Xi} 32 . 

Definition 13. Let (j) he a sentence in the language La written in the standard form 

(p = Va;i3?/i . . .\/xk3yk<t>o{xi,yi, ...,Xk, yk), 

where (j)Q is a quantifier-free formula in La- We say that G freely lifts if there exist words (with constants 
from F) qi{xi), . . . , qk{xi, . . . , Xk) G such that 

F[X] ^ 0o(a;i,(7i(a;i), . . .,Xk,qk{xi, . . . ,Xk,A)) = 1. 

Theorem 4. F freely lifts every sentence in La that is true in F. 



Proof. Suppose a sentence 

(f> ^yxi3yi . . .\fxk3yk{U{xi,yi, . . . ,Xk,yk) = 1 /\V{xi,yi, . . . ,Xk,yk) 7^ 1), 



(19) 
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is true in F. We choose xi = gi,yi = hi,. . . ,Xk = fJkiUk = hk precisely like in the Merzlyakov's Theorem. 
Then the formula 

U{gi,hi,...,gk,hk) = 1 AV{gi, hi, . . . , gk, hk) ^ 1 

holds in F. In particular, U{gi, hi, . . . , g^, hk) = 1 in _F. It follows from the argument in Theorem0]that there 
are words qi{xi) G -^[2^1], ■ • ■ ,qk{xi, . . . ,Xk) G F[xi, . . . ,Xk] such that 

F[X] 1= U{xi,qi{xi, . . ■,Xk), ■ . .,Xk,qkixi, . . ■,Xk)) = 1. 

Moreover, it follows from the construction that hi = qi{gi), . . . ,hk = qkigi, ■ ■ ■ , gk)- We claim that 

F[X] \= V{xi,qi{xi, . . . ,Xk), ■ . .,Xk,qkixi, . . . ,Xk)) ^ 1. 

Indeed, if 

V{xi,qi{xi, . . .,Xk), . . .,Xk,qk{xi, . . . ,Xk)) = 1 

in then its image in F under any specialization X ^ F is also trivial, but this is not the case for 

specialization xi gi, . . . ,Xk ^ gk - contradiction. This proves the theorem for sentences of the form (|19|l . 
A similar argument works for formulas of the type 

n 

(/) = yxi3yi . . .yxk^Vk \J {Ui{xi,yi, . . .,Xk,yk) = 1 A Vi{xi,yi, . . .,Xk,yk) 7^ 1); 
which is, actually, the general case by Corollary This finishes the proof. □ 

5 Makanin's process and Cut equations 

5.1 Elementary transformations 

In this section we describe elementary transformations of generalized equations which were introduced by 
Makanin in |32j . Recall that we consider only formally consistent equations. In general, an elementary 
transformation ET associates to a generalized equation il a finite set of generalized equations ET{Q,) = 
{Oi, . . . , ri^} and a collection of surjective homomorphisms 9i : G^(q) G^k^q.) such that for every pair 
(f2, U) there exists a unique pair of the type {Qi, Ui) for which the following diagram commutes. 

e. 




F{A) 

Here ttuIX) ~ U. Since the pair [Qi, Ui) is defined uniquely, we have a well-defined map 

ET:{n,U) -> {n,,u,). 

ETl [Cutting a base). Suppose Q contains a boundary connection < p, X,q >. Then we replace (cut in p) 
the base A by two new bases Ai and A2 and also replace (cut in q) A(A) by two new bases A(Ai) and A(A2) 
such that the following conditions hold. 

If e(A) =e(A(A)), then 

a(Ai)=a(A), f3{Xi) = p, a{X2) = p, /^(Aa) = /3(A); 



a(A(Ai)) = «(A(A)), /3(A(Ai)) = g, a(A(A2)) = g, /3(A(A2)) = /3(A(A)); 
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If e(A) = -e(A(A)), then 

a(Ai)=a(A), /3(Ai)=p, aiX^) ^ p, /?(A2) = /3(A); 

a(A(Ai)) = g, /3(A(Ai)) - /3(A(A)), «(A(A2)) = «(A(A)), /?(A(A2)) = g; 

Put e(A,) - e(A), e(A(A,)) = £(A(A)), i = 1, 2. 
Let (p', A, be a boundary connection in 17. 
If p' < p, then replace {p' , A, g') by (p', Ai, g'). 
If p' > p, then replace {p' , A, g') by {p' , A2, (?')■ 

Notice, since the equation Q is formally consistent, then the conditions above define boundary connections 
in the new generalized equation. The resulting generalized equation Q' is formally consistent. Put ET(Q) = 
{fi'}. Fig. 3 below explains the name of the transformation ETl. 




Figure 3: Elementary transformation ETl. 

ET2 {Transfer of a base). Let a base of a generalized equation Q be contained in the base ^, i.e., 
a(/i) < a{6) < (3{9) < Suppose that the boundaries a{9) and P{6)) are ^-tied, i.e., there are boundary 

connections of the type < q;(0), /i, 71 > and < P{9), /i, 72 >■ Suppose also that every 0-tied boundary is fi-ticd. 
Then we transfer 9 from its location on the base fi to the corresponding location on the base A(/i) and adjust 
all the basic and boundary equations (see Fig. 4). More formally, we replace by a new base 9' such that 
a{9') = 71, /3(0') = 72 and replace each 0-boundary connection {p, 9, q) with a new one (p', 9' , q) where p and 
p' come from the /x-boundary connection {p,fi,p'). The resulting equation is denoted by f2' = ET2(Q). 

ET3 (Removal of a pair of matched bases (see Fig. 5)). Let ^ and A(/x) be a pair of matched bases in Q. 
Since f2 is formally consistent one has £(/i) = £(A(/i)), P{fi) = /3(A(//)) and every ^-boundary connection is 
of the type (p, n,p). Remove the pair of bases /i, A(/i) with all boundary connections related to fi. Denote the 
new generalized equation by Q' . 

Remark. Observe, that for i = 1,2,3 ETiiyi) consists of a single equation Q! , such that O and Vl' have 
the same set of variables H, and the identity map F[H] F[H] induces an i^-isomorphism — > ffl(n')- 
Moreover, [/ is a solution of Vl if and only if [/ is a solution of Vl' . 
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Figure 4: Elementary transformation ET2. 



ET4 {Removal of a lonely base (see Fig. 6)). Suppose in Q a variable base fi does not intersect any 
other variable base, i.e., the items ■ . ■ , /i;3(p)_i are contained in only one variable base ^. Suppose 

also that all boundaries in fi are /x-tied, i.e., for every i {a{n) + l<i</3 — 1) there exists a boundary 
b{i) such that {i,ii,b{i)) is a boundary connection in O. For convenience we define: b(a{fi)) = a(A(/i)) and 
= /3(A(m)) if si|,)eiA{^i)) = 1, and biai^i)) = /3(A(/x)) and 6(/3(/.)) = a(A(/.)) if £(/i)£(A(M)) = -1. 

The transformation ET4 carries Q into a unique generalized equation fli which is obtained from Q by 
deleting the pair of bases /i and A(/x); deleting all the boundaries a{fi) + 1, . . . , — 1 ( and renaming the rest 
— a{fj,) — 1 boundaries) together with all /x-boundary connections; replacing every constant base A which is 
contained in by a constant base A' with the same label as A and such that Q!(A') = b{a{X)), /3(A') = 6(/3(A)). 

We define the homomorphism tt : -FR(n) — >■ -P'fl(n') as follows: n{hj) = hj if j < a{ij) or j > (3{ij,); 

for a + 1 < i < /3(/i) — 1. It is not hard to see that tt is an i^-isomorphism. 

ET5 [Introduction of a boundary (see Fig. 7)). Suppose a point p in a base fi is not fi-tied. The trans- 
formation ET5 fi-tica it in all possible ways, producing finitely many different generalized equations. To this 
end, let q be a boundary on A(/i). Then we perform one of the following two transformations: 

1. Introduce the boundary connection < p, /i, g > if the resulting equation Clq is formally consistent. In 
this case the corresponding i^-homomorphism tt^ : hito is induced by the identity isomorphism 
on F[H]. Observe that tt^ is not necessary an isomorphism. 

2. Introduce a new boundary q' between q and q + I (and rename all the boundaries); introduce a new 
boundary connection (p, ^, g'). Denote the resulting equation by 17^. In this case the corresponding _F- 
homomorphism TTqi : i^ij(o) into Fjk^q ,) is induced by the map 7r(/i) = h, li h ^ hq, and TT{hq) ~ hqihqi^i. 
Observe that iTqi is an ^^-isomorphism. 

Let 51 be a generalized equation and E be an elementary transformation. By E{fl) we denote a generalized 
equation obtained from Q by elementary transformation E (pehaps several such equations) if E is applicable 
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Figure 5: Elementary transformation ET3. 



to ri, otherwise we put E{il) = fl. By (I>e ■ Fj 



B,{n} ^ Ff;^E{n)) we denote the canonical homomorphism 
of the coordinate groups (which has been described above in the case E{il) ^ fJ), otherwise, the identical 
isomorphism. 

Lemma 15. There exists an algorithm which for every generalized equation fl and every elementary 
transformation E determines whether the canonical homomorphism 4>e ■ FR(n) FR{E{n)) is an isomorphism 
or not. 

Proof. The only non-trivial case is when E = E^ and no new boundaries were introduced. In this case 
i?(ri) is obtained from 51 by adding a new particular equation, say s = 1, which is effectively determined by 
^ and E{n). In this event, the coordinate group 



F, 



R{E{n)) 



F, 



R{nu{s}) 



is a quotient group of Fh(o)- Now 4>e is an isomorphism if and only if R{^1) = i?(ri U {s}), or, equivalently, 
s € R{^1). The latter condition holds if and only if s vanishes on all solutions of the system of (group-theoretic) 
equations il = 1 in F, i.e., if the following formula holds in F: 

Vsi . . . Vxp(ri(xi, . . . ,Xp) = 1 ^ s{xi, . . . ,Xp) = 1). 

This can be checked effectively, since the universal theory of a free group F is decidable f|33|). 



5.2 Derived transformations and auxiliary transformations 

In this section we describe several useful transformations of generalized equations. Some of them can be 
realized as finite sequences of elementary transformations, we call them derived transformations. Other trans- 
formations result in equivalent generalized equations but cannot be realized by finite sequences of elementary 
moves. 

Dl (Closing a section). 

Let cr be a section of H,. The transformation Dl makes the section a closed. To perform Dl we introduce 
boundary connections (transformations ET5) through the end-points of a until these end-points are tied by 
every base containing them, and then cut through the end-points all the bases containing them (transformations 
ETl)(see Fig. 8) 
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Figure 6: Elementary transformation ET4. 
D2 (Transporting a closed section). 

Let tr be a closed section of a generalized equation H.. We cut a out of the interval [1, po] together with all 
the bases and boundary connections on a and put a at the end of the interval or between any two consecutive 
closed sections of J7. After that we correspondingly re-enumerate all the items and boundaries of the latter 
equation to bring it to the proper form. Clearly, the original equation ft and the new one fl' have the same 
solution sets and their coordinate groups are isomorphic (see Fig. 79) 

D3 (Complete cut). 

Let J7 be a generalized equation. For every boundary connection (p, /i, q) in CI wc cut the base fi at 
p applying ETl. The resulting generalized equation D, is obtained from by a consequent application of 
all possible ETl transformations. Clearly, does not depend on a particular choice of the sequence of 
transformations ETl. Since ETl preserves isomorphism between the coordinate groups, equations and f2 
have isomorphic coordinate groups, and the isomorphism arises from the identity map F[H] F[H]. 

D4 (Kernel of a generalized equation). 

Suppose that a generalized equation Q does not contain boundary connections. An active base /x S ASq 
is called eliminahle if at least one of the following holds: 

a) /i contains an item hi with ^(hi) — 1; 

b) at least one of the boundaries a(ii), is different from 1, p + 1 and it does not touch any other base 
(except /i). 

An elimination process for consists of consequent removals (eliminations) of eliminable bases until no 
eliminable bases left in the equation. The resulting generalized equation is called a kernel of Q and we denote 
it by Ker(^l). It is easy to see that Ker(il) does not depend on a particular elimination process. Indeed, if 
has two different eliminable bases /ii, fi2, and deletion of fii results in an equation 0^ then by induction (on 
the number of eliminations) Ker(Cli) is uniquely defined for i = 1,2. Obviously, /ii is still eliminable in 
well as ^2 is eliminable in ili. Now eliminating pi and fi2 from and Qi we get one and the same equation 
rig. By induction Ker(^ll) = Ker(Uo) = Ker(U2) hence the result. We say that a variable hi belongs to 
the kernel (hi € Ker(U)), if either hi belongs to at least one base in the kernel, or it is parametric, or it is 
constant. 

Also, for an equation by we denote the equation which is obtained from Q by deleting all free variables. 
Obviously, 



32 



9 10 




1 2 3 4 5 6 789 10 11 



1 23456789 10 



1 2 3 4 5 6 789 10 11 



Figure 7: Elementary transformation ET5. 

where Y is the set of free variables in fi. 

Let us consider what happens on the group level in the elimination process. 

We start with the case when just one base is eliminated. Let ^ be an climinable base in 51 = Q{hi, . . . , hp). 
Denote by f2i the equation resulting from by eliminating fi. 

1) Suppose hi G fj, and "f{hi) = 1. Then the variable hi occurs only once in 57 - precisely in the equation 
Sp = I corresponding to the base ^. Therefore, in the coordinate group i^i{(n) the relation = 1 can be 
written as hi ~ w, where w does not contain hi. Using Tictzc transformations we can rewrite the presentation 
, where 51' is obtained fr'om 51 by deleting and the item hi. It follows immediately that 



of as 



F. 



and 



F, 



F, 



F{Z) 



(20) 



for some free group F{Z). Notice that all the groups and equations which occur above can be found effectively. 

2) Suppose now that satisfies case b) above with respect to a boundary i. Then in the equation ~ 1 
the variable /li-i either occurs only once or it occurs precisely twice and in this event the second occurrence 
of hi-i (in A(/i)) is a part of the subword Qii-ihi)^^ . In both cases it is easy to see that the tuple 



[hi 



, hi-2, s„, hi-ihi, h 



i+li 



v) 



forms a basis of the ambient free group generated by {hi, . . . , hp) and constants from A. Therefore, eliminating 
the relation Sp ~ I, we can rewrite the presentation of i^i^(n) in generators Y = (hi, . . . , /ii_2, hi-ihi, /i^+i, . . . , hp). 
Observe also that any other equation s\ = 1 {X ^ ^,) of either does not contain variables hi-i, hi or it con- 
tains them as parts of the subword (hi-ihi)^^ , i.e., any such a word s\ can be expressed as a word w\{Y) in 
terms of generators Y and constants from A. This shows that 



F, 



F{Y U A)j^i^.^^i^Y)\\^tJ.) - Ffi^n'^, 



where 51' is a generalized equation obtained from fli by deleting the boundary i. Denote by f2" an equation 
obtained from il' by adding a free variable z to the right end of 51'. It follows now that 



F, 



-R(Oi) 



F, 



fl(0") 



R{n) 
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Figure 8: 



Derived transformation Dl. 
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Figure 9: Derived transformation D2. 



and 

for some free group F{Z). Notice that all the groups and equations which occur above can be found effectively. 
By induction on the number of steps in elimination process we obtain the following lemma. 



Lemma 16. 



RiSI) 



F{Z) 



R(Kern) 

where F{Z) is a free group on Z. Moreover, all the groups and equations which occur above can be found 
effectively. 

Proof. Let 

n = nQ^ni^ ...^ ill ^ Kern 

be an elimination process for fJ. It is easy to see (by induction on I) that for every j = 0, — 1 



Kerflj = KerVLj . 



Moreover, if fij+i is obtained from fij as in the case 2) above, then (in the notations above) 



Ker{n 



Kern'^. 



Now the statement of the lemma follows from the remarks above and equalities (|2()|l and (|2H) . 
D5 (Entire transformation). 

We need a few further definitions. A base /i of the equation f2 is called a leading base if a(/i) = 1. A 
leading base is said to be maximal (or a carrier) if /3(A) < f3{n), for any other leading base A. Let /i be a 
carrier base of il. Any active base X ^ fi with /3(A) < /3(^) is called a transfer base (with respect to /i). 
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Suppose now that f2 is a generalized equation with j{hi) > 2 for each hi in the active part of fi. An entire 
transformation is a sequence of elementary transformations which are performed as follows. We fix a carrier 
base fj, of fl. For any transfer base A wc ^-tie (applying ET5) all boundaries in A. Using ET2 we transfer 
all transfer bases from fi onto A(^). Now, there exists some i < f3{fi) such that hi, . . . ,hi belong to only one 
base n, while /i^+i belongs to at least two bases. Applying ETl we cut fj, along the boundary i + 1. Finally, 
applying ET4 we delete the section [1, i + 1]. 

D6 (Identifying closed constant sections). 

Let A and fi be two constant bases in with labels a^^ and a'^*' , where a G A and Ea, G {1j Suppose 
that the sections o'(A) = [i, i + 1] and ^(/i) = [j, j + 1] arc closed. Then we introduce a new variable base i5 with 
its dual A{S) such that a{6) = [i,i + l], a{A{S)) = [j, j + 1], e{d) = e\,e{A{6)) = e^. After that we transfer all 
bases from i5 onto A(i5) using ET2, remove the bases S and A((5), remove the item hi, and enumerate the items 
in a proper order. Obviously, the coordinate group of the resulting equation is isomorphic to the coordinate 
group of the original equation. 

5.3 Construction of the tree T(^l) 

In this section we describe a branching rewrite process for a generalized equation fl. This process results in 
an (infinite) tree T{n). At the end of the section we describe infinite paths in T{il). 
Complexity of a parametric generalized equation. 

Denote by pA the number of variables hi in all active sections of f2, by ha = n^(r2) the number of bases 
in active sections of fi, by i/' - the number of open boundaries in the active sections, by a' - the number of 
closed boundaries in the active sections. 

The number of closed active sections containing no bases, precisely one base, or more than one base are 
denoted by tAo,tAi,tA2 respectively. For a closed section a G Sn denote by n(a), p{a) the number of bases 
and, respectively, variables in a. 

Pa=pa{^)= Y1 P^^^ 
nA = nA{^)= ^ n{a) 

The complexity of a parametric equation fi is the number 

t^t{VI)= ^ max{<d,n{a) -2}. 

crGASn 

Notice that the entire transformation (D5) as well as the cleaning process (D4) do not increase complexity 
of equations. 

Let fi be a parametric generalized equation. We construct a tree T{yi) (with associated structures), as a 
directed tree oriented from a root vq, starting at vq and proceeding by induction from vertices at distance n 
from the root to vertices at distance n + 1 from the root. 

We start with a general description of the tree TiQ). For each vertex v in T(0) there exists a unique 
generalized equation f2„ associated with v. The initial equation fi is associated with the root vq, fiu^ = fi. For 
each edge v —>■ v' (here v and v' are the origin and the terminus of the edge) there exists a unique surjective 
homomorphism tt{v,v') : ^i?(n„) ~^ Fjj{n' ) associated with v —>■ v' . 

If 

V Vl ^ . . . —^ Vg —^ U 

is a path in T(fi), then by tt{v, u) we denote composition of corresponding homomorphisms 

tt(v, u) = Tr{v, Vl) . . . tt{vs,u). 

The set of edges of r(fi) is subdivided into two classes: principal and auxiliary. Every newly constructed 
edge is principle, if not said otherwise, li v ^ v' is a principle edge then there exists a finite sequence of 
elementary or derived transformations from fi-„ to fii/ and the homomorphism tt{v,v') is composition of the 
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homomorphisms corresponding to these transformations. We also assume that active [non-active] sections in 
riyi are naturally inherited from if not said otherwise. 

Suppose the tree T{fl) is constructed by induction up to a level n, and suppose d is a vertex at distance n 
from the root vq. We describe now how to extend the tree from v. The construction of the outgoing edges at 

V depends on which case described below takes place at the vertex v. We always assume that if we have Case 
i, then all Cases j, with j < i — 1, do not take place at v. We will see from the description below that there 
is an effective procedure to check whether or not a given case takes place at a given vertex. It will be obvious 
for all cases, except Case 1. We treat this case below. 

Preprocessing 

Case 0. In il^ we transport closed sections using D2 in such a way that all active sections are at the left 
end of the interval (the active part of the equation), then come all non- active sections (the non- active part 
of the equation), then come parametric sections (the parametric part of the equation), and behind them all 
constant sections are located (the constant part of the equation). 

Termination conditions 

Case 1. The homomorphism t:{vq,v) is not an isomorphism (or equivalently, the homomorphism Tr{vi,v), 
where vi is the parent of v, is not an isomorphism). The vertex v is called a leaf or an end vertex. There are 
no outgoing edges from v. 

Lemma 17. There is an algorithm to verify whether the homomorphism tt{v,u), associated with an edge 

V ^ u in r(r2) is an isomorphism or not. 

Proof. We will sec below (by a straightforward inspection of Cases 1-15 below) that every homomorphism 
of the type 7r(w, u) is a composition of the canonical homomorphisms corresponding to the elementary (derived) 
transformations. Moreover, this composition is effectively given. Now the result follows from Lemma IT^ 

Case 2. il^ does not contain active sections. The vertex v is called a leaf ox an end vertex. There are no 
outgoing edges from v. 

Moving constants to the right 

Case 3. r2„ contains a constant base A in an active section such that the section (t(A) is not closed. 
Here we close the section ct(A) using the derived transformation Dl. 

Case 4. r2„ contains a constant base A with a label a £ A^^ such that the section ct(A) is closed. 

Here we transport the section cr(A) to the location right after all variable and parametric sections in 
using the derived transformation D2. Then we identify all closed sections of the type [i, i 4- 1], which contain 
a constant base with the label a^^, with the transported section (t(A), using the derived transformation D6. 
In the resulting generalized equation fi^,/ the section a(X) becomes a constant section, and the corresponding 
edge (u, v') is auxihary. See Fig. 10. 

Moving free variables to the right 

Case 5. Oi, contains a free variable hq in an active section. 

Here we close the section [q, q + 1] using Dl, transport it to the very end of the interval behind all items 
in r2„ using D2. In the resulting generalized equation the transported section becomes a constant section, 
and the corresponding edge (w,w') is auxiliary. 

Remark 6. // Cases 0-5 are not possible at v then the parametric generalized equation fly is in standard 
form. 

Case 6. fly contains a pair of matched bases in an active section. 
Here we perform ET3 and delete it. See Fig. 11. 
Eliminating linear variables 

Case 7. In fly there is hi in an active section with 7.; = 1 and such that both boundaries i and i + 1 are 
closed. 

Here we remove the closed section [i, i -I- 1] together with the lone base using ET4. 

Case 8. In fly there is hi in an active section with ji — I and such that one of the boundaries i,i + 1 is 
open, say i + 1, and the other is closed. 

Here we perform ET5 and /x-tie i + 1 through the only base /i it intersects; using ETl we cut ji in i + 1; 
and then we delete the closed section [i, z -I- 1] by ET4. See Fig. 12. 
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Figure 10: Case 3-4: Moving constant bases. 



Case 9. In fly there is hi in an active section with 7^ ~ 1 and such that both boundaries i and i + I are 
open. In addition, assume that there is a closed section cr containing exactly two (not matched) bases ni and 
H2, such that a = cr(^i) = o'(/i2) and in the generalized equation Qy (see the derived transformation D3) all 
the bases obtained from ^1, ^2 by ETl in constructing fly from Qy, do not belong to the kernel of fly. 

Here, using ET5, we /ii-tie all the boundaries inside ^1; using ET2, we transfer fi2 onto A(/Lii); and remove 
fii together with the closed section a using ET4. 

Case 10. J7„ satisfies the first assumption of Case 9 and does not satisfy the second one. 

In this event we close the section [i, i + 1] using Dl and remove it using ET4. 

Tying a free boundary 

Case 11. Some boundary i in the active part of Qy is free. Since we do not have Case 5 the boundary i 
intersects at least one base, say, /x. 
Here we ^-tie i using ET5. 
Quadratic case 

Case 12. $7^ satisfies the condition ji = 2 for each hi in the active part. 
We apply the entire transformation D5. 

Case 13. r2„ satisfies the condition ji > 2 for each hi in the active part, and 7i > 2 or at least one such hi. 
In addition, for some active base /x section a{fi) = [a{fi), is closed. 

In this case using ET5, we /z-tie every boundary inside fi; using ET2, we transfer all bases from fi to A(/i); 
using ETA, we remove the lone base ^ together with the section cr(/i). 

Case 14. fly satisfies the condition -fi > 2 for each hi in the active part, and 7i > 2 for at least one such 
hi. In addition, some boundary j in the active part touches some base A, intersects some base fi, and j is not 
fi-tied. 

Here we /i-tie j. 

General JSJ-case 

Case 15. fly satisfies the condition 7^ > 2 for each hi in the active part, and 7i > 2 for at least one such 
hi. We apply, first, the entire transformation D5. 
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Figure 11: Case 5-6: Trivial equations and useless variables. 

Here for every boundary j in the active part that touches at least one base, we /i-tie j by every base /i 
containing j. This results in finitely many new vertices f2„' with principle edges 

If, in addition, Q,y satisfies the following condition (we called it Case 15.1 in then we construct the 
principle edges as was described above, and also construct a few more auxiliary edges outgoing from the vertex 
v: 

Case 15.1. The carrier base /i of the equation Vl^ intersects with its dual A(/i). 

Here we construct an auxiliary equation U,^ (which does not occur in T(r2)) as follows. Firstly, we add 
a new constant section [p^ + l,Pt; + 2] to the right of all sections in (in particular, /ip„+i is a new free 
variable). Secondly, we introduce a new pair of bases (A, A(A)) such that 

a{\) = 1, /3(A) = /3(A(/i)), a(A(A)) = + 1, /3(A(A)) = + 2. 

Notice that ri„ can be obtained from Q.^ by ET4: deleting 5{X) together with the closed section [p„ + 1, p^, + 2]. 
Let 

be the isomorphism induced by ET4. Case 15 still holds for Cly, but now A is the carrier base. Applying to 
Cly transformations described in Case 15, we obtain a list of new vertices flyi together with isomorphisms 

Now for each such v' we add to T(fl) an auxiliary edge (w, w') equipped with composition of homomorphisms 
tt{v,v') = rjyi o TTy and assign ^lyi to the vertex v' . 

If none of the Cases 0-15 is possible, then we stop, and the tree T{Vl) is constructed. In any case, the tree 
T(f2) is constructed by induction. Observe that, in general, T{n) is an infinite locally finite tree. 

If Case « (0 < z < 15) takes place at a vertex v then we say that v has type i and write tpiv) = i. 

Lemma 18. (Lemma 3.1, \45\ ) If u ^ v is a principal edge of the tree T{fl), then 
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Figure 12: Case 7-10: Linear variables. 



1. 7i/i(ri„) < n^(ri„), if tp(vi) ^ 3, 10, t/iis inequality is proper if tp{vi) = 6, 7,9, 13; 

2. Iftp{vi) = 10, then riAi^^) < UAi^u) + 2; 

3. i^'{n^) < i^'i^u) iftp{vi) < 13 andtp{vi) ^ 3,11; 

4- T{n,) <T{nu), iftp{vi)^i. 

Proof. Straightforward verification. 
Lemma 19. Let 

Vi ^ V2 ^ ■ ■ ■ ^ Vr ^ ■ ■ ■ 

be an infinite path in the tree T{fl). Then there exists a natural number N such that all the edges u„ Un+i 
of this path with n > N are principal edges, and one of the following situations holds: 

1) (linear casej 7 < tp{vn) < 10 for all n > N; 

2) (quadratic casej tp{vn) = 12 for all n> N; 

3) ('general JSJ casej tp{vn) = 15 for all n > N. 

Proof. Observe that starting with a generalized equation Q we can have Case only once, afterward in all 
other equations the active part is at the left, then comes the non-active part, then - the parametric part, and 
at the end - the constant part. Obviously, Cases 1 and 2 do not occur on an infinite path. Notice also that 
Cases 3 and 4 can only occur finitely many times, namely, not more then 2t times where t is the number of 
constant bases in the original equation f2. Therefore, there exists a natural number A^i such that tp{vi) > 5 
for all i > iVi. 

Now we show that the number of vertices w,; (i > N) for which tp{vi) = 5 is not more than the minimal 
number of generators of the group i^i?(n)j in particular, it cannot be greater than p-l- 1 -I- where p = p{^). 
Indeed, if a path from the root vq to a vertex v contains k vertices of type 5, then f2t, has at least k free 
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variables in the constant part. This imphes that the coordinate group ffl(o„) has a free group of rank k as 
a free factor, hence it cannot be generated by less than k elements. Since 7r(wo,w) : -FR(n) FB.{n„) is a 
surjective homomorphism, the group Fij(n) cannot be generated by less then k elements. This shows that 
k < p + 1 + \A\. It follows that there exists a number N2 > Ni such that tp{vi) > 5 for every i > N2. 

Suppose i > N2. If tp{vi) = 12, then it is easy to see that tp{vi+i) = 6 or tp{vi+i) = 12. But if tp{vi+i) = 6, 
then tp(wi_|_2) — 5 - contradiction with i > N2. Therefore, — tp{vi^2) = ■ ■ ■ ~ tp{vi^j) = 12 for every 

J > and we have situation 2) of the lemma. 

Suppose now tp{vi) ^ 12 for all i > N2. By Lemma lT^ rfH., . ^ ^ ) < T{flvj ) for every principle edge vj — > Wj+i 
where j > N2- If Vj Wj+i, where j > N2, is an auxiliary edge then tp(vj) = 15 and, in fact, Case 15.1 takes 
place at Vj. In the notation of Case 15.1 ^vj+i is obtained from Cl^. by transformations from Case 15. In 
this event, both bases ^ and A(/i) will be transferred from the new carrier base A to the constant part, so the 
complexity will be decreased at least by two: T{^y.^^) < t{CIv^) — 2. Observe also that T{Cty.) ~ T(riu^. ) + 1. 
Hence ri^y.^J < r(f],„J. 

It follows that there exists a number N3 > N2 such that t{Q.v. ) — T(il„„^ ) for every j > N3, i.e., complexity 
stabilizes. Since every auxiliary edge gives a decrease of complexity, this implies that for every j > N3 the 
edge Vj — > Wj+i is principle. 

Suppose now that i > N3. We claim that tp{vi) ^ 6. Indeed, if tp{vi) = 6, then the closed section, 
containing the matched bases /i, A(/i), does not contain any other bases (otherwise the complexity of flvi^i 
would decrease). But in this event tp{vi+i) = 5 which is impossible. 

So tp{vi) > 7 for every i > N3. Observe that ET3 (deleting match bases) is the only elementary transfor- 
mation that can produce new free boundaries. Observe also that ET3 can be applied only in Case 6. Since 
Case 6 does not occur anymore along the path for i > N3, one can see that no new free boundaries occur 
in equations fly for j > N^. It follows that there exists a number > such that tp{vi) 7^ 11 for every 
J >Ni. 

Suppose now that for some i > iV4 13 < tp{vi) < 15. It is easy to see from the description of these cases that 
in this event tp{vi+i) S {6, 13, 14, 15}. Since tp{vi+i) ^ 6, this implies that 13 < tp{vj) < 15 for every j > i. In 
this case the sequence UAi^v ) stabilizes by lemma IT^ In addition, if tp{vj) = 13, then nA(^v-j^i) < ^a(^v-)- 
Hence there exists a number iVs > A'4 such that tp{vj) ^ 13 for all j > N^- 

Suppose i > N^. There cannot be more than 8{nA{^vi)'^ vertices of type 14 in a row starting at a vertex 
Vi; hence there exists j > i such that tp{vj) = 15. The series of transformations ET5 in Case 15 guarantees 
the inequality tp{vj^i) ^ 14; hence tp(vj^i) = 15, and we have situation 3) of the lemma. 

So we can suppose tp{vi) < 10 for all the vertices of our path. Then we have situation 1) of the lemma. □ 

5.4 Periodized equations 

In this section we introduce a notion of a periodic structure which allows one to describe periodic solutions 
of generalized equations. Recall that a reduced word P in a free group F is called a period if it is cyclically 
reduced and not a proper power. A word w € F is called P-periodic if \w\ > \P\ and it is a subword of P" for 
some n. Every P-periodic word w can be presented in the form 

w = A^'Ai (22) 

where A is a cyclic permutation of P^^, r > 1, A — Ai o A2, and A2 1. This representation is unique if 
r > 2. The number r is called the exponent of w. A maximal exponent of P-periodic subword in a word u is 
called the exponent of P -periodicity in u. We denote it ep{u). 

Definition 14. Let fl be a standard generalized equation. A solution H : hi —> Hi of is called periodic 
with respect to a period P, if for every variable section a of fl one of the following conditions hold: 

1) H{a) is P-periodic with exponent r > 2; 

2) \H{<t)\ < \P\; 

3) H{a) is A-periodic and \A\ < \P\; 



Moreover, condition 1) holds at least for one such a. 
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Let iJ be a P-periodic solution of fl. Then a section <t satisfying 1) is called P -periodic (with respect to 

H). 

5.4.1 Periodic structure 

Let be a parametrized generalized equation. It turns out that every periodic solution of is a composition 
of a canonical automorphism of the coordinate group -F'ij(n) with either a solution with bounded exponent 
of periodicity (modulo parameters) or a solution of a "proper" equation. These canonical automorphisms 
correspond to Dchn twists of which are related to the splitting of this group (which comes from the 

periodic structure) over an abclian edge group. 

We fix till the end of the section a generalized equation il in standard form. Recall that in all closed 
sections a, bases fi, and variables hi belong to cither the variable part VE, or the parametric part PS, or the 
constant part CS of Q. 

Definition 15. Let fl be a generalized equation in standard form with no boundary connections. A periodic 
structure on O is a pair (P, P) , where 

1) V is a set consisting of some variables hi, some bases fi, and some closed sections a from VT, and such 
that the following conditions are satisfied: 

a) if hi G P and hi G fi, and A(yLt) G VE, then fi G P; 

b) G P, then A{id) G P; 

c) if II €z V and /i G (t, then a G P; 

d) there exists a function X mapping the set of closed sections from P into {— 1,+1} such that for 
every fi, CTi, (T2 € P, the condition that ^ G (Ti and A(fi) G (72 implies 

2) R is an equivalence relation on a certain set B (defined below) such that the following conditions are 
satisfied: 

e) Notice, that for every boundary I belonging to a closed section in P either there exists a unique closed 
section cr{l) in P containing I, or there exist precisely two closed section <Jieft (0 = [h^i (bright = [I, j] 
in P containing I . The set of boundaries of the first type we denote by Bi , and of the second type - 
by B2. Put 

B = BiU{lleftJrrght \ I & B2} 

here heftilright ore two "formal copies" of I. We will use the following agreement: for any base fi 
if a{fi) G B2 then by a{fj,) we mean a{fj,)right and, similarly, if j3{ii) G B2 then by I3{ii) we mean 

P{lJ')left- 

f) Now, we define R as follows. If fi E V then 

a{ii) a(A(/i)), /?(/i) /3(A(/i)) if e{ii) = e{A{ij)) 

a(/i)) -R. /3(A(/i)), /3(/^) -B. «(A(//)) if e{fi) = -e(A(/.)). 

Remark 7. This definition coincides with the definition of a periodic structure given in I21f in the case 
of empty set of parameters PS. For a given Q one can effectively find all periodic structures on Q. 

Let (P, R) be a periodic structure of ft. Put 

AfP = {/i G BQ I 3hi G P such that hi G /i and A(/i) is parametric or constant} 

Now we will show how one can associate with a P-periodic solution H oiil a. periodic structure P{H, P) = 
(P, R). We define P as follows. A closed section a is in P if and only if a is P-periodic. A variable hi is in P 
if and only ii hi € a for some a E V and d{Hi) > 2d{P). A base yu is in P if and only if both /.i and A(/.() are 
in VTj and one of them contains hi from P. 

Put X{[i,j]) = ±1 depending on whether in (|22|l the word A is conjugate to P or to P^^. 
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Now let G V and i < I < j- Then there exists a subdivision P = P1P2 such that if j]) = 1, then 
the word H[i, I] is the end of the word (P°°)Pi, where P°° is the infinite word obtained by concatenations of 
powers of P, and H[l,j] is the beginning of the word P2{P^), and if j]) ^ —1, then the word H[i, I] is 
the end of the word {P~^)°°P2^ and H[l,j] is the beginning of P^^{P^^)°° . Lemma 1.2.9 ^ imphes that 
the subdivision P = P1P2 with the indicated properties is unique; denote it by S{1). Let us define a relation 
R in the following way: Z2) ^ ^(^1) = S{l2)- 

Lemma 20. Let H be a periodic solution offl. Then V{H,P) is a periodic structure on fl. 

Proof. Let V{H,P) = {'P,R). Obviously, V satisfies a) and b) from the definition II 51 

Let fi £ V and fi G [hj]- There exists an unknown G P such that G /i or /i^ G A(/x). If 
hk G fj,, then, obviously, [i,j] G V. If hk G A(/x) and A{fj,) G [«',/], then [i',j'] G P, and hence, the word 
H[a{A{fj.)), /3(A(/x))] can be written in the form Qi, where Q = Q1Q2', Q is a cyclic shift of the word P"^^ 
and r' > 2. Now let (|22|l be a presentation for the section [i,j]. Then H[a{^), i3{^)] = B'^Bi, where B is a 
cyclic shift of the word d{B) < d{P), B = B1B2, and s > 0. From the equality iJ[a(//), /?(/^)]^('') = 

ir[a(A(//)),/3(A(/x)))]^('^(^» and Lemma 1.2.9 [H it follows that B is a cyclic shift of the word Q±i. Conse- 
quently, A is a cyclic shift of the word and r > 2 in since d{H[i,j]) > d{H[a{ji), Pip)]) > 2d{P). 
Therefore, [i,j] G P\ i.e, part c) of the definition 1151 holds. 

If G A(/i) G [12,^2], and G P, then the equality £(/i) • e(A(/i)) = ^"([11,^1]) ■ X{[i2,j2]) follows 

from the fact that given Ai ~ B^Bi and r, s > 2, the word A cannot be a cyclic shift of the word B^^ . 
Hence part d) also holds. 

Condition e) of the definition of a periodic structure obviously holds. 

Condition f) follows from the graphic equafity H[a{^), = H[a{/S.{^)), /3(A(^))]'^(^'^)) and Lemma 

1.2.9 [3. 

This proves the lemma. □ 
Now let us fix a nonempty periodic structure {P,R). Item d) allows us to assume (after replacing the 
variables hi, ... , ft-j-i by hj];-^, . . . , h~^ on those sections [i,j] G P for which j]) = —1) that e(/i) = 1 for 
all jji eP . For a boundary k, we will denote by {k) the equivalence class of the relation R to which it belongs. 

Let us construct an oriented graph F whose set of vertices is the set of i?-equivalence classes. For each 
unknown hk lying on a certain closed section from P, we introduce an oriented edge e leading from (fc) to 
[k + 1) and an inverse edge e""'^ leading from {k + 1) to (fc). This edge e is assigned the label h{e) ^ hk 
(respectively, h{e~^) ^ .) For every path r ~ ef ^ . . .e^^ in the graph F, we denote by h{r) its label 
h{e^^) . . . h{e^^). The periodic structure {P, R) is called connected, if the graph F is connected. Suppose first 
that {P,R) is connected. Suppose that some boundary k (between hk-i and hk) in the variable part of is 
not a boundary between two bases. Since hk-i and hk appear in all the basic equations together, and there is 
no boundary equations, one can consider a generalized equation Qi obtained from Q by replacing the product 
hk-ihk in all basic equations by one variable h'/^. The group -F'fl(n) splits as a free product of the cyclic group 
generated by hk-i and In ttiis case we can consider fii instead of fl. Therefore we suppose now that 

each boundary of is a boundary between two bases. 

Lemma 21. Let H be a P-periodic solution of a generalized equation 51, {P,R) = P{H,P); c be a cycle 
in the graph F at the vertex (/); 6{l) = PiP2- Then there exists n G Z such that H{c) ~ (^2^'i)"- 

Proof. If e is an edge in the graph F with initial vertex V' and terminal vertex V", and P = P[P2, 
P = P1P2 are two subdivisions corresponding to the boundaries from V', V" respectively, then, obviously, 
H{e) = P2^"'"P" (rifc G Z). The claim is easily proven by multiplying together the values H[E) for all the 
edges e taking part in the cycle c. 

□ 

Definition 16. A generalized equation $7 is called periodized with respect to a given periodic structure 
{P,R) of ^ , if for every two cycles ci and 02 with the same initial vertex in the graph F , there is a relation 
[h{ci),h{c2)] = 1 m FR(n)- 

5.4.2 Case 1. Set NP is empty. 

Let Fq be the subgraph of the graph F having the same set of vertices and consisting of the edges e whose labels 
do not belong to P. Choose a maximal subforest Tq in the graph Fq and extend it to a maximal subforest T 
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of the graph F. Since {V,R) is connected by assumption, it follows that T is a tree. Let wq be an arbitrary 
vertex of the graph T and r(vQ,v) the (unique) path from wq to v all of whose vertices belong to T. For 
every edge e : v v' not lying in T, we introduce a cycle Cg = r{vQ^v)e(r{vQ,v'))^^ . Then the fundamental 
group 7ri(F,t;o) is generated by the cycles Cg (see, for example, the proof of Proposition 3.2.1 This and 

decidability of the universal theory of a free group imply that the property of a generalized equation "to be 
periodized with respect to a given periodic structure" is algorithmically decidable. 
Furthermore, the set of elements 

{hie) I e e T} U {/i(ce) \ e ^ T} (23) 

forms a basis of the free group with the set of generators {hk \ hk is an unknown lying on a closed section 
from V}. li iJL € V, then (/3(/i)) = (/3(A(^))), [aip)) = (a(A(^))) by part f) from Definition [H and, 
consequently, the word /i[a(/i), /?(^)]/i[a(A(//)), /3(A(^))]^^ is the label of a cycle c'(^) from 7ri(F, {a[^))). Let 
c{n) = r{vo, {a{n)))c'{fj.)r{vo, (a(^)))~^ Then 

h{c{f,)) = uh[a{^l),(3{^l)]h[a{A{^i)),(3{A{^ij)]-'u-\ (24) 

where u is a certain word. Since c(/i) G 7ri(r, vq), it follows that c(/i) = 6^({ce | e ^ T}), where 6^ is a certain 
word in the indicated generators which can be effectively constructed (see Proposition 3.2.1 [311^ 

Let denote the image of the word 6^ in the abelianization of Tr(T,vo). Denote by Z the free abelian 
group consisting of formal linear combinations X^e^T "■eCe (fi-e G Z), and by B its subgroup generated by the 
elements 6^ (/i £ V) and the elements Cg (e ^ T, h{e) ^ V). Let Z /B^ T{A) the torsion subgroups of the 
group A, and Zi the preimagc of T{A) in Z . The group Z j Z\ is free; therefore, there exists a decomposition 
of the form 

Z = Zi ® Z2, 5 C Zi, (Zi : i?) < oo. (25) 

Note that it is possible to express effectively a certain basis (P^^ c"^^ of the group Z in terms of the 

generators Ce so that for the subgroups Zi, Zi generated by the sets c''^'', c^'^ respectively, relation H25(l holds. 
For this it suffices, for instance, to look through the bases one by one, using the fact that under the condition 
Z = Z\ ® Zi the relations -B C Zi, {Z\ : B) < 00 hold if and only if the generators of the groups B and 
Zi generate the same linear subspace over Q, and the latter is easily verified algorithmically. Notice, that a 
more economical algorithm can be constructed by analyzing the proof of the classification theorem for finitely 
generated abelian groups. By Proposition 1.4.4 one can effectively construct a basis c^^\ c^^-* of the free 

(non-abelian) group tti{T,vo) so that c c'^' are the natural images of the elements c^^\ c^^-* in Z. 

Now assume that ("P, R) is an arbitrary periodic structure of a periodized generalized equation Q, not 
necessarily connected. Let Fi, . . . , F^ be the connected components of the graph F. The labels of edges of the 
component F^ form in the equation f2 a union of closed sections from V; moreover, if a base 11 € V belongs to 
such a section, then its dual A(/Li), by condition f) of Definition 1151 also possesses this property. Therefore, 
by taking for Vi the set of labels of edges from F^ belonging to V, sections to which these labels belong, and 
bases fi € V belonging to these sections, and restricting in the corresponding way the relation R, we obtain a 
periodic connected structure {Vi,Ri) with the graph P.;. 

The notation {V', R') C [V, R) means that V' C P, and the relation R' is a restriction of the relation R. 
In particular, (Vi, Ri) C {V,R) in the situation described in the previous paragraph. Since Q. is periodized, 
the periodic structure must be connected. 

Let ei, . . . , Cm be all the edges of the graph F from T \Tq. Since Tq is the spanning forest of the graph 
Fq, it follows that h{ei), . . . , h{em) S V. Let F{^) be a free group generated by the variables of fi. Consider 
in the group F{yi) a new basis A\J x consisting of A, variables not belonging to the closed sections from V 
(we denote by t the family of these variables), variables {h{e)\e S T} and words /i(c^^)), h{c^^'>). Let Vi be the 
initial vertex of the edge e^. We introduce new variables u'*-' = {uie|e ^ T, e ^ V}, z^*' = {zie\e ^ T, e ^ V} 
for 1 < i < m, as follows 

Uie = h{r{vo,Viy^h{ce)h{r{vo,Vi)), (26) 



h{ei) ^u.ieh{ei) = z^e- 



(27) 
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Notice, that without loss of generahty we can assume that vq corresponds to the beginning of the period 

P. 

Lemma 22. Let Q be a consistent generalized equation periodized with respect to a periodic structure (V, R) 
with empty set N{'P). Then the following is true. 

(1) One can choose the basis c*-^^ so that for any solution H of Q periodic with respect to a period P and 
V{H,P) = {r,R) and any c £ c^^), H{c) = P", where \n\ < 2p. 

(2) In a fully residually free quotient of Fj^^f^-j discriminated by solutions from (1) the image of {h{c^^^)) is 
either trivial or a cyclic subgroup. 

(3) Let I'C be the subgroup of Fjk^q-j generated by t, h{e),e G To, hic^^"^), u^^'^ and z'^^\i = l,...,m. // 
c'^' I = s > 1, then the group -FR(n) splits as a fundamental group of a graph of groups with two vertices, 
where one vertex group is K and the other is a free abelian group generated by h{c^^^) and h{c^^'^). The 
corresponding edge group is generated by h{(P-^). The other edges are loops at the vertex with vertex 
group K, have stable letters h{ei), i = l,...,m, and associated subgroups (w*), (z*). If c^"^^ = 0, then 
there is no vertex with abelian vertex group. 

(4) Let AUx be the generators of the group constructed above. If a £ PDT, then the mapping defined 
as h{ei) u^^h{ei) (k is any integer) on the generator h{ei) and fixing all the other generators can be 
extended to an automorphism of -Fr(o) . 

(5) If c G c^^-* and c' is a cycle with initial vertex vq, then the mapping defined by h{c) h{c')'^h{c) and 
fixing all the other generators can be extended to an automorphism of Pi?(n) • 

Proof. To prove assertion (1) we have to show that each simple cycle in the graph Fg has length less than 
2p. This is obvious, because the total number of edges in Fq is not more than p and corresponding variables 
do not belong to V. 

(2) The image of the group {h{c^^^)) in F is cyclic, therefore one of the finite number of equalities /i(ci)" = 
/i(c2)™, where ci, C2 G c^^^ , n,m < 2p must hold for any solution. Therefore in a fully residually free quotient 
the group generated by the image of ( h{c^^^)) is a cyclic subgroup. 

To prove (3) we are to study in more detail how the unknowns /i(e,;) (1 < « < m) can participate in the 
equations from fi* rewritten in the set of variables xL) A. 

If hk does not lie on a closed section from V, or hk ^ V, but e G T (where h{e) = hk), then hk belongs 
to the basis xU A and is distinct from each of h{ei), . . . ,h{e,n)- Now let h{e) = hk, hk ^ V and e ^ T. 
Then e = riCer2, where ri,r2 are paths in T. Since e G Fq, h{ce) belongs to (c'^') modulo commutation of 
cycles. The vertices (fc) and {k + 1) lie in the same connected component of the graph Fq, and hence they 
are connected by a path s in the forest Tq. Furthermore, ri and sr2^ are paths in the tree T connecting 
the vertices (fc) and vq; consequently, ri ~ sr2^. Thus, e = sr^^Cer2 and hk = h{s)h{r2)~^h(ce)h{r2). The 
unknown h{ei) {1 < i < m) can occur in the right-hand side of the expression obtained (written in the basis 
xU A) only in h{r2) and at most once. Moreover, the sign of this occurrence (if it exists) depends only on the 
orientation of the edge Cj with respect to the root vq of the tree T. If r2 = r'2ef^r2, then all the occurrences of 
the unknown h{ei) in the words hk written in the basis xU A, with hk ^ V, are contained in the occurrences 
of words of the form h(ei)'^^h{(r2)~^Cer2)h{ei)^^ , i.e., in occurrences of the form /i(ei)^^/i(c)/i(ei)^^, where c 
is a certain cycle of the graph F starting at the initial vertex of the edge ef^. 

Therefore all the occurrences of h{ei), i ~ 1, . . . ,m in the equations corresponding to p ^ V are of the 
form h{e~^)h{c)h{ei) . Also, h{ei) does not occur in the equations corresponding to G T' in the basis AU x. 
The system f2* is equivalent to the following system in the variables x, z^^\u^^\ A,i ~ 1, . . . ,m : equations 
(El, 113), 

[Uie^,Uie^] ^ 1, (28) 



[h{ci),h{c2)]^l, Ci,C2 Gc(l',c(2), 



(29) 
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and a system il){h{e),e G T \V, h{c^^'>),t, z^''\u^''\ A) = 1, such that either h{ei) or c^^^ do not occur in ip. 
Let K = Fj^f^^-j . Then to obtain -FR(n) we fist take an HNN extension of the group K with abehan associated 
subgroups generated by u^^^ and z^^^ and stable letters h{ei), and then extend the centralizer of the image of 
(c^^^) by the free abelian subgroup generated by the images of c'-^h 

Statements (4) and (5) follow from (3). 

□ 

We now introduce the notion of a canonical group of automorphisms corresponding to a connected periodic 
structure. 

Definition 17. In the case when the family of bases NV is empty automorphisms described in Lemma ta 
for ei, . . . , e„i G T\Tq and all Ce for e G V\T generate the canonical group of automorphisms Pq corresponding 
to a connected periodic structure. 

Lemma 23. Let Q be a nondegenerate generalized equation with no boundary connections, periodized with 
respect to the periodic structure {V,R). Suppose that the set NV is empty. Let H be a solution of fl periodic 
with respect to a period P and V{H,P) =< V^R >. Combining canonical automorphisms of Fjk^^ one can 
get a solution of fl with the property that for any hk £ P such that Hk = P2P"'=Pi (P2 and Pi are an 
end and a beginning of P), = P2P^^^ Pi, where nk,n^ > and the numbers 's are bounded by a certain 
computable function f2{^, P, R)- For all h^ ^ V Hk = . 

Proof. Let S{{k)) = p[^^ P2^\ Denote by t{ii,hk) the number of occurrences of the edge with label hk in 
the cycle c^, calculated taking into account the orientation. Let 

ilfe = (30) 

{hk lies on a closed section from V), where the equality in l|30(l is graphic whenever hk G V. Direct calculations 
show that 

H{b^) = pEfc (31) 

This equation implies that the vector {uk} is a solution to the following system of Diophantine equations in 
variables {zk\hk G P}: 

t{n,hk)zk+ ^ t{pL,hk)nk = 0, (32) 

fi G p. Note that the number of unknowns is bounded, and coefficients of this system are bounded from above 
(jrifcl < 2 for hk ^ P) by a certain computable function of il,P, and R. Obviously, [p!^^^)'^ H'l^ H^^ P^^'' = 
pnl-rik commutes with H{c), where c is a cycle such that H{c) = uq < 2p. 

If system (|32f) has only one solution, then it is bounded. Suppose it has infinitely many solutions. Then 
(zi , . . . , Zfc, . . .) is a composition of a bounded solution of H32() and a linear combination of independent solutions 
of the corresponding homogeneous system. Applying canonical automorphisms from Lemma l^ we can decrease 
the coefficients of this linear combination to obtain a bounded solution . Hence for hk = h(ei), Ci G P, the 
value Hk can be obtained by a composition of a canonical automorphism (Lemma I22|l and a suitable bounded 
solution i7+ of ri. □ 

5.4.3 Case 2. Set NP is non-empty. 

We construct an oriented graph BY with the same set of vertices as F. For each item hk P such that hk 
lie on a certain closed section from P introduce an edge e leading from (fc) to {k + 1) and e^^ leading from 
{k + 1) to (fc). For each pair of bases A(/i) G P introduce an edge e leading from (a(/i)) = (a(A(/i))) to 
(/3(/x)) ~ {(3{S{^))) and e~^ leading from (/3(/i)) to {a(p)). For each base /i G NP introduce an edge e leading 
from (a{ji) to {/3{^)) and leading from {l3{fj,)) to (a(/i)). denote by BTq the subgraph with the same set 
of vertices and edges corresponding to items not from P and bases from fi G NP. Choose a maximal sub forest 
BTq in the graph BTq and extend it to a maximal subforcst BT of the graph BY. Since P is connected, BT 
is a tree. The proof of the following lemma is similar to the proof of Lemma 1211 
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Lemma 24. Let H be a solution of a generalized equation 17 periodic with respect to a period P , (V, R) = 
'P{H,P); c he a cycle in the graph BY at the vertex (l); d{l) = PiP2- Then there exists n £ X such that 
Hie) = (P2P1)". 

As we did in the graph F, wc choose a vertex vq. Let r(vo, v) be the unique path in BT from vq to v. For 
every edge e = e(/i) : v ^ v' not lying in BT, introduce a cycle = r{vo,v)e{p)r{vQ,v')^^ . For every edge 
e = e{hk) : V V' not lying in BT, introduce a cycle Ch^ = '''{vo,v)e{hk)r{vo,v')~^ . 

It suffices to restrict ourselves to the case of a connected periodic structure. If e = e{hk), we denote 
h(e) = hk', if e = e(/i), then h{e) = fj.. Let ei, . . . , Cm be all the edges of the graph BT from BT \ BTq. Since 
BTq is the spanning forest of the graph BTq, it follows that h(ei), . . . , h{em) S P- Consider in the free group 
F{n) a new basis AU x consisting of A, items hk such that hk does not belong to closed sections from V 
(denote this set by t), variables {h{e)\e £ T} and words from h{C^^^), h{C^^^), where the set C^^^ C^^^ form a 
basis of the free group tt{BT,vo), C'-^-' correspond to the cycles that represent the identity in -Fr(o) (if v and 
v' are initial and terminal vertices of some closed section in P and r and ri are different paths from v to v' , 
then r{vo,v)rr^^r{vo,v)~^ represents the identity), cycles c^,/i £ NP and c^^, hk ^ P; and C'^' contains the 
rest of the basis of 7t{BT, vq). 

We study in more detail how the unknowns h{ei} {1 < i < m) can participate in the equations from il* 
rewritten in this basis. 

If hk does not lie on a closed section from P, or hk = h{e), h{ii) = h{e) ^ P, but e £ T, then /i(yu) or hk 
belongs to the basis xU A and is distinct from each of h{ei), . . . , h{em). Now let h{e) ~ h^j.), h{^) ^ P and 
e ^ T . Then e = riCe?'2, where ri, r2 are path in BT from [a{^)) to vq and from {P(fj.)) to vq. Since e £ BTq, 
the vertices (a(/i)) and (/3(^)) lie in the same connected component of the graph BTq, and hence are connected 
by a path s in the forest BTq. Furthermore, ri and sr^^ are paths in the tree BT connecting the vertices 
(a(/i)) and vq', consequently, ri = sr^^. Thus, e = sr2^Cer2 and h{ii) = h{s)h{r2)~^ h{ce)h{r2) ■ The unknown 
h{ei) (1 < i < m) can occur in the right-hand side of the expression obtained (written in the basis xUA) only 
in h(r2) and at most once. Moreover, the sign of this occurrence (if it exists) depends only on the orientation 
of the edge with respect to the root vq of the tree T. If r2 = ^i^f ^^'21 then all the occurrences of the 
unknown h(ei) in the words h(fi) written in the basis x U A, with h(fj,) ^ P, are contained in the occurrences 
of words of the form h{ei)^^h{{r2)~'^Cer2)h{ei)^^ , i.e., in occurrences of the form h{ei)^^ h{c)h{ei)^^ , where c 
is a certain cycle of the graph BT starting at the initial vertex of the edge ef^. Similarly, all the occurences 
of the unknown h{ei) in the words hk written in the basis x,A, with hk ^ P, are contained in occurrences of 
words of the form h{ei)^^h{c)h{ei)^^ . 

Therefore all the occurences of h{ei), i ~ 1, . . . ,m in the equations corresponding to fi ^ P are of the 
form h{e~^)h{c)h{ei) . Also, cycles from C*-^-* that represent the identity and not in BTq are basis elements 
themselves. This implies 

Lemma 25. (1) Let K be the subgroup of Fjk^q^ generated byi, h{e),e £ BTq, hiC'^^^) and u^'^\ z^'^\ i = 
1, . . . ,m, where elements z*-') are defined similarly to the case of empty MP. 

If |C(2)| = s > 1, then the group splits as a fundamental group of a graph of groups with two 

vertices, where one vertex group is K and the other is a free abelian group generated by /i(C'-^-') and 
/i(C(i)). The edge group is generated by /i(C'-^-'). The other edges are loops at the vertex with vertex 
group K and have stable letters h[e),e £ BT\BTq. If C'^'^^ = 0, then there is no vertex with abelian 
vertex group. 

(2) Let H be a solution of^ periodic with respect to a period P and (P, R) = P{H, P). Let P1P2 be a partition 
of P corresponding to the initial vertex of Ci. A transformation Hici) — s- P2PiII{ei), i £ {l,...,m}, 
which is identical on all the other elements from A,H{x), can be extended to another solution of Q* . 
If c is a cycle beginning at the initial vertex of Ci, then the transformation h[ei) — > h(c)h(ei) which is 
identical on all other elements from AU x, is an automorphism of Pfl(n) • 

(3) If c{e) £ C*-^\ then the transformation H{c{e)) — > PII{c{e)) which is identical on all other elements 
from A,H{x) , can be extended to another solution ofQ*. A transformation h{c{e)) — > h{c)h{c{e)) which 
is identical on all other elements from AUx, is an automorphism of Fj^^Q^y 
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Definition 18. 7/57 is a nondegenerate generalized equation periodic with respect to a connected periodic 
structure (V, R) and the set NV is non-empty, we consider the group A(ri) of transformations of solutions 
of ft*, where A(fl) is generated by the transformations defined in Lemma If these transformations are 
automorphisms, the group will be denoted A{^). 

Definition 19. In the case when for a connected periodic structure {V,R), the set C^^^ has more than one 
element or C^^^ has one element, and C^^^ contains a cycle formed by edges e such that variables h^ — h{e) 
are not from V , the periodic structure will be called singular. 

This definition coincides with the definition of singular periodic structure given in |21| ') in the case of empty 
set A. 

Lemma 1211 implies the following 

Lemma 26. Let il be a nondegenerate generalized equation with no boundary connections, periodized with 
respect to a singular periodic structure {V,R). Let H be a solution of Q periodic with respect to a period P 
and {V,R) = T'{H,P). Combining canonical automorphisms from A{Q) one can get a solution of U,* with 
the following properties: 

1) For any hk & V such that Hk = P2P'^''Pi (P2 and Pi are an end and a beginning of P) = P2^'"'= Pi, 
where nk,n'^ £ Z; 

2) For any hk^P, Hk = H+: 

3) For any base ^i^P, H{^i) H+{^i); 

4) There exists a cycle c such that h{c) ^ I in -Fij(n) but II'^{c) ~ 1. 

Notice, that in the case described in the lemma, solution satisfies a proper equation. Solution 
is not necessarily a solution of the generalized equation fl, but we will modify into a generalized equation 
il{V,BT). This modification will be called the first minimal replacement . Equation Q.{V,BT) will have 
the following properties: 

(1) Vl{V , BT) contains all the same parameter sections and closed sections which are not in P , as VL\ 

(2) H+ is a solution of Vl{P, BT); 

(3) group ^/{(ocp^BT)) is generated by the same set of variables hi, . . . , hg; 

(4) Vl{P , BT) has the same set of bases as VL and possibly some new bases, but each new base is a product 
of bases from Vl\ 

(5) the mapping hi hi is a proper homomorphism from -F/? (o) onto Fpf^Kj^ BT)) ■ 
To obtain fl{P, BT) we have to modify the closed sections from P. 

The label of each cycle in BT is a product of some bases fii . . . fik- Write a generalized equation for the 
equations that say that /ii . . . ii^ = 1 for each cycle from C^^-* representing the trivial element and for each 
cycle from C*-^'. Each /i; is a product jii = hn . . .ha- Due to the first statement of Lemma 12 61 in each product 
H^H^j_^_^ either there is no cancellations between and H^j^-^, or one of them is completely cancelled in 
the other. Therefore the same can be said about each pair H'^ (fii)H~^ {^i^i), and we can make a cancellation 
table without cutting items or bases of Q. 

Let be a generalized equation obtained from by deleting bases from V U NV and items from P from 
the closed sections from P. Take a union of 51 and on the disjoint set of variables, and add basic equations 
identifying in and fl the same bases that don't belong to P. This gives us fl{P, BT). 

Suppose that C^^^ for the equation f2 is either empty or contains one cycle. Suppose also that for each 
closed section from P in Q there exists a base ^ such that the initial boundary of this section is a(/x) and the 
terminal boundary is f3{A{fi)). 

Lemma 27. Suppose that the generalized equation Q is periodized with respect to a non-singular periodic 
structure P. Then for any periodic solution H of fl we can choose a tree BT, some set of variables S = 
{/ijj , . . . , hj^ } and a solution H'^ of equivalent to H with respect to the group of canonical transformations 
A{Q) in such a way that each of the bases Xi G BT \ BTq can be represented as Xi = Xiihk.Xi2, where 
hki S S and for any hj € S, \ H'^ \< fj, \ P \, where /a is some constructible function depending on Vl. This 
representation gives a new generalized equation f2' periodic with respect to a periodic structure P' with the 
same period P and all hj G S considered as variables not from P' . The graph BT' for the periodic structure 
P' has the same set of vertices as BT, has empty set C'-^-' and BT' = BTq. 
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Let c be a cycle from C^"'^^ of minimal length, then H{c) = P"", where \nc\ < 2p . Using canonical 
automorphisms from A(f2) one can transform any solution H of Q into a solution such that for any 
hj G S, I Hj' \< f^d I cmid. Let V' be a periodic structure, in which all hi G S are considered as variables not 
from V, then BV has empty set C^^) and BT' = BT^. 

Proof. Suppose first that C*-^' is empty. We prove the statement of the lemma by induction on the number 
of edges in BT \ BTq. It is true, when this set is empty. Consider temporarily all the edges in BT \ BTq 
except one edge e(A) as edges corresponding to bases from NP. Then the difference between BTq and BT is 
one edge. 

Changing H{e{\)) by a transformation from A(n) we can change only H{e') for e' G BT that could be 
included into BT \ BTq instead of e. For each base /i G NT, H{fi) = P2{^i)P"'^^''> Pi{n), for each base G T', 
H{i^i) ~ P2{fi)P^'''^'' Pi{n). For each cycle c in C*-^-* such that h{c) represents the identity element we have a 
linear equation in variables x{fi) with coefficients depending on n{fi). We also know that this system has a 
solution for arbitrary x{X) (where A G BT\ BTq) and the other x^i') are uniquely determined by the value of 
x{X). 

If we write for each variable hk G V, Hk = P2kP^'' Pik, then the positive unknowns y^'s satisfy the system 
of equations saying that H{fJ,) = if (A(^)) for bases ^ € V and equations saying that /i is a constant for bases 
/i G NV. Fixing a;(A) we automatically fix all the j/^'s. Therefore at least one of the yk belonging to A can be 
taken arbitrary. So there exist some elements which can be taken as free variables for the second system 
of linear equations. Using elementary transformations over Z we can write the system of equations for y/j's in 
the form: 

niyi ••• =miyk + Ci 

7122/2 ■ ■ ■ = TO22/fc + C2 

(33) 

Uk-iyk-i = ruk-iyk + Ck-i, 

where Ci , . . . Cfc are constants depending on parameters, we can suppose that they are sufRciently large 
positive or negative (small constants we can treat as constants not depending on parameters). Notice that 
integers ni, mi, . . . , nk-^i,mk~i in this system do not depend on parameters. We can always suppose that all 
Til, . . . ,nk-i are positive. Notice that and Ci cannot be simultaneously negative, because in this case it 
would not be a positive solution of the system. Changing the order of the equations we can write first all 
equation with mi,Ci positive, then equations with negative and positive Ci and, finally, equations with 
negative Ci and positive m^. The system will have the form: 

niyi ■ • ■ = \mi\yk + |Ci|, 
ntyt ■■■ = -\mt\yk + \Ct\, 

(34) 



Usys =\ms\yk~\Cs\ 

If the last block (with negative Cs) is non-empty, we can take a minimal y^ of bounded value. Indeed, 
instead of j/^ we can always take a remainder of the division of ys by the product 

ni . . . nfc_i |mi . . . m^-i |, which is less than this product (or by the product ni . . . nfc_i |mi . . . vrik-i \nc if we 
wish to decrease ys by a multiple of n^). We respectively decrease yk and adjust j/^'s in the blocks with positive 
Ci&. If the third block is not present, we decrease y^ taking a remainder of the division of yk by ni . . . Uk-i 
(or by Til . . .Uk-iUc) and adjust y^'s. Therefore for some hi belonging to a base which can be included into 
BT \ BTq, I H^{hi) \< fz \ P \ . Suppose this base is A, represent A = \ihiX2. Suppose e(A) : v ^ vi in 
BT. Let V2,vz be the vertices in BT corresponding to the initial and terminal boundary of h^. They would 
be the vertices in F, and F and BT have the same set of vertices. To obtain the graph BT' from BT we have 
to replace e(A) by three edges e(Ai) : v ^ V2, e{hk) ■ V2 ^ V3 and e(A2) : V3 vi. There is no path in BTq 
from V2 to f3, because if there were such a path p, then we would have the equality h^ — h{ci)h(jj)h(c2) , in 
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^fl(n) I where ci and C2 are cycles in BT beginning in vertices V2 and W3 respectively. Changing Hk we do 
not change H{ci),H{c2) and H{p), because all the cycles are generated by cycles in C*-^-*. Therefore there 
are paths r : v ^ V2 and ri : — > vi in BTq, and edges e(Ai),e(A2) cannot be included in BT' \ BTq in 
BV. Therefore BT' = BTq. Now we can recall that all the edges except one in BT \ BTq were temporarily 
considered as edges in NV. Wc managed to decrease the number of such edges by one. Induction finishes the 
proof. 

If the set C'-^-' contains one cycle, we can temporarily consider all the bases from BT as parameters, and 
consider the same system of linear equations for y^'s. Similarly, as above, at least one yt can be bounded. We 
will bound as many yis as we can. For the new periodic structure either BT contains less elements or the set 
is empty. 

The second part of the lemma follows from the remark that for ^ g T left multiplication of h{ii) by 
h{rcr^^), where r is the path in T from vq to the initial vertex of is an automorphism from A(f2). □ 

We call a solution constructed in Lemma 123 a solution equivalent to H with maximal number of short 
variables. 

Consider now variables from S as variables not from V', so that for the equation il the sets C*-^-* and 
BT' \ BTq are both empty. In this case wc make the second minimal replacement, which we will describe in 
the lemma below. 

Definition 20. A pair of bases /i, A(^) is called an overlapping pair if = 1 and > a(A(/i)) > a(^) 
or e(/i) = —1 and P{p) < /3(A(^)) < a{^). If a closed section begins with a{fi) and ends with /3(A(/i)) for an 
overlapping pair of bases we call such a pair of bases a principal overlapping pair and say that a section is in 
overlapping form. 

Notice, that if A e NV, then H{X) is the same for any solution H, and we just write A instead of H{X). 

Lemma 28. Suppose that for the generalized equation fl' obtained in Lemma \^T\ the sets C^^^ and BT'\BTq 
are empty, V' is a non-empty periodic structure, and each closed section from V' has a principal overlapping 
pair. Then for each base ^ Cz V there is a fixed presentation for h{fj.) = Y[iP'^^'^''^^t^''^^) '^■s product of 
elements h{X),X S NV, hk ^ V corresponding to a path in BT'q. The maximal number of terms in this 
presentation is bounded by a computable function ofQ. 

Proof. Let e be the edge in the graph BT' corresponding to a base fi and suppose e : w — > u'. There is a 
path s in BT' joining v and v' , and a cycle c which is a product of cycles from C^^^ such that h(ii) = h{c)h{s). 
For each cycle c from C^^^ either h{c) = 1 or c can be written using only edges with labels not from V'; 
therefore, c contains only edges with labels not from V' . Therefore 

= JJ^ (parameters) = h{Xi-^)Ili . . . h{Xsi)lls, (35) 

where the doubles of all A^ arc parameters, and Hi, ... ,11,5 are products of variables hk^ ^ V. □ 
In the equality 

H(m) - i?(A, Jill . . . i/(A,jn„ (36) 

where Hi, . . . , lis are products of Hk^ for variables /ife. V' , the cancellations between two terms in the right 
side are complete because the equality corresponds to a path in BT'q. Therefore the cancellation tree for the 
equality (|36|l can be situated on a horizontal axis with intervals corresponding to A^'s directed either to the 
right or to the left. This tree can be drawn on a P-scaled axis. We call this one-dimensional tree a pi-tree. 
Denote by /(A) the interval corresponding to A in the ^-tree. If /(ju) C IJ^ ^^^/(Ai), then we say that /j, 
is covered by parameters. In this case a generalized equation corresponding to H3t)|) can be situated on the 
intervals corresponding to bases from NV . 

We can shift the whole /i-tree to the left or to the right so that in the new situation the uncovered part 
becomes covered by the bases from NV . Certainly, we have to make sure that the shift is through the interval 
corresponding to a cycle in C^^\ Equivalently, we can shift any base belonging to the /i-tree through such an 
interval. 

If c is a cycle from C^^^ with shortest H{c), then there is a corresponding c-tree. Shifting this c-tree to the 
right or to the left through the intervals corresponding to H{c) bounded number of times we can cover every 
Hi, where hi € S hy a. product H{Xj^)Tii . . . H{Xj^)Tlt, where Hi, . . . ,IIt are products of values of variables 
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not from V and , . . . Xj^ are bases from NP. Combining this covering together with the covering of H{fi) 
by the product (|36() . we obtain that H{[a{^), /?(A(/i))]) is almost covered by parameters, except for the short 
products n. Let /i(/Lt) be covered by 

/i(Ai)ni...,MA,)n„ (37) 

where h{Ai), . . . , h{As) are parts completely covered by parameters, and Hi, . . . , Hg are products of variables 
not in V. We also remove those bases from NV from each which do not overlap with h(p). Denote by /4 
the maximal number of bases in NV and hi ^ V in the covering (|37|l . 

If , . . . , Xi^ are parametric bases, then for any solution H and any pair A;, Xj G {A^j , . . . , A^^ } we have 
either | H{Xi) \<\ H{X-i) \ or | H{Xi) | = | H{Xj) \ or | iJ(Aj) |>| H{Xj) \. We call a relationship between lengths 
of parametric bases a collection that consists of one such inequality or equality for each pair of bases. There 
is only a finite number of possible relationships between lengths of parametric bases. Therefore we can talk 
about a parametric base A of maximal length meaning that wc consider the family of solutions for which H(X) 
has maximal length. 

Lemma 29. Let X^ G NV be a base of max length in the covering {3T\ ) for ^ eV . If for a solution H of 
f2, and for each closed section [a{^), (3{A{fi)] in V, min \ i7[a(i^), a(A(i/))] |<| HiXfj) |, where the minimum 
is taken for all pairs of overlapping bases for this section, then one can transform f2 into one of the finite 
number (depending on fl) of generalized equations ^{V) which do not contain closed sections from V but 
contain the same other closed sections except for parametric sections. The content of closed sections from V is 
transferred using bases from NV to the parametric part. This transformation is called the second minimal 
replacement . 

Proof. Suppose for a closed section [a(//), /?(A(^))] that there exists a base A in ()37(l such that | H(X) |> 
min {H{a{v),a{A{iy))), where the minimum is taken for all pairs of overlapping bases for this section. We 
can shift the cover H{Ai)Ili, . . . , H{As)Ils through the distance di =| H[a{i.i), a{A{fj.))] \ . Consider first the 
case when c?i <| H{X) \ for the largest base in H37|l . Suppose the part of H{fi) corresponding to lii is not 
covered by parameters. Take the first base Xj in H37() to the right or to the left of Hi such that | H{Xj) |> c?i. 
Suppose Aj is situated to the left from 11; . Shifting Aj to the right through a bounded by f^ multiple of di we 
will cover 11^. 

Consider now the case when di >| H{X) |, but there exists an overlapping pair A(i^) such that 

d-2^H[a{v),a{A{v))] \<\H{X)\. 

If the part of H{^) corresponding to tii is not covered by parameters, we take the first base Xj in H37|l to the 
right or to the left of lii such that | H{Xj) |> d2- Without loss of generality we can suppose that Xj is situated 
to the left of lii. Shifting A^ to the right through a bounded by f^ multiple of d2 we will cover lii. 

Therefore, if the first alternative in the lemma does not take place, we can cover the whole section 
[a{n), (3{A{ii))] by the bases from NV, and transform f2 into one of the finite number of generalized equations 
which do not contain the closed section [a(//), /?(A(^))] and have all the other non-parametric sections the 
same. All the cancellations between two neighboring terms of any equality that we have gotten are complete, 
therefore the coordinate groups of new equations are quotients of -FR(a) . □ 

5.5 Minimal solutions and tree To(fi) 
5.5.1 Minimal solutions 

Let F = F{AyjB) be a free group with basis AiJB, be a generalized equation with constants from (AU-B)*^, 
and parameters A. Let A{^) be an arbitrary group of {A U A)-automorphisms of Ff^jiy For solutions ij'^' 
and i?'^-* of the equation Q, in the group F wc write i?'^-* <a(q,) H^"^^ if there exists an cndomorphism tt of 
the group F which is an 

(j4, A)-homomorphism, and an automorphism a G A{yi) such that the following conditions hold: (1) 7r^(2) — 

cttt^idtt, (2) For all active variables d(-H'^^^) < ^) for all 1 < /c < p and ^) < c?(fff ^) at least for 

one such k. 
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We also define a relation <cA(n) by tiie same way as <A{n) but witii extra property: (3) for any 

if (ijf V in non-cancellable, then (ijf in non-cancellable {e,S = ±1). Obviously, both 

relations are transitive. 

A solution if of is called A{^) -minimal if there is no any solution H' of the equation Q, such that 
H' <A{n) H . Since the total length X^iLi KHi) of a solution H \s & non-negative integer, every strictly 
decreasing chain of solutions H > > . . . > >a(o) ■ • ■ is finite. It follows that for every solution 5 of 17 
there exists a minimal solution such that <a(o) H . 

5.5.2 Automorphisms 

Assign to some vertices v of the tree T(fi) the groups of automorphisms of groups Ff^^Q^y For each vertex v 
such that tp(v) ~ 12 the canonical group of automorphisms A{Qy) assigned to it is the group of automorphisms 
of ii?(o„) identical on A. For each vertex v such that 7 < tp{v) < 10 we assign the group of automorphisms 
invariant with respect to the kernel. 

For each vertex v such that tp{v) = 2, assign the group generated by the groups of automorphisms 
constructed in Lemma EKl that applied to and all possible non-singular periodic structures of this equation. 

Let tp{v) = 15. Apply transformation D3 and consider n = ri^,. Notice that the function 7, is constant 
when hi belongs to some closed section of i^y. Applying D2, we can suppose that the section [1, j-l-1] is covered 
exactly twice. We say now that this is a quadratic section. Assign to the vertex v the group of automorphisms 
of acting identically on the non-quadratic part. 

5.5.3 The finite subtree To(il): cutting off long branches 

For a generalized equation ^l with parameters we construct a finite tree To(ri). Then we show that the subtree 
of T(n) obtained by tracing those path in T(f7) which actually can happen for "short" solutions is a subtree 
of To (17). 

According to Lemma ITt^ along an infinite path in T{fl) one can either have 7 < tp{vk) < 10 for all k or 
tp{vk) = 12 for all k, or tp{vk) = 15 for all k. 

Lemma 30. [Lemma 15 from 121^ 1 Let Vi V2 —>■.■.—> Vk ^ ■■ ■ be an infinite path in the tree T{n), 
and 7 < tp{vk) < 10 for all k. Then among {flk} some generalized equation occurs infinitely many times. If 
r^uj. ~ ^vi, then TT(vk,vi) is an isomorphism invariant with respect to the kernel. 

Lemma 31. Let tpiv) ~ 12. // a solution H of is minimal with respect to the canonical group of 
automorphisms, then there is a recursive function fo such that in the sequence 

iny,H) ^ {fly, ,H')^...^ i^v,,H''), . . . , (38) 

corresponding to the path in T{Qy) and for the solution H, case 12 cannot he repeated more than fo times. 

Proof. If ^ and Afj. both belong to the quadratic section, then /i is called a quadratic base. Consider the 
following set of generators for i^fl(n„): variables from A and quadratic bases from the active part. Relations 
in this set of generators consist of the following three families. 

1. Relations between variables in A. 

2. If /i is an active base and A(/i) is a parametric base, and A(/i) = hi . . . hi^t, then there is a relation 
fi = hi... hi+f 

3. Since ji~2 for each hi in the active part the product of hi . . . hj, where -f 1] is a closed active 
section, can be written in two different ways wi and W2 as a product of active bases. We write the relations 
wiW2^ = 1. These relations give a quadratic system of equations with coefficients in the subgroup generated 
by A. 

When we apply the entire transformation in Case 12, the number of variables is not increasing and the 
complexity of the generalized equation is not increasing. Suppose the same generalized equation is repeated 
twice in the sequence ()38|l . for example, flj = ilj+k- Then TT{vj ,Vj+k) is an automorphism of i^i^(a ) induced 
by the automorphism of the free product (A) * B, where _B is a free group generated by quadratic bases, 
identical on (A) and fixing all words wiW2^ . Therefore, > H^^'' , which contradicts to the minimality of 
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H. Therefore there is only a finite number (bounded by /o) of possible generalized equations that can appear 
in the sequence (|55|) .D 

Let ^ be a solution of the equation Vl with quadratic part [1, j + l].If /i belongs and A/^ does not belong 
to the quadratic section, then /i is called a quadratic- coefficient base. Define the following numbers: 

(39) 

1=1 

d2(i/)=^d(i7[«(/.),/3(Ai)]), (40) 

where is a quadratic-coefficient base. 

Lemma 32. Let tp{v) = 15 For any solution H of ily there is a minimal solution , which is an 
automorphic image of H with respect to the group of automorphisms defined in the beginning of this section, 
such that 

di{H+) < /i(17„) max {d2(i3'+), 1}, 
where fi{fl) is some recursive function. 

Proof Consider instead of f2„ equation Q = (Sly) which does not have any boundary connections, i^i?(o„) 
is isomorphic to i^i?(o)- Consider a presentation of i^i?(fi„) tti6 set of generators consisting of variables in the 
non-quadratic part and active bases. Relations in this generating set consist of the following three families. 

1. Relations between variables in the non-quadratic part. 

2. If /i is a quadratic-coefficient base and A(/i) = hi ■ ■ ■ hi-^t hi the non-quadratic part, then there is a 
relation fj, = hi ■ ■ ■ hi+t ■ 

3. Since 7^=2 for each hi in the active part the product hi ■ ■ ■ hj, where -I- 1] is a closed active section, 
can be written in two different ways wi and W2 as a product of quadratic and quadratic-coefficient bases. We 
write the relations wiw^^ ~ 1. 

Let be a solution of fly minimal with respect to the canonical group of automorphisms of the free product 
Bi * B, where _B is a free group generated by quadratic bases, and Bi is a subgroup of generated by 

variables in the non-quadratic part, identical on (A) and fixing all words wiW2^ ■ 

Consider the sequence 

{n, H) ^ [n,, , iji) ^ . . . ^ (r!„, , if'), . . . . (4i) 

Apply now the entire transformations to the quadratic section of 51. As in the proof of the previous lemma, 
each time we apply the entire transformation, we do not increase complexity and do not increase the total 
number of items in the whole interval. Since H \s a, solution of fi„, if the same generalized equation appear in 

this sequence 2** -f 1 times then for some j, j + fc we have >c i?^^*^, therefore the same equation can only 
appear a bounded number of times. Every quadratic base (except those that become matching bases of length 
1) in the quadratic part can be transferred to the non-quadratic part with the use of some quadratic-coefficient 
base as a carrier base. This means that the length of the transferred base is equal to the length of the part of 
the quadratic-coefficient carrier base, which will then be deleted. The double of the transferred base becomes 
a quadratic-coefficient base. Because there are not more than ua bases in the active part, this would give 

di{H') <nAd2{H'), 

for some solution H'^ of the equation fly. But iJ+ is obtained from the minimal solution H in a bounded 
number of steps. □ 

We call a path wi — ^ W2 ^ • • ■ ^ Wfc ~^ • ■ • in T(J1) for which 7 < tp{vk) < 10 for all k or type 12 prohibited 
if some generalized equation with p variables occurs among {Jl^. | 1 < i < £} at least 2^^^^ ' + 1 times. We 
will define below also prohibited paths in T(J1), for which tp{vk) ~ 15 for all k. We will need some auxiliary 
definitions. 

Introduce a new parameter 
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where p is the number of variables of the initial equation and p'^ the number of free variables belonging to 
the non-active sections of the equation fit,. We have p'^ < p (see the proof of Lemma [T^ . hence t[, > 0. In 
addition if vi — > V2 is an auxiliary edge, then < t[. 

Define by the joint induction on a finite subtree To(f2„) and a natural number s(f2„). The tree Tq^^I.^,) 
will have as a root and consist of some vertices and edges of T{ft) that lie higher than v. Let t^=0; then in 
T(0) there can not be auxiliary edges and vertices of type 15 higher than v. Hence a subtree To(ll„) consisting 
of vertices vi of T{fl) that are higher than v, and for which the path from v to vi does not contain prohibited 
subpaths, is finite. 

Let now 

5(r!„) =maxmax{p^/2(f7^,P,i?), fi{n'^,V,R)}, (42) 

w (V.R) 

where w runs through all the vertices of Tq{v) for which tp(w) = 2, 17^, contains non-trivial non-parametric 
sections, {V, R) is the set of non-singular periodic structures of the equation fiu,, /2 is a function appearing in 
Lemma l23l { is present only if a periodic structure has empty set NV) and Q,'^ is constructed as in Lemma 
1271 where is a function appearing in covering 13 71 

Suppose now that > and that for all vi with t'^_^ < the tree TqI^I-u-^) and the number s(r2-„j^) are 
already defined. We begin with the consideration of the paths 

r ^ Vl ^ V2 ^ ■ ■ ■ ^ Vm, (43) 

where tp{vi) = 15 (1 < i < m). We have r^. = r^. 

Denote by pi the carrier base of the equation . The path (|43|l will be called //-reducing ii pi = p and 
either there are no auxiliary edges from the vertex V2 and p occurs in the sequence pi, . . . , Pm-i at least twice, 
or there are auxiliary edges V2 —>■ wi,V2 —^W2---,V2 —^Wk from V2 and p occurs in the sequence pi, . . . , Pm-i 
at least maxi<i<ks{^wi) times. 

The path H43|l will be called prohibited, if it can be represented in the form 

r = risi . . .risir' , (44) 
such that for some sequence of bases rji, . . . ,t]i the following three properties hold: 

1) every base occurring at least once in the sequence pi, . . . , Pm-i occurs at least AOn"^ fi{Qy.^) + 20n + 1 
times in the sequence 771 , . . . , ry; , where n is the number of pairs of bases in equations fly- , 

2) the path is 77i-reducing; 

3) every transfer base of some equation of path r is a transfer base of some equation of path r' . 

The property of path (|43|l of being prohibited is algorithmically decidable. Every infinite path H43|l contains 
a prohibited subpath. Indeed, let u be the set of all bases occurring in the sequence pi, . . . , pm, . . . infinitely 
many times, and J) the set of all bases, that are transfer bases of infinitely many equations fly^ ■ If one cuts 
out some finite part in the beginning of this infinite path, one can suppose that all the bases in the sequence 
pi, . . . , pmi ■ ■ ■ belong to to and each base that is a transfer base of at least one equation, belongs to cD. Such 
an infinite path for any p £ u contains infinitely many non- intersecting //-reducing finite subpaths. Hence it 
is possible to construct a subpath H44() of this path satisfying the first two conditions in the definition of a 
prohibited subpath. Making r' longer, one obtains a prohibited subpath. 

Let T'{ily) be a subtree of T(r2„) consisting of the vertices vi for which the path from v to vi in T{fl) 
contains neither prohibited subpaths nor vertices V2 with r^^ < , except perhaps vi . So the terminal vertices 
of T'{ily) are either vertices vi such that r^^ < r^, or terminal vertices of T{fly). A subtree T'lfly) can be 
effectively constructed. To{Qy) is obtained by attaching of To{ilvi) (already constructed by the induction 
hypothesis) to those terminal vertices vi of T'(J1„) for which t^^ < t'^. The function s(n„) is defined by (|42|l . 
Let now To(f2) = To{flvo)- This tree is finite by construction. 
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5.5.4 Paths corresponding to minimal solutions of ft are in To{n) 

Notice, that if tp{v) > 6 and v wi, . . . ,v — * Wm is the list of principal outgoing edges from v, then the 
generalized equations fl^^ , ■ ■ ■ , ^w„t are obtained from f2„ by the application of several elementary transfor- 
mations. Denote by e a function that assigns a pair (fiu,. , if^*'') to the pair {fly,H). For tp{v) =4,5 this 
function is identical. 

If tp(v) = 15 and there are auxiliary edges from the vertex v, then the carrier base fi of the equation f2„ 
intersects A(/i). For any solution H of the equation fly one can construct a solution H' of the equation Qyi 
by = i/[l,/3(A(/i))]. Let e'(ll„if) = e(r!,,,iJ')- 

In the beginning of this section we assigned to vertices v of type 12, 15, 2 and such that 7 < tp{v) < 10 of 
T{n) the groups of automorphisms A(rii,). Denote by Aut{^l) the group of automorphisms of i^/j(o) , generated 
by all groups 

Tr{vo, v)A{fly)'!r{vo, v)~^, v £ To{n). (Here 7r(wo, "v) is an isomorphism, because tp(v) ^ 1.) We are to formulate 
the main technical result of this section. The following proposition states that every minimal solution of a 
generalized equation with respect to the group A{n) either factors through one of the finite family of 
proper quotients of the group -ffl(n) or (in the case of a non-empty parametric part) can be transferred to the 
parametric part. 

Proposition 1. For any solution H of a generalized equation fl there exists a terminal vertex w of the 
tree To{fl) having type 1 or 2, and a solution of a generalized equation such that 

1) TTg = aTr{vQ,w)'Kf[(ui)n where n is an endomorphism of a free group F, a G Aut{fl); 

2) if tp(w) — 2 and the equation fluj contains nontrivial non-parametric sections, then there exists a prim- 
itive cyclically reduced word P such that H^'"'^ is periodic with respect to V and one of the following 
conditions holds: 

(a) the equation fi^, is singular with respect to a periodic structure 
V{H'^^\P) and the first minimal replacement can be applied, 

(b) it is possible to apply the second minimal replacement and make the family of closed sections in V 
empty. 

Construct a directed tree with paths from the initial vertex 

{n,H) = (r!„„,i?(°)) {n,„m'^) ^ ... ^ (r!.„,i?^"^) -> ... (45) 

in which the Vi are the vertices of the tree r(ri) in the following way. Let vi ~ vq and let H'-^-' be some 
solution of the equation fl. minimal with respect to the group of automorphisms A(CIvq) with the property 

Let i > 1 and suppose the term (ili,^ , ij''^) of the sequence (|45|l has been already constructed. If 7 < 
tp{vi) < 10 or tp{vi) ~ 12 and there exists a minimal solution of such that < H^'^'^ , then we set 
v,+i = v„ H^'+^^ = H+ . 

If tp{vi) = 15, Vi ^ fi_i and there are auxiliary edges from vertex w^: — > wi, . . . , — > (the carrier 
base ^ intersects with its double A(ju)), then there exists a primitive word P such that 

i?«[l,/3(A(//))] =P^Pur>2, P = P1P2, (46) 

where = denotes a graphical equality. In this case the path H45|l can be continued along several possible edges 
ofT{n). 

For each group of automorphisms assigned to vertices of type 2 in the trees To(ri^. ), i = 1, . . . , fc and 
non-singular periodic structure including the closed section [1,/3(A(^)] of the equation fly. and corresponding 
to solution we replace //'■'^ by a solution with maximal number of short variables (see the definition 

after Lemma ETji . This collection of short variables can be different for different periodic structures. Either all 
the variables in i?*-')^ are short or there exists a parametric base Xmax of maximal length in the covering (|37|l . 
Suppose there is a /.i-reducing path H4;^|l beginning at Vi and corresponding to H'^^^'^ . Let /ii, . . . ,/i,ri be the 
leading bases of this path. Let = . . . be solutions of the generalized equations corresponding 
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to the vertices of this path. If for some jii there is an inequahty d{H^a{^i) , a{A{^i))]) < d{Xmax), we 
set (n^.^j^ , = e'(f2„. , Jf*^*^) and call the section [1, /?(A(//))] which becomes non-active, potentially 

transferable. 

If there is a singular periodic structure in a vertex of type 2 of some tree TQ(ri^-),i G {1, . . . ,k}, including 
the closed section [1, /3(A(/i)] of the equation Qy. and corresponding to the solution H^'^\ we also include the 
possibility 

In all of the other cases we set = e(r2«. , Tf^*^"'"), where is a solution with maximal 

number of short variables and minimal solution of Qy. with respect to the canonical group of automorphisms 
Py. (if it exists). The path (HHJ ends if tp{vi) < 2. 

We will show that in the path (|45|) Vi G To{il). We use induction on r'. Suppose Vi ^ Tq{^1), and let ig be 
the first of such numbers. It follows from the construction of TQ{il) that there exists ii < io such that the path 
from Vi-^ into contains a subpath prohibited in the construction of T2{flv-_^). From the minimality of io it 
follows that this subpath goes from Vi^ {ii < «2 < *o) to Vig. It cannot be that 7 < tp{vi) < 10 or tp{vi) = 12 
for all 42 < * < *i, because there will be two indices p < q between i2 and io such that H^p^ = H^'^\ and this 
gives a contradiction, because in this case it must be by construction Wp+i = Vp. So tp{vi) = 15 (12 < i < io)- 

Suppose we have a subpath (|43|l corresponding to the fragment 

(0„,,i/(i)) ^ ^ . . . ^ (0„„, i/^™)) ^ . . . (47) 

of the sequence (|45ll . Here wi, W2, ■ . ■ , fm-i are vertices of the tree To{n), and for all vertices u,; the edge 
Vi — > Vi+i is principal. 

As before, let fii denote the carrier base of rj^^, and lo — {fJ-i, . . . and a) denote the set of such 

bases which are transfer bases for at least one equation in (|47ll . By oji denote the set of such bases /i for which 
either n or A(yLt) belongs to w U a); by u!2 denote the set of all the other bases. Let 

a{Lu) = min(min a(/i), j), 

where j is the boundary between active and non-active sections. Let = H[a{^), i3{fi)]. If {^,H) is a 
member of sequence (|47ll , then denote 

a{uj) — 1 

4,UH) = ^(^A.) - ^dUH). (49) 
Every item hi of the section [1,Q!(cl;)] belongs to at least two bases, and both bases are in toi, hence 

i'UH) > 0. 

Consider the quadratic part of ily^ which is situated to the left of a{u)). The solution H^^^ is minimal with 
respect to the canonical group of automorphisms corresponding to this vertex. By Lemma IH^ we have 

di{H^''^) < hin.MH^'^). (50) 

Using this inequality we estimate the length of the interval participating in the process (ii^(Jf^^-') from 
above by a product of ip^^ and some function depending on /i. This will be inequality 123 Then we will show 
that for a prohibited subpath the length of the participating interval must be reduced by more than this figure 
feaualities 1651 . This will imply that there is no prohibited subpath in the path 1471 

Denote by 7i(w) the number of bases S wi containing hi. Then 

J2 rf(xW) = E^(^f'h.H, (51) 

where p = pifty^). Let / = {i\l < i < a{Lu) - I&7, = 2} and J = {i\l < i < a{uj) - > 2}. By (gSl 

dum = y: d{Hi'') + E diH^"') = ^i(^^'^) + E diH^'^y (52) 
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Let (A, A(A)) be a pair of quadratic-coefficient bases of the equation tly^ , where A belongs to the nonquadratic 
part. This pair can appear only from the bases fi € uJi- There are two types of quadratic-coefficient bases. 
Type 1. A is situated to the left of the boundary a{uj). Then A is formed by items {hi\i G J} and hence 

'^(-'^a) < '^i^.j d{Hf'^). Thus the sum of the lengths d{Xx) + (i(XA(A)) for quadratic-coefficient bases of this 
type is not more than 2?! ^ j ^^). 

Type 2. A is situated to the right of the boundary a{Lo). The sum of length of the quadratic-coefficient 

bases of the second type is not more than '^Ylii=a{Lo) '^i^i^^ ■ 
We have 

p 

d2{H^^^)<2nY,d{H[^^) + 2 ^ d(ijf))7,;H. (53) 

i^J i—a{uj) 

Now and JST} imply 

V^(i?i'')>E'^(^i'^)+ E diH^h.iu;). (54) 

iGJ i—a.{uj) 

Inequalities (jHOJ), imply 

d„(ij(i)) < max{^^(ij(i))(2n/i(a„J + 1), /i(a„J}. (55) 

Prom the definition of Case 15 it follows that all the wor ds -I- 1] are the ends of the word 

-I- 1], that is 

if(i)[l,pi + l] = ;7,if«[l,p, + l]. (56) 

On the other hand bases fi UJ2 participate in these transformations neither as carrier bases nor as transfer 
bases; hence H'-^^[a{Lj), pi + 1] is the end of the word + 1], that is 

+1] = V,H'^^'>[a{uj),pi + l]. (57) 

So we have 

d^H^'^) - dUH^'+'^) - d{V,) - d{V,+i) = d{U,+i) - dm = diX^y) - d{X^+^y). (58) 

In particular (gHl,® imply that V^(i?(i)) = i^^H'^^^) = ■■■ ^pcuiH^""^) = t/;^. Denote the number ^ hy S^. 

Let the path H43|) be /i-reducing, that is either pi = fi and V2 does not have auxiliary edges and /i occurs in 
the sequence pi, . . . , Pm-i at least twice, or V2 does have auxiliary edges V2 — > . . . V2 — > Wk and the base /i 
occurs in the sequence /ii, . . . , Pm-i at least maxi<i<fcs(f2tu. ) times. Estimate d{Um) = T^T=i^ froni below. 
First notice that if = = piii < 12) and pi ^ p for ii < i < 12-, then 

ii-i 

5^<5, >d(if'i+i[l,a(A(/.,,+i))]). (59) 

Indeed, if i2 = h + 1, then = d(ij('i) [1, a(A(/x))] = d(ij('i+i)[l,a(A(^))]. If i2 > h + 1, then p,^+i ^ fi 
and /i is a transfer base in the equation Hence + (i(iJ'*i+^-' [1, a(/i)]) = d{H'-^'-^^'>[l,a{|li-^-^-l)]). 

Now H59|l follows from 

£ <5,>d(i/('^+2)[l,a(M)]). 

So if V2 does not have outgoing auxiliary edges, that is the bases fi2 and A(/i2) do not intersect in the equation 
ri-u^; then (|59|1 implies that 

rn— 1 

^ <5. > d(if(2)[i,«(A^2)]) > d(4',') > d(4^)) = ^(4^)) - <5i, 
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which imphcs that 

m— 1 ^ 

Y.S,>-dixj^'>). (60) 

Suppose now there are outgoing auxiliary edges from the vertex V2'. V2 ^ wi, . . . ,V2 Wk- The equation 
ily^ has some solution. Let H^^''[l,a{A{fi2))] Q, and P a word (in the final /I's) such that Q = P'^, 
then X^j-* and X^^-* are beginnings of the word _ff [1, /3(A(/X2))], which is a beginning of P°° . Denote 

By the construction of H45|lwe either have 

^ p^p^^p ^ P1P2, r < M. (61) 
or for each base iJi, i>2, there is an inequality d{H'-'^^{a{^i),a{A{iii)))) > d{X) and therefore 

d(X(2)) < Mrf(ifW [«(/.,), «(A(Ai.))])- (62) 
Let = = /i; ii < 12; fJ-i for ii < j < i2- If 

d(X(V+:)) > 2d(F) (63) 

and _ff [1, pij+i + 1] begins with a cyclic permutation of P'"*, then 

rf(_H-(n+i)[i^Qf(A(/^,,+i))]) > d{xji^^)/M. Together with ^ this gives EiLTi^ > d{xj^^)/M. The base 
occurs in the sequence fii, . . . , fim-i at least Af times, so either (|63f) fails for some ii < rn — 1 or {M — 

3)dixj?^)/M. 

If (|63|l fails, then the inequality d{xj^^^^^) < d{xj^^^l^), and the definition H58|) imply that 

J2S^> rf(x(i)) - d(X(^;+i)) > (M 2)d(x(2))/M; 
1=1 

so everything is reduced to the second case. 
Let 

m — 1 

5]5,>(A/-3)d(xW)/M. 



Notice that ^ implies for ii = 1 Y.T=i > d{Q) > d{P); so ^1=1 > max{l, M-3}d{Xl >)/M. Together 
with this imphes Y.T=i^ ^ = ~ '^i)- Finally, 

m — 1 



J2 > 17i'^(4'^)- (64) 



10 
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Comparing (|6l)|l and (|64|) we can see that for the /i-reducing path (|43|) inequality 1)64(1 always holds. 

Suppose now that the path H43|) is prohibited; hence it can be represented in the form (|44|l . From definition 
(|49|) we have X^^isa^i '^(^z^™') — ^i^S at least for one base /i G cJi the inequality d{xjr^^) > ^ipuj holds. 
Because xjT^^ = (X^"^-|)^^, we can suppose that /i e cj U cj. Let mi be the length of the path risi . . . risi in 
(|44|) . If /i g (D then by the third part of the definition of a prohibited path there exists mi < i < m such that 
is a transfer base of fly.. Hence, d{xjj^^^) > c?(X^*^) > o?(X^*^) > (i(X^™^) > ^^ui- If ^ G w, then take /i 
instead of /Uj. We proved the existence of a base ^ G w such that 



rf(x("^)) > i-V'.. (65) 



2n 

By the definition of a prohibited path, the inequality d{xj^^) > (i(x/™^')(l < i < mi), (|64|) . and (|65|l we 
obtain 



mi-l 

y 5, > max{—i;^, l}(40nVi + 20n + 1). (66) 



i=l 
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By (|58|l the sum in the left part of the inequality H66|) equals — d^{H^"^'^'^): hence 

d^{H^^^) > max{^yj^, l}{40n^fi + 2071 + 1), 

which contradicts H55|) . 

This contradiction was obtained from the supposition that there are prohibited paths H47|l in the path 
(|45|) . Hence (|45|l does not contain prohibited paths. This implies that £ To (SI) for all Vi in 145|) . For all 
i Vi ^ is an edge of a finite tree. Hence the path (|45|l is finite. Let {Q.^,H'^) be the final term of this 
sequence. We show that {VL^nH^) satisfies all the properties formulated in the lemma. 

The first property is obvious. 

Let tpiw) = 2 and let have non-trivial non-parametric part. It follows from the construction of H45() 
that if [j, k] is a non-active section for then [j, fc] ^ [j, k] = . . . [j, k] . Hence ^ and the 

definition of sip,^) imply that the word hi . . . hp^ can be subdivided into subwords h[ii, ^2], . . . , h[ik-i, ik], such 
that for any a either has length 1, or h[ia,ia+i] does not participate in basic and coefficient equations, 

or i?("')[ia, ia+i] can be written as 

H^^^[ia, ia+i] = Pa = r > max^j,,R) max{pu,f2{n.^,P, R), Ui^'J}, (67) 

where Pa is a primitive word, and {V, R) runs through all the periodic structures of Clyj such that either one 
of them is singular or for a solution with maximal number of short variables with respect to the group of 
extended automorphisms all the closed sections are potentially transferable. The proof of Proposition ^ will 
be completed after we prove the following statement. 

Lemma 33. // tp{w) ~ 2 and every closed section belonging to a periodic structure V is potentially 
transferable (the definition is given in the construction of Tq in case 15), one can apply the second minimal 
replacement and get a finite number ( depending on periodic structures containing this section in the vertices of 
type 2 in the trees To(wi),i = 1, . . . ,m ) of possible generalized equations containing the same closed sections 
not from V and not containing closed sections from V . 

Proof. From the definition of potentially transferable section it follows that after finite number of transfor- 
mations depending on /4(0^, 7^), where u runs through the vertices of type 2 in the trees To(u;i), z = 1, . . . , m, 
we obtain a cycle that is shorter than or equal to d{\max)- This cycle is exactly h[a{p,i)^ a(A(/ii)] for the base 
/ii in the /i-reducing subpath. The rest of the proof of Lemma is a repetition of the proof of Lemma 1^ □ 

5.5.5 The decomposition tree Tdec{^) 

We can define now a decomposition tree Tdec{^)- To obtain Tdec{^) we add some edges to the terminal 
vertices of type 2 of To(ri). Let w be a vertex of type 2 in Tq{^). If there is no periodic structures in 0„ 
then this is a terminal vertex of Tdec{^)- Suppose there exists a finite number of combinations of different 
periodic structures Vi, . . . ^Vs in fl^. If some Vi is singular, we consider a generalized equation ^u{'Pi,...,'Ps) 
obtained from rj^,(7'i, . . . ^Vs) by the first minimal replacement corresponding to Vi- We also draw the edge 
V ^ u ~ u{Pi, . . . , Vs)- This vertex u is a terminal vertex of Tdec{^)- If ah Pi, ■ . . , in n„ are not singular, 
we can suppose that for each periodic structure Pi with period P, some values of variables in Pi are shorter 
than 2\Pi \ and values of some other variables are shorter than f3{Qy)\Pi\, where /a is the function from Lemma 
1271 Then we apply the second minimal replacement. The resulting generalized equations S^«i, . . . , will 
have empty non-parametric part. We draw the edges w — > ui, . . . , w ^ Ut in Tdeci^)- Vertices ui, . . . ,Ut are 
terminal vertices of T^ec(^)- 

5.6 The solution tree Tsoi{^,A.) 

Let n = il{H) be a generalized equation in variables H with the set of bases Bq ^ BU A. Let Tded^) be the 
tree constructed in Subsection 15 . 5 . 5l for a generalized equation with parameters A. 

Recall that in a leaf- vertex v of Tded^) we have the coordinate group i^i?(a„) which is a proper homomorphic 
image of i^fl(n). We define a new transformation Ry (we call it leaf- extension) of the tree Tded^) at the leaf 
vertex v. We take the union of two trees Tded^) and Tded^v) and identify the vertices v in both trees (i.e.. 
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we extend the tree Tded^) by gluing the tree Tded^v) to the vertex v). Observe that if the equation ily has 
non-parametric non-constant sections (in this event we call v a terminal vertex), then Tdeci^v) consists of a 
single vertex, namely v. 

Now we construct a solution tree Tsoii^) by induction starting at Tdeci^)- Let be a leaf non-terminal 
vertex of T^*^-* = Tded^)- Then we apply the transformation Ry and obtain a new tree T^^^ = Ry{Tdeci^))- 
If there exists a leaf non-terminal vertex vi of T^^\ then wc apply the transformation Ry-^, and so on. By 
induction wc construct a strictly increasing sequence of trees 

^(0) ^ 2^(1) c . . . c r(''' c . . . . (68) 

This sequence is finite. Indeed, suppose to the contrary that the sequence is infinite and hence the union 
of this sequence is an infinite tree in which every vertex has a finite degree. By Konig's lemma there is an 
infinite branch B in T''°°\ Observe that along any infinite branch in T'°°) one has to encounter infinitely 
many proper epimorphisms. This contradicts the fact that F is equationally Noetherian. 

Denote the union of the sequence of the trees (|68|l by Tsoi{^,A). We call Tsoi(r2, A) the solution tree of il 
with parameters A. Recall that with every edge e in Tdeci^) (as well as in Tsoi(J7, A)) with the initial vertex 
V and the terminal vertex w we associate an epimorphism 

It follows that every connected (directed) path p in the graph gives rise to a composition of homomorphisms 
which we denote by iTp. Since Tsoi(f2, A) is a tree the path p is completely defined by its initial and terminal 
vertices u,v; in this case wc sometimes write tTu.v instead of TTp. Let 7r„ be the homomorphism corresponding 
to the path from the initial vertex vq to a given vertex u, we call it the canonical epimorphism from -Fij(a) 
onto 

Also, with some vertices v in the tree Tdec{^), as well as in the tree T^oK^iA), we associate groups of 
canonical automorphisms A{ny) or extended automorphisms A{fly) of the coordinate group -Fii(o„) which, in 
particular, fix all variables in the non-active part of fly. We can suppose that the group A(D,y) is associated 
to every vertex, but for some vertices it is trivial. Observe also, that canonical epimorphisms map parametric 
parts into parametric parts (i.e., subgroups generated by variables in parametric parts). 

Recall that writing (51, U) means that [/ is a solution of H.. If {fl, U) and ji G Bfj, then by nu we denote 
the element 

l^U ^[Ua(,^)---Ui3(f,)^lY^''\ (69) 

Let Bu — I /i e _B} and Kjj = {^u | /.t G A}. We refer to these sets as the set of values of bases from B 
and the set of values of parameters from A with respect to the solution U . Notice, that the value ^jj is given 
in H69|l as a value of one fixed word mapping 

In vector notation we can write that 

Bu = Pb{U), Au^Pa{U), 

where Pb{H) and Pf^{H) are corresponding word mappings. 
The following result explains the name of the tree Tsoi{Vl, K). 

Theorem 5. Let i7 = ri(iJ, A) be a generalized equation in variables H with parameters A. Let Tso;(fi, A) 
be the solution tree for 17 with parameters. Then the following conditions hold. 

L For any solution U of the generalized equation VL there exists a path 
vo,vi, . . . ,Vn — V in Tso;(fi, A) from the root vertex vq to a terminal vertex v, a sequence of canonical au- 
tomorphisms a ~ ((Toi • • • ,o'„),CTi G A{Q.y^), and a solution Uy of the generalized equation J7„ such that the 
solution U ( viewed as a homomorphism i^fl(n) —^F)is equal to the following composition of homomorphisms 

U — ^a,U^ — O-QT^vo^viCri ■ ■ ■''^v„^i,v„f^nUy. (70) 

2. For any path vq,vi, . . . ,Vn = v in Tsoi{^,A) from the root vertex vq to a terminal vertex v, a sequence 
of canonical automorphisms a = ((Tqi • ■ • ,fn),o'i G A(r2.„.), and a solution Uy of the generalized equation fly, 
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^a,Ui, gives a solution of the group equation W = 1; moreover, every solution of ^* = 1 can be obtained this 
way. 

3. For each terminal vertex v in Tgoi{D.,K) there exists a word mapping Qu{Hy) such that for any solution 
Uy ofCl^ and any solution U = *&o-,;7„ from the values of the parameters A with respect to U can be written 
as Ajj ~ Qv{Uy) (i.e., these values do not depend on a) and the word QyiUu) is reduced as written. 

Proof. Statements 1 and 2 follow from the construction of the tree Tsoi{^, A). To verify 3 we need to invoke 
the argument above this theorem which claims that the canonical automorphisms associated with generalized 
equations in Tsoi{^,A.) fix all variables in the parametric part and, also, that the canonical cpimorphisms map 
variables from the parametric part into themselves. 

The set of homomorphisms having form H7U|) is called a fundamental sequence. 

Theorem 6. For any finite system S{X) = 1 over a free group F, one can find effectively a finite family 
of nondegenerate triangular quasi- quadratic systems Ui, . . . ,Uk and word mappings pi : VpiUi) — > Vf{S) 
{i = I, . . . ,k) such that for every b £ Vf{S) there exists i and c G VpiUi) for which b = Pi{c), i.e. 

Vf{S) = pi{Vf{Ui)) U . . .iJpk{VF{Uk)) 

and all sets pi{VF{Ui)) are irreducible; moreover, every irreducible component ofVF^S) can be obtained as a 
closure of some pi{VF{Ui)) in the Zariski topology. 

Proof. Each solution of the system S{X) = 1 can be obtained as X = pi{Yi), where Yi are variables of 
n = Hi for a finite number of generalized equations. We have to show that all solutions of fi* are solutions 
of some NTQ system. We can use Theorem without parameters. In this case ft^ is an empty equation with 
non-empty set of variables. In other words -F'i?(a^) = F * F{hi, . . . , hp). To each of the branches of Tgoi we 
assign an NTQ system from the formulation of the theorem. Let be a leaf vertex in Tdec- Then i^ij(o^) 
is a proper quotient of ^i?(n)- Consider the path vq,vi, . . . ,Vn = w in Tdec{^) from the root vertex wq to a 
terminal vertex w. All the groups F^k^q^ j are isomorphic. There are the following four possibilities. 

1. tp{vn-i) — 2. In this case there is a singular periodic structure on r2„^^_j. By Lemma |22l Fj^(^q^ 

is a fundamental group of a graph of groups with one vertex group K, some free abelian vertex groups, and 
some edges defining HNN extensions of K. Recall that making the first minimal replacement we first replaced 
^/J(n„ j^) by a finite number of proper quotients in which the edge groups corresponding to abelian vertex 
groups and HNN extensions arc maximal cyclic in K. Extend the ccntralizers of the edge groups of Hv„-i 
corresponding to HNN extensions by stable letters ti, . . . ,tk. This new group that we denote by N is the 
coordinate group of a quadratic equation over -Fi{(n„) which has a solution in -FR(n,„)- 
In all the other cases tp{vn-i) ^ 2. 

2. There were no auxiliary edges from vertices vq,v\, . . . ,v„ = w, and if one of the Cases 7-10 appeared 
at one of these vertices, then it only appeared a bounded (the boundary depends on rit,o) number of times in 
the sequence. In this case we replace -Ffl(n) by -Fi?,(n„) 

3- ^/j(n„) is a term in a free decomposition of i^i?,(n„ j ( is a kernel of a generalized equation Cly^ -^). 
In this case we also consider -Fr(o^) instead of -F'ij(n)- 

4. For some i tp{vi) = 12 and the path Vi, . . . ,Vn ~ w does not contain vertices of type 7 — 10, 12 or 15. In 
this case -Fr(o) is the coordinate group of a quadratic equation. 

5. The path vo,vi, . . . ,v„ = w contains vertices of type 15. Suppose Vi-,..., Wi^+fc^ , j = 1, . . . , Z are all 
blocks of consecutive vertices of type 15 This means that tp{vi-+kj+i) 7^ 15 and ij + fcj + 1 < ij+i. Suppose 
also that none of the previous cases takes place. To each Vi. we assigned a quadratic equation and a group 
of canonical automorphisms corresponding to this equation. Going alon the path Vi-,..., Vi- +kj , we take 
minimal solutions corresponding to some non-singular periodic structures. Each such structure corresponds 
to a representation of -FR(a„. ) as an HNN extension. As in the case of a singular periodic structure, we can 

suppose that the edge groups corresponding to HNN extensions are maximal cyclic and not conjugated in K. 
Extend the centralizers of the edge groups corresponding to HNN extensions by stable letters ti, . . . ,tk. Let 
N be the new group. Then N is the coordinate group of a quadratic system of equations over Fj^m^ y 

Repeating this construction for each j = 1, . . . ,1, we construct NTQ system over -^^(n^)- 
Since ^i?(o„) is a proper quotient of Ffl,(o)i the theorem can now be proved by induction. 
□ 



61 



Theorem 7. For any finitely generated group G and a free group F the set Hom{G,F) [HomF{G, F)] 
can be effectively described by a finite rooted tree oriented from the root, all vertices except for the root vertex 
are labelled by coordinate groups of generalized equations. Edges from the root vertex correspond to a finite 
number of homomorphisms from G into coordinate groups of generalized equations. Leaf vertices are labelled 
by free groups. To each vertex group we assign the group of canonical automorphisms. Each edge ( except 
for the edges from the root) in this tree is labelled by a quotient map, and all quotients are proper. Every 
homomorphism from G to F can be written as a composition of the homomorphisms corresponding to edges, 
canonical automorphisms of the groups assigned to vertices, and some homomorphism [retract] from a free 
group in a leaf vertex into F. 

5.7 Cut Equations 

In the proof of the implicit function theorems it will be convenient to use a modification of the notion of a 
generalized equation. The following definition provides a framework for such a modification. 

Definition 21. A cut equation IT = {£, M, X, fM, fx) consists of a set of intervals £, a set of variables 
M, a set of parameters X, and two labeling functions 

fx:£^ F[X], fM-.S^ F[M]. 

For an interval a & £ the image fM{cr) ~ fM{<7){M) is a reduced word in variables M^^ and constants from 
F, we call it a partition o//x(c)- 

Sometimes we write II = {£, fM, fx) omitting M and X . 

Definition 22. A solution of a cut equation IT = {£, fn, fx) with respect to an F -homomorphism (3 : 
F[X] F is an F -homomorphism a : F[M] — > F such that: 1) for every fi G M a{fi) is a reduced non- 
empty word; 2) for every reduced word /m (c)(M) (tr € £) the replacement m — > a(m) (m G M) results in a 
word /M(c)(a(M)) which is a reduced word as written and such that /M(o')(a(M)) is graphically equal to the 
reduced form of /3{fxi<j)); in particular, the following diagram is commutative. 

£ 

F{X) F{M) 




F 

If a : F[M] — > is a solution of a cut equation 11 — {£, fn, fx) with respect to an i^- homomorphism 
/3 : F[X] — > F, then we write (11, /3, a) and refer to a as a solution of 11 modulo (3. In this event, for a given 
(T G 5 we say that fM{<^){c(iM)) is a partition of f3{fx{<j)). Sometimes we also consider homomorphisms 
a : F[M] — > F, for which the diagram above is still commutative, but cancellation may occur in the words 
/M(f )(a(./\/)). In this event we refer to a as a group solution of 11 with respect to (3. 

Lemma 34. For a generalized equation n(H) one can effectively construct a cut equation — {£, fx, /a/) 
such that the following conditions hold: 

(1) X is a partition of the whole interval [l,/5o] into disjoint closed subintervals; 

(2) M contains the set of variables H ; 

(3) for any solution U ~ (iii,...,Up) of D, the cut equation Ho has a solution a modulo the canonical 
homomorphism (3u : F{X) — > F ((3u{x) — UiUi^i . . .Uj where i,j are, correspondingly, the left and the 
right end-points of the interval x ); 
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(4) for any solution (/3, a) of the cut equation IIq the restriction of a on H gives a solution of the generalized 
equation Q. 

Proof. We begin with defining the sets X and M. Recall that a closed interval of is a union of closed 
sections of n. Let X be an arbitrary partition of the whole interval into closed subintervals (i.e., any 

two intervals in X are disjoint and the union of X is the whole interval [l,psi]). 

Let B he a, set of representatives of dual bases of fl, i.e., for every base /i of cither /i or A(/i) belongs to 
B, but not both. Put M = HUB. 

Now let (T G X. We denote by B^ the set of all bases over a and by the set of all items in a. Put 
Sa = Ba- U Her. For e € let s(e) be the interval [i, j], where i < j are the endpoints of e. A sequence 
P = (ei, . . . , e;;) of elements from is called a partition of a if s(ei) U ■ • ■ U s(efe) = a and s(ei) fl s(ej) = 
for i ^ j. Let Parto- be the set of all partitions of cr. Now put 

£ = {P\P e Part<,,cr e X}. 

Then for every P E £ there exists one and only one a E X such that P £ Parto-- Denote this a by fx{P)- 
The map fx '■ P ^ fx{P) is a well-defined function from £ into F{X). 

Each partition F = (ei, . . . , Cfc) <E Part^^ gives rise to a word wp{M) = Wi . . .Wk as follows. If e iJ^r 
then Wi = ei. li Ci ~ ^ E B„ then Wi = If = ^ and A(/^) G then Wi = A(^)^(^). The map 

fM{P) = wp{M) is a well-defined function from £ into F{AI). 

Now set Ho = {£, fx, fAi)- It is not hard to see from the construction that the cut equation Ho satisfies 
all the required properties. Indeed, (1) and (2) follow directly from the construction. 

To verify (3), let's consider a solution U ~ (ui, . . . , Wpfj) of fl. To define corresponding functions (3ij and a, 
observe that the function s(e) (see above) is defined for every e G XL)M. Now for cr G X put Pu{<^) = Ui . . . uj, 
where s(cr) = [i,j], and for m E M put a(m) = Ui . . .Uj, where s(m) = [i,j]. Clearly, a is a solution of Ho 
modulo f3. 

To verify (4) observe that if a is a solution of Iln modulo (3, then the restriction of a onto the subset 
H C M gives a solution of the generalized equation fi. This follows from the construction of the words Wp 
and the fact that the words Wp{a{M)) are reduced as written (see definition of a solution of a cut equation). 
Indeed, if a base /i occurs in a partition P G £, then there is a partition P' £ £ which is obtained from P by 
replacing fi by the sequence hi . . . hj. Since there is no cancellation in words wp{a{M)) and wp' {a{M)), this 
implies that a{fiy'-'^'> — a{hi . . . hj). This shows that an is a solution of ft. □ 

Theorem 8. Let S{X,Y, A)) = I be a system of equations over F — F{A). Then one can effectively 
construct a finite set of cut equations 

CE{S) = {n, I n, = (£„ /x, , /a/J, i = 1 . . . , k} 

and a finite set of tuples of words {Qi{Mi) | i = 1, . . . , fc} such that: 

1. for every equation Wi = (£i, fxi, /a/J £ CE{S), one has Xi = X and fxi{£i) C X^^ ; 

2. for any solution {U,V) of S{X,Y, A) = 1 m F{A), there exists a number i and a tuple of words Piy 
such that the cut equation Hj G CE{S) has a solution a : — + F with respect to the F -homomorphism 
(3u : F[X] F which is induced by the map X ^ U. Moreover, U = Qi{a{Mi)), the word Qi{a{Mi)) 
is reduced as written, and V = Piy{a(Mi)); 

3. for any Hi G CE{S) there exists a tuple of words Piy such that for any solution (group solution) {(3, a) 
of Hi the pair {U,V), where U = Qi{a{Mi)) and V = Piy{a{Mi)), is a solution of S{X,Y) = 1 in F. 

Proof. Let S{X, F) = 1 be a system of equations over a free group F. In Subsection l4.3l we have constructed 
a set of initial parameterized generalized equations QEpar{S) ™ {i^i, . . . , i^r} for S{X, Y) = 1 with respect to 
the set of parameters X. For each Vl G GEpar{S) in Section we constructed the finite tree Tsoi{^) with 
respect to parameters X. Observe that parametric part [jvaiPv(i\ in the root equation fi = ri^,-, of the tree 
Tsoi{^) is partitioned into a disjoint union of closed sections corresponding to X-bases and constant bases 
(this follows from the construction of the initial equations in the set QEpar{S)). We label every closed section 
(T corresponding to a variable x G X^^ by x, and every constant section corresponding to a constant a by a. 
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Due to our construction of the tree Tgoi (^2) moving along a branch B from the initial vertex vq to a terminal 
vertex v, we transfer all the bases from the active and non-active parts into parametric parts until, eventually, 
in f2„ the whole interval consists of the parametric part. Observe also that, moving along B in the parametric 
part, we neither introduce new closed sections nor delete any. All we do is we split (sometimes) an item in a 
closed parametric section into two new ones. In any event we keep the same label of the section. 

Now for a terminal vertex v in Tgoi{^) we construct a cut equation = (f^,, /a'„, /a/„) as in Lemma 1511 
taking the set of all closed sections of as the partition . The set of cut equations 

CE'{S) - {n; I O G gEpar{S),ve VTerm{T,oi{^))} 

satisfies all the requirements of the theorem except X„ might not be equal io X. To satisfy this condition we 
adjust slightly the equations 11^. 

To do this, we denote by / : X^ X^^ U A^^ the labelling function on the set of closed sections of 17^. 
Put n.u = (fu, fx, Jau) where fx is the composition of fx^ and /. The set of cut equations 

CEiS) = {n, I r! e gEpariS),v e VTermiTsoi{n))} 

satisfies all the conditions of the theorem. This follows from Theorem and from Lemma El Indeed, to 
satisiy 3) one can take the words P^.y that correspond to a minimal solution of Ilj, i.e., the words Pty can 
be obtained from a given particular way to transfer all bases from K-part onto X-part. 

□ 

The next result shows that for every cut equation 11 one can effectively and canonically associate a gener- 
alized equation Qu- 

For every cut equation 11 ~ {£, X, M, fx, fu) one can canonically associate a generalized equation ^yi{M, X) 
as follows. Consider the following word 

V = /x(o-i)/m(o"i) . . . fx{ok)fM{(^k)- 

Now wc are going to mimic the construction of the generalized equation in Lemma lOl The set of boundaries 
BD of r^n consists of positive integers 1, . . . , 4- 1. The set of bases BS is union of the following sets: 

a) every letter /x in the word V . Letters X^^ U M^^ are variable bases, for every two different occurrences 
/x^% of a letter /i G X^^ U M^^ in V we say that these bases are dual and they have the same orientation 
if £i£2 = 1, and different orientation otherwise. Each occurrence of a letter a S A^^ provides a constant base 
with the label a. Endpoints of these bases correspond to their positions in the word V (see Lemma EJ- 

b) every pair of subwords fxio'i),fMi,o'i) provides a pair of dual bases Ai,A(Ai), the base is located 
above the subword fx{cri), and A(Ai) is located above fM{<7i) (this defines the endpoints of the bases). 

Informally, one can visualize the generalized equation fin as follows. Let £ = {cti, . . . ,ak} and let £' = 
{a' I (T e be another disjoint copy of the set £. Locate intervals from f U on a segment J of a straight 
line from left to the right in the following order cti, crj^, . . . , o-fc, cr^; then put bases over / according to the word 
V. The next result summarizes the discussion above. 

Lemma 35. For every cut equation 11 = {£, X, M, fx, fM), one can canonically associate a generalized 
equation flYi{M,X) such that ifaf^ : F[M] —>■ F is a solution of the cut equation II, then the maps a : F[M] — > 
F and f3 : F[X] F give rise to a solution of the group equation (not generalized!) il^ ~ 1 in such a way that 
for every a G £ /A/(cr)(Q:(M)) is a reduced word which is graphically equal to P{fx{<y){X)) , and vice versa. 

6 Definitions and elementary properties of liftings 

In this section we give necessary definitions for the further discussion of liftings of equations and inequaliies 
into coordinate groups. 

Let G be a group and let S{X) = 1 be a system of equations over G. Recall that by Gs we denote 
the quotient group G[X]/ncl{S), where ncl{S) is the normal closure of S in G[X]. In particular, Gfj(^s) = 
G[X]/R{S) is the coordinate group defined by S{X) = 1. The radical R{S) can be described as follows. 
Consider a set of G-homoniorphisms 

$G,5 HomG{G[S],G) I 0(5) = 1}. 
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Then 

n/oN / n^e^G s kcr0 if $G,s 7^ 
^ ' \ G[X] otherwise 

Now wc put these definitions in a more general framework. Let H and K be G-groups and AI C H. Put 

^K,M = {0 e HomGiH,K) I = 1}. 

Then the following subgroup is termed the G-radical of AI with respect to K: 



tr[Aj otherwise. 



Sometimes, to emphasize that M is a subset of H, we write RadxiM, H). Clearly, if K = G, then R{S) = 
RadGiS,G[X]). 
Let 

Hk = H/RadK{l). 

Then iJ^ is either a G-group or trivial. If H'^ ^ 1, then it is G-separated by K. In the case K = G we omit 
K in the notation above and simply write H*. Notice that 

{H/nd{M))*ji ~ H/RadK{M), 

in particular, (G5)* = Gr^s)- 

Lemma 36. Let a : Hi — > « G-homomorphism and suppose $ = ^ ^'^j &e a separating 

family of G- homomorphisms. Then 

kci a — ^{kcT{a o (p) \ (f> G ^} 

Proof. Suppose h G Hi and h ^ ker(a). Then a{h) 7^ 1 in H2- Hence there exists G $ such that 
(j){a{h)) ^ 1. This shows that kera D p|{ker(a o (j)) \ cj) £ $}. The other inclusion is obvious. □ 

Lemma 37. Let Hi, H2, and K he G-groups. 

1. Let a : Hi —> H2 be a G-homomorphism and let H2 be G-separated by K . If M C kera, then RadxiAI) C 
ker a. 

2. Every G-homomorphism 4> ■ Hi — > H2 gives rise to a unique homomorphism 

r : {HiTk - {H2TK 
such that r]2 o (f) = (f)* o r]i , where rji : Hi — > H* is the canonical epimorphism. 
Proof. 1. We have 

RadK{M, Hi) = P|{ker0 | : A' A = 1} C P|{ker(a o (3) \ (3 : H2 -^g K} = kera. 

2. Let a : Hi (i?2)x be the composition of the following homomorphisms 

Hi ^ 112 ^ {n2)K- 

Then by assertion 1 Radxi^, Hi) C kera, therefore a induces the canonical G-homomorphism (j)* : (iJi)J^ — > 

iH2)*K. □ 

Lemma 38. 1. The canonical map A : G ^ G5 is an embedding <f=^ S{X) ~ 1 has a solution in some 
G-group H . 

2. The canonical map fi : G ^ Gj^^gj is an embedding S{X) — 1 has a solution in some G-group H 
which is G-separated by G. 
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Proof. 1. If S{xi, . . . , x„i) = 1 has a solution {hi, . . . , h,n) in some G-group H, then the G-homomorphism 
Xi hi, {i = 1, . . . ,m) from G[xi, . . . ,Xm] into H induces a homomorphism : Gg — > H. Since is a 
G-group all non- trivial elements from G are also non-trivial in the factor-group Gs, therefore A : G ^ G5 is 
an embedding. The converse is obvious. 

2. Let S{xi, . . . , Xm) = 1 have a solution [hi, . . . , h„i) in some G-group H which is G-separated by G. 
Then there exists the canonical G-homomorphism a : Gs H defined as in the proof of the first assertion. 
Hence R(S) C kera by Lemma IS7I and a induces a homomorphism from G/f(5) into H, which is monic on G. 
Therefore G embeds into Gr(s)- The converse is obvious. □ 

Now we apply Lemma IH7I to coordinate groups of nonempty algebraic sets. 

Lemma 39. Let subsets S and T from G[X] define non-empty algebraic sets in a group G. Then every 
G-homomorphism (j) : Gs Gt gives rise to a G-homomorphism (jf : Gji^s) Gjk^t)- 

Proof. The result follows from Lemma l37l and Lemma |2H1 
Now we are in a position to give the following 

Definition 23. Let S{X) = I he a system of equations over a group G which has a solution in G. We 
say that a system of equations T{X,Y) = 1 is compatible with S{X) = 1 over G if for every solution U of 
S{X) = 1 m G the equation T{U,Y) = 1 also has a solution in G, i.e., the algebraic set Vg{S) is a projection 
of the algebraic set Vq (S UT). 

The next proposition describes compatibility of two equations in terms of their coordinate groups. 

Proposition 2. Let S{X) = 1 be a system of equations over a group G which has a solution in G. Then 
T{X,Y) = 1 is compatible with S{X) = 1 over G if and only if Gj^^s) *s canonically embedded into Gf{(^suT): 
and every G-homomorphism a : Gf{(^s) ^ G extends to a G-homomorphisms a' : Gjk^sut) ~* G. 

Proof. Suppose first that T(X,Y) = 1 is compatible with S{X) = 1 over G and suppose that Vg{S) ^ 0. 
The identity map X X gives rise to a G-homomorphism 

A : Gs — > GsuT 

(notice that both Gs and Gsut are G-groups by Lemma 05|) . which by Lemma l^ induces a G-homomorphism 

We claim that A* is an embedding. To show this we need to prove first the statement about the extensions of 
homomorphisms. Let a : Gjk^s) — > G be an arbitrary G-homomorphism. It follows that a{X) is a solution of 
S{X) = 1 in G. Since T{X, F) = 1 is compatible with S(X) ~ 1 over G, there exists a solution, say P(Y), of 
T{a{X),Y) = 1 in G. The map 

X ^ aiX),Y ^ PiY) 

gives rise to a G-homomorphism G[X, Y] G, which induces a G-homomorphism cf) : Gsut G. By Lemma 
\'69\6 induces a G-homomorphism 

0* • GjK^suT) — ^ G. 
Clearly, (f>* makes the following diagram to commute. 

A* 

Gr(^ " Gfl(suT) 



a 




G 
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Now to prove that A* is an embedding, observe that Gfl(5) is G-separated by G. Therefore for every non-trivial 
h S Gfl(5) there exists a G-homomorphism a : Gjn^s) ^ G such that a{h) ^ 1. But then (j>*{\*{h)) ^ 1 and 
consequently h ker A*. The converse statement is obvious. □ 

Let S{X) = 1 be a system of equations over G and suppose Vg(S') ^ 0. The canonical embedding 
X G\X\ induces the canonical map 

I^L : X ^ Gni^s)- 

We are ready to formulate the main definition. 

Definition 24. Let S{X) ^ 1 be a system of equations over G with Vg{S) and let fi : X ^ G^(5) be 
the canonical map. Let a system T{X,Y) — I be compatible with S{X) ~ 1 over G. We say that T{X,Y) — 1 
admits a lift to a generic point of S ^ 1 over G (or, shortly, S-lift over G) if T(Xf^ ,Y) = 1 has a solution in 
Gi?(s) (here Y are variables and X^^ are constants from Gjus))- 

Lemma 40. Let T{X,Y) = 1 be compatible with S{X) = 1 over G. IfT{X,Y) = 1 admits an S-lift, then 
the identity map Y ^Y gives rise to a canonical Gii(^s)-^pin^orphism from Gji(^suT) onto the coordinate group 
o/T(X^r) = l over Gfl(s).- 

r ■■ G«(suT) ^ Gn^s)[Y]/RadG,,s,iTiX^\Y)). 

Moreover, every solution U of T{X^ ,Y) = 1 in Gf^^s) gives rise to a Gfns)-homomorphism (jijj : Gjhsut) 
Gr{s), where (j>u{Y) = U. 

Proof. Observe that the following chain of isomorphisms hold: 

GRisuT) -G G[X][Y]/RadGiS U T) ~g G[X][Y]/RadG{RadGiS, G[X]) U T) 
~G {G[X][Y]/ncl{RadG{S,G[X])UT)r ~g {Gn^s)[Y]/nd{T{X'^,Y))r . 

Denote by Gjk^s) the canonical image of Gj^(5) in {Gji^s)[Y]/ncl{T{X'^,Y)))* . 

Since RadGj^^s^{T{X^^ , Y)) is a normal subgroup in Gfl(5)[y] containing T{X'^, Y) there exists a canonical 
G-epimorphism 

^ : Gnis)[Y]/ndiT{Xf^,Y)) Gr^^s)[Y]/ RadG,^s,{T{X^Y)). 
By Lemma 03 the homomorphism ip gives rise to a canonical G-homomorphism 

r ■■ {Ga(s)[Y]/ncl{T{X^^,Y))Y ^ (G^^^j^) [r]/i?adG«<,, F)))*. 

Notice that the group Gf^^s] \Y] / RadG j^^s) (^(^''^ Y)) is the coordinate group of the system T(X^, Y) ^ \ over 
Gii(s) and this system has a solution in Gn^s)- Therefore this group is a Gi^(5)-group and it is G/j(5)-scparated 
by Gij(5). Now since Gjk^s) is the coordinate group of S{X) = 1 over G and this system has a solution in G, we 
see that Gjk^s) is G-separated by G. It follows that the group G]ii^s)[Y]/RadGfi^s^{T{X'^,Y)) is G-scparatcd 
by G. Therefore 

Gn(s)[Y]/RadG,,sATiX^^Y)) = iGnis)[Y]/RadG^,s,iT{X'^,Y))r . 

Now we can see that 

r ■■ GnisuT) ^ Gnis)[Y]/RadG,,s,inX'^,Y)) 

is a G-homomorphism which maps the subgroup Gj^^g-j from Gfu^gux) onto the subgroup Gfl(5) in G^(5) [Y]/ RadG^i^s) C^i-X^, Y)). 

This shows that Gjn^s) —G Gjk^s) a-nd V'* is a G/j(5)-homomorphism. If [/ is a solution of T{X'-\ Y) = 1 in 
Gr{s)i then there exists a Gij(s)-homomorphism 

cl^u : Gn^s)[Y]/RadG,,sjiT{X'',Y)) ^ G^^s)- 

such that (j)ij{Y) = U. Obviously, composition of (jju and ip* gives a Gi^(5)-homomorphism from Gjk^sut) into 
Gr{s)i as desired. □. 

The next result characterizes lifts in terms of the coordinate groups of the corresponding equations. 
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Proposition 3. Let S{X) = 1 be an equation over G which has a solution in G. Then for an arbitrary 
equation T{X^Y) = 1 over G the following conditions are equivalent: 

1) T{X,Y) ~ 1 is compatible with S{X) ~ 1 and T{X^Y) = 1 admits S-lift over G; 

2) Gfl(5) is a retract ofGfK^s x)! *-e-, Gj^^s) ^■s ^ subgroup of Gj^^g x) o-'^d there exists a G fK^gyhomomorphism 
Gr{s,t) — *■ 

Proof. 1) 2). By Proposition[2lG'fl(5) is a subgroup of Gms.T)- Moreover. T{X^, Y) — 1 has a solution 
in Gfj^s)^ so by Lemma |4()l there exists a Gfj(^s)~ homomorphism Gms,T) ~^ Gfi(^s)i i-C-, Gii(^s) is a retract of 
Gr(s,t)- 

2) =^ 1). If (/) : Gji(^s,T) ~^ ^77(5) is a retract then every G-homomorphism a : Gfl(5) G extends to a 
G-homomorphism a o cj) : Gf^^s T) ^ G. It foUows from Proposition [5] that T{X,Y) = 1 is compatible with 
S{X) = 1 and (j) gives a solution of T(X'^, F) = 1 in Gjk^s)^ as desired. □ 

One can ask whether it is possible to lift a system of equations and inequalities into a generic point of 
some equation 5 = 1? This is the question that we are going to address below. We start with very general 
definitions. 

Definition 25. Let S{X) = 1 be an equation over a group G which has a solution in G. We say that a 
formula ^{X,Y) in the language La is compatible with S{X) = 1 over G, if for every solution a of S{X) = 1 
in G there exists a tuple b over G such that the formula $(a, b) is true in G, i.e., the algebraic set Vg{S) is a 
projection of the truth set of the formula ^{X, Y) A {S{X) ~ 1). 

Definition 26. Let a formula ^{X, Y) be compatible with S{X) = 1 over G. We say that ^{X, Y) admits 
a lift to a generic point of S = 1 over G (or shortly S-lift over G), if 3Y'^{X^ ^Y) is true in Gr^s) (here Y 
are variables and X^ are constants from Gfn^s))- 

Definition 27. Let S{X) ^ \ be an equation over G which has a solution in G, and let T{X, Y) ~ 1 be 
compatible with S{X) = 1. We say that an equation T(X,Y) ~ 1 admits a complete S-lift if every formula 
T{X, y) = 1 & W{X, Y) 7^ 1, which is compatible with S{X) = 1 over G, admits an S-lift. 

7 Implicit function theorem: lifting solutions into generic points 

Now we are ready to formulate and prove the main results of this paper, Theorems 151 1111 and^] Let F{A) 
be a free non-abelian group. 

Theorem 9. Let S{X,A) = 1 be a regular standard quadratic equation over F(A). Every equation 
T{X, Y, A) = 1 compatible with S{X, A) ^ 1 admits a complete S-lift. 

We divide the proof of this theorem into two parts: for orientable S{X, A) — 1, and for a non- orient able 
one. 

7.1 Basic Automorphisms of Orientable Quadratic Equations 

In this section, for a finitely generated fully residually free group G we introduce some particular G-automorphisms 
of a free G-group G[X] which fix a given standard orientable quadratic word with coefficients in G. Then we 
describe some cancellation properties of these automorphisms. 

Let G be a group and let S'(X) = 1 be a regular standard orientable quadratic equation over G : 

rn n 

Y[z-^c,z,Y[[x,,y^]d-^ = 1, (71) 

i=l 1=1 

where q, d arc non-trivial constants from G, and 

X = {xi,yi,Zj \ i = l,...,n,j = l,...,m} 
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is the set of variables. Observe that if n = 0, then m > 3 by definition of a regular quadratic equation 
(Definition 1^1) . Sometimes we omit X and write simply S = 1. Denote by 



Cs - {ci, 



,d} 



the set of constants which occur in the equation S* = 1. 
Below we define a basic sequence 

r = (71,72, • ■ -nKini.n)) 

of G-automorphisms of the free G-group G[X], each of which fixes the element 



S^^\{zr\,z^\[[x,,y,]€G[X]. 



We assume that each 7 g F acts identically on all the generators from X that are not mentioned in the 
description of 7. 



m 


> 3,n 


= 0. In this case K{m 


,0) = m- 


- 1. Put 




li 


: Zi - 


z,(c-*c-;Y), z,+i - 




Cm)' fori = l,. 


. . , m — 1. 


m 


= 0,71 


> 1. In this case A'(0, 


n) ~ An - 


- 1. Put 




74i 


-3 : Vi 


Xiyi, for i = 1, . . 


.,n; 






74i 


-2 : Xi 


^yiXi, fori = l,.. 


.,n; 






74i 


-1 ■ Vi 


^ Xiyi, for i = 1, . . 


. ,n; 






74i 


• Xi 


* (j/i-^i+l) ^Xi, yi 






-> (y»2:,"+\) 



,71 — 1. 



Let 771 > 1, n > 1. In this case K{m, n) = m + An — 1. Put 



7» : 


2i 






^ 


z,;+i(cf c-;Y), 


for i = 1, 


. . . ,TO - 1; 


7m 




r 

'-'771 




^ Xi'" , yi 


— > (c^™Xj^ 


')-^yi; 


7m+4i 


-3 


2/1 - 




for 7 = 1, 


. . ,71; 






7m+4i 


-2 




yiXi, 


for 1 = 1, 


. ..,71; 






Im+ii 


-1 


Ui - 




for 7 = 1, 


. . ,n; 






7m+4i 




Xi 


^ (yja;~+\) 


yi 






, yt+i (yi-^r+i 



, ft — 1. 



It is easy to check that each 7 g F fixes the word Sq as well as the word S. This shows that 7 induces 
a G-automorphism on the group G5 = G[X]/ncl(5). We denote the induced automorphism again by 7, 



so F C AutciGs)- Since S* = 1 is regular, Gc 



G 



R{S)- 



It follows that composition of any product of 



automorphisms from F and a particular solution /3 of 5 = 1 is again a solution of 5 = 1 . 

Observe, that in the case m 7^ 0, 71 ^ the basic sequence of automorphisms F contains the basic automor- 
phisms from the other two cases. This allows us, without loss of generality, to formulate some of the results 
below only for the case K{m, n) = m + An — 1. Obvious adjustments provide the proper argument in the other 
cases. From now on we order elements of the set X in the following way 

Zi < . . . < Z,n < Xi < yi < . . . < Xn < yn- 

For a word w £ F{X) we denote by v{w) the leading variable (the highest variable with respect to the order 
introduced above) that occurs in w. For v = v{w) denote by j{v) the following number 



jiv) = 



771 + 47, if u = or u = yi and i < n, 

m, + 47 — 1, if u = Xi or w = 7/i and i — n, 

i, if u = Zi and 71 7^ 0, 

m — 1, if u = z„i, n= 0. 



The following lemma describes the action of powers of basic automorphisms from T on X. The proof is 
obvious, and we omit it. 
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Lemma 41. Let T = (71, . . . , jm+4n-i) be the basic sequence of automorphisms andp be a positive integer. 
Then the following hold: 



p 

% 




Zi 


for i = 1, 


Zi+1 

. . ,m 


^z,+,{c^^c^:^r, 

-1; 


Irn 










2^1 , yi 


P 


3 ■ 


Vi 


x^yi, for i 


= 1,.. 


.,n; 


im+Ai- 


2 ■ 


Xi ^ 


yfxi, for i 


= 1,.. 


.,n; 


im+ii- 


1 ■ 


Vi 


x^yi, for i 


= 1, . . 


.,n; 


im+Ai 






iViXi+l) ^Xi, 




y^ ' 






Xi+l 




Vi+i 





for i ^ 1, 



1. 



The p-powers of elements that occur in Lemma kll olav an important part in what foUows, so we describe 
them in a separate definition. 

Definition 28. Let F ~ (71, . . . ,7m+4n-i) be the basic sequence of automorphism for S ^ 1. For every 
7 G F we define the leading term ^(7) as follows: 

I; 





for i - 


= I,.. 


, TO — 










^(7m+4i-3) = 


for i 


-1,. 


. ,n; 


^(7m+4j-2) = 


for i 


= f,.. 


.,n; 


^(7m+4i-l) = Xi, 


for i 


= 1,. 


. ,n; 


^(7m+4i) = yiXi+i, 


for i 


= f,.. 


. ,n - 



Now we introduce vector notations for automorphisms of particular type. 

Let N be the set of all positive integers and N''' the set of all /s-tuples of elements from N. For s G N and 
p G N*^ we say that the tuple p is s-large if every coordinate of p is greater then s. Similarly, a subset P C N*^ 
is s-large if every tuple in P is s-large. We say that the set P is unbounded if for any s G N there exists an 
s-large tuple in P. 

Let 5 ~ {5i, . . . ,5k) he & sequence of G-automorphisms of the group G[X], and p ~ (pi, . . . ,pk) G N'^. 
Then by we denote the following automorphism of G[X]: 

SP = 6^' ■■■Si". 

Notation 42. Let F = (71, . . . ,Jk) be the basic sequence of automorphisms for S = 1. Denote by Fqo the 
infinite periodic sequence with period F, i.e., Fqo = {7i}i>i with ^i+K = 7i- For j G N denote by Tj the 
initial segment of Too of length j . Then for a given j and p G W put 



Pj Pj - 1 
7/7jii 



^j-.p-'-j 'J 

Sometimes we omit p from (j)j_p and write simply 4>j . 

Agreement. From now on we fix an arbitrary positive multiple L of the number K = K[m, n), a 2-large 
tuple p G N^, and the automorphism cj) ~ 4>L.p {cs well as all the automorphism <j>j, j < L). 

Definition 29. The leading term Aj — A{(f)j) of the automorphism (pj is defined to be the cyclically reduced 
form of the word 



y-^'-'Ki^f^-^yt'-^ 
Ai'^ 



if j !i K , j ^ 7n + Ai — I for any i — 1, . 
if j = TO -|- 4i — 1 for some i — 1, . . . , n; 
"if j = r + sK, r < K, s G N. 
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Lemma 43. For every j < L the element A{4)j) is not a proper power in G[X]. 

Proof. It is easy to check that ^(7^) from Definition |2H1 is not a proper power for s ~ 1, . . . , K. Since A{(j)j) 
is the image of some ^(7s) under an automorphism of G[X] it is not a proper power in G[X]. □ 



For words w,u,v £ G[X], the notation 



w 



means that w = u o w' o v for some w' G G[X]. where the 



length of elements and reduced form defined as in the free product G * {X). Similarly, notations 



mean that w = 



and w = w' o V. Sometimes we write 



w and w 



or 



when the corresponding words are 



irrelevant. 

If n is a positive integer and w G G[X]. then by Sub„{w) we denote the set of all n-subwords of w, i.e., 
Subn{w) = {u I |u| = n and w ~ wi o u o W2 for some wi,W2 G G[X]}. 
Similarly, by SubGn{w) we denote all n-subwords of the cyclic word w. More generally, if C G[X], then 

SubniW) = y Subniw), SubCniW) = |J SubCn{w). 



Obviously, the set Subi{w) {SubCi{w)) can be effectively reconstructed from Subn{w) {SubCn{w)) for i < n. 

In the following series of lemmas we write down explicit expressions for images of elements of X under the 
automorphism 



These lemmas are very easy and straightforward, though tiresome in terms of notations. They provide basic 
data needed to prove the implicit function theorem. All elements that occur in the lemmas below can be viewed 



as elements (words) from the free group F{X U Gg). In particular, the notations 



and Subn{W) 



correspond to the standard length function on F{X U Gs). Furthermore, until the end of this section we 
assume that the elements ci, . . . ,Cm are pairwise different. 

Lemma 44. Let m ^ 0, K ~ K{m, n), p ~ (pi, . . . ,pk) be a 3-large tuple, and 

The following statements hold. 
(1) All automorphisms from T , except for 7i_i , 7i {if defined), fix Zi, i = \, . . . ,m. It follows that 

zf'^ . . . = zf' {i — 1, . . . ,m ~ 1). 



(2) Let Zi = z^^ ^ (i = 2, . . . ,m), zi = zi. Then 



— ^1 



(i = 2, . . . ,m). 



(3) The reduced forms of the leading terms of the corresponding automorphisms are listed below: 



Ar 



z, ci C2Z2 



(m > 2), 



A2 = {cl^xl^f^ ^ A^^'^cl^Afxl^ (n^0,m = 2), 
A2 = ^"P^c^Mf 4^ (n 7^ 0,m > 2), 

SubC-i{Al) = {z^^ClZl, ClZlZ^\ ZlZ^-^C2, 2^-^022:2, C2Z2Z:[^, Z2Z^^Cl}; 
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APi-1 








-1 -i 


-i 



( i = 3, . . . ,m - Ij, 
SubCsiAi) = SubCs^A^^i)'^'^ U {ci-iZi^iz'^ , Zi^iz'^a, z~'^CtZi, CiZiZ~\, 

A,„ = (c;rxr^)^-- = I ^^-r^ I I A^r^-l 1 2;r' r^i ^ o, m > 3;, 



SuhC2,{Am) = SuhC3,[Am-l)^^ U {c„i_iZ,„_iZ„,\ Zra-lZ„^C,n, 

Z^a — 1 '^m ; Cm ^771 — 1 1 ^77-7 Z^^^ X ]^ , ^777 X , X-^ Z^ C^j^ ^ . 



(4) The reduced forms of zf^ \ o,'''^ listed below: 

ap-i -1 



Zi = z\ ~ ci 



-^T 



(m > 2), 



zxz^ C2Z2 

SubCsizf'"^) — { CiZiZ^^, ZiZ2^C2, Z2^C2Z2, C2Z2Z^^ , Z2Z^^Ci, Z^^ CiZi}; 



z; = zr = CiZi 



AP'-i 



Z; 1 c ■ 1 CiZi 



^+1 



i-1 



-i -i 

2; C- Ci+iZi + i 



^ i = 2, . . . , m - 1;, 

Suh-i{zf'^) = S'w&C3(Ai_i) U S'ii6C3(Ai) U {ciZiZj^\, ZiZ~\c~\, 



CiZiZ^_^^, ZiZ^j^-^^:^ 



_\cj+i, Acj+iZi+i, Ci+iZi+iz^ \ 2^1+1^7 "^Cj ; 



rn = 0;, 



Suh-i{z^)(^h^n n=0) = S'w&C3(A7n-l) U {^m 2771-1^777-1} ; 



y<t>K — y4>m — f, - 



APn.-l 

^m-1 



AP-" 



Sub-i{zf^) = Sub^{zf^)(^hen ri=o) U S'u^C'a ( ^,77 ) U {c,7tZma;i \ z,nX^ ^z^, ^z^^cj^}- 
(5) The elements zf"^ have the following properties: 

zf^ = CiZiZi [i = 1, . . . , m — 1), where Zi is a word in the alphabet {cj\ . . . , c^+YI ^hich begins with 
c.i^l'^ , ifiy^l, and with Cj^, if i = 1; 

zf^ = z,nZ„i (n = 0), where z,n is a word in the alphabet {c^^, . . . , cf,!^} ; 

zf^ = CmZmZm {n ^ 0), where z,n is a word in the alphabet {c\^ , ■ ■ ■ , , xi}\ 

Moreover, if m > 3 the word (c^)^^ occurs in zf^ {i = m — l,m) only as a part of the subword 
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Proof. (1) is obvious. We prove (2) by induction. For i > 2 



= h =h 

Therefore, by induction, 

Now we prove (3) and (4) simultaneously. Let m > 2. By the straightforward verification one has: 



Cl O Zl O C2 o 



Cl Z2 

Denote by cycred (w) the cyclically reduced form of w. 



A,; = cycred((cf<;^/)^-^) 



(i < m - 1). 



Observe that in the notation above 

This shows that we can rewrite as follows: 



beginning with z,j ^ and ending with ( i = 2, . . . , to — 1); 

A,n = cycred (c^^^x^^) = c^-xf^ An-T' ° ° ^m"-i' ° ("J > 2). 
beginning with and ending with x^^ { n ^ 0). 

beginning with z, and ending with Zi\ 

beginning with Ci and ending with z^+i (z = 2, . . . , to — 1); 

c„ o z„ o o o (n ^ 0), 

beginning with and ending with x^^. This proves the lemma. 

(5) Direct verification using formulas in (3) and (4). □ 
In the following two lemmas we describe the reduced expressions of the elements xf"^ and yf'^ . 

Lemma 45. Let m ~ 0, K ~ An — I, p = (pi, . . . ,pk) be a 3-large tuple, and 

(1) All automorphisms from T , except for 72, 74, fix Xi, and all automorphisms from T , except for 71, 73, 74, 
fix Ui . It follows that 



=xt\ yf" =yt {n>2). 



73 



(2) Below we list the reduced forms of the leading terms of the corresponding automorphisms (the words on 
the right are reduced as written) 

Ai = xi; 

oyi ; 



Xi xiyi 



SubCaiAs) = SubC3(A2) = {xf, xjui, xiyixi,yixl} ; 









\ P3 






f 




Xl j 


A2 






xiyi 




xf xiyi 




^1 




yixi 





^2' (" > 2), 



S'itfeC3(^4) = SubC3{A2) U {xiyiX2 yia;2 ^^ii ^2 (n > 2). 

('^j Below we list reduced forms of xf^ , yf^ for j = 1, . . . , 4; 

01 _ 
^1 — ^1 ? 

01 pi 

2/i = yi; 



j4£ 



Xl] 



02 Pi 



„03 _ ^02 



4>K 

^1 (when n— 1) -^l ; 



5u63(xf'^)(.^/,en n-1) = 5*^6(73(^2); 



03 

2/i 



( 












X 


1 


xij/i 



Pi fpK . 

2^1 ?/l — (when n=l) 2^1 j 



Sub'i{yf'^)(.^h^n n=i) = 5'it6C3(A2); 



„04 _ ^<t>h 



,-(p4-l) 



=1 ^ 

2:2^1 



2^2 


A- 






)P3-1 




-I -i ^12 




-i -1 -'A 















Sub^ixf") = SubCsiAi)-^ U SubC3iA2)-^ U {x^^X2, x^^X2y^\ X2y^^x^\ xf' 



2^1 ^yi ^2;l ^2:/} (n > 2); 



A. 



-(P4-l) 



a:2yi ^ x^ 



X2 



A\' 



(" > 2), 



5w&3(yf') = SubCz{A^)^^ U {xr'x2, a;r'x2Xi, X2x\} (n > 2). 
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Proof. (1) follows directly from definitions. 
To show (2) observe that 

Ai = ^(71) = xi; 

01 _ 
^1 — Xi , 



Then 



A2 - cycrcd(^(72)'^0 = cycred(j/f^) = o j/i ^ o yi; 



Now 



As = cycred(yr^^^(73)*^yf^) = cycred((xf yi)-!^;^ (xf 2/1)) = cycred((xr yi)) 



It follows that 



03 






03 


= (yf 


)^^(xf yi)*^ = {xf'ryt{AP'oxi)P^oA2 


Hence 







Ai = cycred(^(74)'^^) = cycred((yia;^^)'^^) = cycred(yf'a;^'^') = {Af o xi)^^ o A2 o x^^ . 

Finally: 

— ^4 yi ^4 — ^4 ^4 yi ^4 — 

This proves the lemma. □ 
Lemma 46. Let m ^ 0, n ^ 0, K = m + An^l,p = {pi, . . . ,Pk) be a 3-large tuple, and 

(1) All automorphisms from T except for 'ymiJm+2,"fm+4 fix xi; and all automorphisms from T except for 
7m , 7m+i , 7m+3 , 7m+4 fi-x yi ■ It follows that 

x\- =x\-^\ yt =yt-^' (n>2). 

(2) Below we list the reduced forms of the leading terms of the corresponding automorphisms (the words on 
the right are reduced as written) 

Am+l = Xi, 
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An+2 = Vi ' 



SubC3{A„i+2) = SubC3{A„i) ^ U {cmZmXi, z^xj, xf, xjyi, xiyiXi, yixizj-}; 





APm+2-l 











SubCsiAjn+a) = SubC3{Ajn+2); 



A. 







4P™+2-l 









\ Pm+1 —1 

a^i yia;2 



> 2), 

SubC3{Am+i) ^ SubC3{Am+2)^ {xiyiX2^ , yix^^xi, x^-^xiz,^^} (n > 2). 
('^j Below we list reduced forms ofxf^yi^ for j = m, . . . , m + 4 and their expressions via the leading terms: 



xX- =A-J-^oxroAl^, 






yt^A-r-oy,,xt-^^^ 


- Xi , 




yt-^^=A-J-ox\-^^oy^, 




4>Tn + 2 4>K 

{when n—1) -^l 


APm + 2 

^m+2 


y^-Pm 









Xl 



AP" 



Sub-i{xl'^)(^y,hen «=1) = SuhC-i{A,n+2) U SuhGj,{Ajn) U XiZ^^C,^} 



tpm + 2 tpm + l <?>m + 3 <Pm + 2 

yi = yi ; + = ^ , 



0m + 3 4>1 

Hi — {when n=l) Vl 



A~P" 



APm+2-l 

^m+2 


A "i^P™ 







Pm + 3 



Subsiyf) ={when n=i) Sub:i{yf'"^^) = SubC:i{Am+2) 



0^+4. _ <pK 

■^1 ~ -^1 {when n>2) 



A 



-Pm + 4 + 1 

m+4 



■r ^ 



—1 — Pm+l 



P,Ti + 3-l 



1 




4-P™ + 2 

^m+2 


Vl 






-1 -1 -1 

J/l X^ ZjnX^ 





AP" 



{n > 2), 



Subz{x'('^) ^ SubCz{Am+2) ^ U {zmX^ ^X2, x^ ^X2yi \ X2yi ^x^ ^} {n > 2); 



(pm+4 (pK 

Vl ~ Vl {when n>2) 



A. 



^(p™ + 4-l) 

m-l-4 



2:2^1 z^x^ 



X2 



4P™ + 4 



[n > 2), 



S'w&3(yf'^) = S'm6C3(A,„+4)='=i U ^X2, a;;^ ^^2X1, X2Xiz„i} (n > 2). 



Proof. Statement (1) follows immediately from definitions of automorphisms of T. 
We prove formulas in the second and third statements simultaneously using Lemma IHI 

beginning with xi and ending with x^^ . 

yf'" = ((c^^r"^)~'''"yi)"^" ' ^(0m)~^" o yi, beginning with xi and ending with yi. Now An+i 
cycred (^(7™+i)'^'" = xf"' = A'P'- o x^ o ^p-. 
Am+i = a;i. 



beginning with xi and ending with yi, moreover, the element that cancels in reducing 
A^m+iKF^'Vi is equal to A^^ . 

A,„+2 = cycred (A(7,„+2)^"+0 = cycred (yf-^^) = A„p- o 0:^+^ o yi, 
beginning with xi and ending with yi. 



/ Pm + 2 \ 

beginning with x\ and ending with x^^^ 

= cycred {y-^-^^ x\-^^ yt^^^) = <";+r' o A-J- o o y^, 

beginning with x\ and ending with y\\ 



A"/'" ° (fT^' o y, o ^^---1 o A-/- o xi)"""' o xr+^ o yi, 
beginning with xi and ending with yi. Finally, for n > 2, 

^cycred (A(7„,+4)'^™+^) = cycred ((yia:2 ')'^'"+^) = yf'^^'x^^ = yf"^^' o x^\ 
beginning with xi and ending with X2^; 



4-^' = ((yiX2-^)-^"-^i)''""^ = ((:c2yr^'"-)"""-*'"- 



X, 



4Pm 



beginning with X2 and ending with x-^ ^, moreover, the element that is cancelled out is xf"^^^ . Similarly, 



77 



{X2yi 0x20 (yf'"+'x^^)P'"+'' = aJI^^* ^^0x20 A^"//, beginning with 0:2 and ending with 

, moreover, the element that is cancelled out is yf™^^. 

This proves the lemma. □ 
In the following lemmas wc describe the reduced expressions of the elements xf^ and yf^ for i > 2. 

Lemma 47. Let n >2,K~ K(m,n), p = {pi, . . . ,pk) be a 3-large tuple, and 

Then for any i,n > i > 2, the following holds: 

(1) All automorphisms from V, except for 7m+4(i-i) , 7m+4i-2, 7m+4i fix Xi, and all automorphisms from T, 
except /or 7„+4(j_i),7„+4i^3,7,„+4j_i,7,„+4i fixyt. It follows that 

Jj „■ iV „■ . . . Uj ^ • 



vr =yr =--- = Vi 

(2) Let y, = yf Then y, 
yo = Zni for m ^ 0; 



where (for i = 1) we assume that yo = x^^ for m = 0, and 



(3) Below we list the reduced forms of the leading terms of the corresponding automorphisms. Put qj = 
Pm+4{i-i)+j for J = 0, ... ,4. In the formulas below we assume that yo = Xi^ for m = 0, and yo ~ z„ 
for m =/= 0. 



A. 



rn+4i— 4 



O X, 



SubCsiAjn+ii-i) ^ Sub^iyi^i) U {xi-iyi-ix~^ , y^^ix'^Xi-i, x'^Xi^iy'}^}] 

^m+4z — 3 Xi^ 
Am+Ai-2 ■ 



4-90 
^Tra+4i-4 
-n — 



Ql 

Xi yt, 



SubC3{Am+ii-2) ^ SubC3{Am+4i-4) U {yi-2X^\xt, x^\xf, xjyi, XtyiXt, yiXty^^, x^}; 



A,n+4 


i-l — 


492-1 


4-90 

^m+4i-4 











91+1 

xr yi 



SubCsiAm+ii-l) = SubC3{A,n+4i~2); 

(4) Below we list the reduced forms of elements 2^^™+''''"^'+^ , 



y. + for J 



= 0, . . . , 4. Again, in the 



formulas below we assume that yo = for m = 0, and yo = z„i for m ^ 0. 



A. 



-90 



m+Ai-A ° Xi ^ J'-m+Ai-A! 



o ^1° , 



^m+Ai-A ° Vi' 



Vi 



2 


492 


4-90 

-^m+ii-i 




490 

^m+4i-4 













•^i -^i {when i—n) "^i ? 



Ui Vi {when i—n) Ui 



4-90 

^m+4i-4 




492-1 


4-90 
^m+4i-4 
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Subsiyt) = 5'u6C3(Am+4i_2) U 6*146(73 (Am+4i_4) ^ U {yi-2X,^-^Xi, x^\x1, 

3 —12^ 



a+4i _ (/)K 

{when i^n) X,^ 



A. 



-94+1 

m+42 



i + lVi 



[^-7' 


490 

^m+4i-4 


4-92 + 1 






-I -I -1 



93-1 



490 



-il'i-2 



Vi-lXi 



Subsixf") = S'w&C3(A„+4»)^^ U SubC3{A^+4^-2)~^ U S'w6C3(An+4»-4) 

U {y^-ix^i^^+i, a;7^x,+i?/,"\ Xi+iy~'^x~'^, y'^x'"^, x~^, x~'^Xi^i, 

x~^x^-iyr}^, y,-ix-^y^\ x-^y'^x-^} 



{when i^n) Vi 



4-94 + 1 



Xi + iVi 



XiVi 



XiVi 



494-1 



Subsiyf'^) = SubC3{A„i+4i)^^ U Subsiy^) U {yi-ix^ ^Xi+i, 



A(7j)'^^"i, if j ^ rn + 4i — 1, m + 4i — 3 /or an?/ i=:l,...,n;, 

C74tZ|A(7,0*-M-^+"l+^7 ^ J = m + 4* - 3 /or some * - 1, . . . , n (m + 4* - 4 0); 
?/j '^j-i^^ry^.^'/'j-iy^j-i ^ j j =771 + 4^ — 1 /or 507716 i 1, . . . ,n. 
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Proof. Statement (1) is obvious. We prove statement (2) by induction on i > 2. Notice that by Lemmas 
1451 and EHl vi = yf"'*'^ begins with xiz^^ and ends with xiyi. Now let i >2. Then denoting exponents by qt 
as in (3), we have 

{{{xry.)'^^x.rxry.)''-^'-\ 

Before we continue, and to avoid huge formulas, we compute separately and 
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by induction (by Lemmas 1451 and 1461 in the case i = 2). 

yf"'+'"-' = ((yi_ia:;7^)~*y,)'^"+**'"''"' ^ (yj_ia;7^)-«oy, = {x, o y-}^)io o y,, beginning with x^y"}^ and 
ending with x~}iyi. It follows that 

(2.9iy^)0™+4.^4 = (a:,;y-\)*a:f (y,_ia:-i)9o(.T,;y-\)'?oy^ = (a:,;y-\)«'' oxf oy„ 

beginning with x^y^^^^ and ending with .Tij/^. Now looking at the formula 

y, = {{{xry.rx.r xfy.)^""*" 

it is obvious that yt begins with Xiy~\ and ends with Xiyi, as required. 
Now we prove statements (3) and (4) simultaneously. 

Am+ii-i =cycred = yi-i ° x~^ , beginning with Xi^i and ending with x~^ . As we 

have observed in proving (2) 



X, 



beginning with Xi and ending with x^ ^. 

y4>n.+i,-i ^ ^ yi^^)'" o 2/j = ^m+4i_4 o yi, beginning with Xi and ending with y^. Now 

^m+4i-3 = cycred (xf'"'^'''"*') = Xi, beginning with Xi and ending with Xi. 



^m+4i-4 ° ° beginning with x^ and ending with yt. 
Now 

/I _ t/>,„ + 4i-3 

Am+4i~2 — yi , 

■''i — li/i -^^y — ^m+4i-2 " "^m+4i-4 " " ^m+4i-4' 

beginning with Xi and ending with x~^ . It is also convenient to rewrite xf"^*^'~^ (by rewriting the subword 
Am+ii-2) to show its cyclically reduced form: 



a>™ + 4.-2 ^ <P™ + 4.-3 

Now we can write down the next set of formulas: 
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Ajn+ii-i =cycrcd {y~ 
cycred {A~\^^_^A'^„ 



a + ii-3 'Pm+ii-2 <Pm+4i-3 >| 



+4i-2^m+4i-2^m+4i-4^''i^m+4i-4^m+4i-2 



~9o 



490 



1 



2) 



-90 



'■m+4i-2 ^ ^m+4i-4 ° 



91+1 



Tji, beginning with Xi and ending with yi 



substituting the cycHc decomposition of a;* 



^ from above one has 

.91 



= ^m+4^-4 ° ° ° ^m+4i-2 ° ^m+4i-4 ° j ° ° y^■ 

beginning with Xi and ending with y^. 
FinaUy 



Arn+Ai ^cycred ((?/ia;j^\)'^'"+-*'-i) = o beginning with Xi and ending with x^_^■^. 

---1^0m + 4i-l _ 



observe that computations similar to that for y^^^+'^'^i show that 



4-90 



-4 ° (^i' ° ° ^« 



-1 



m+4i-2 ^ ^m+4i-4 ° 



93-1 



O O ?/j 



Therefore 



i+4i _ ^-94 + 1 



+4i °2;,+io 



o A 



1-90 

^m+4i-4 



93-1 
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beginning with x^+i and ending with x^ ^. 



{x,+iyi'Y^Umx-\Y' 



^,n+ti ° °yi° ^i+i ° ^m+li^ beginning with Xi+i and ending with x^^-^. 

(5) If j ^ m + 4i-l,m + 4i-3, Aj is either [c^' <^j+i) or Vi [j = m + 4i-3) or {yiX~^^)'f'^ {j = m + 4i-l). 
In all these cases Aj — A{'jj)'^^-^ . The formulas for the other two cases can be found in the proof of Statement 
(2). This finishes the proof of the lemma. □ 

Lemma 48. Let m > 1, K = K{m,n), p = {pi,...,pk) be a 3-large tuple, 4>k = I^k '''li^' "■''^^ 
X±4>K = {2;0/c I ^ £ Then the following holds: 



(1) Suh2{X^'^^) = < 



^3 ^3 ' ^3 
^3^j + l 

2 

\^ Xi+iy~^, x~^Xi+i, x^+xXi (1 < i < 71 - 1) 



(1 < j < m), 
(l<j<m-l), 
(i/ TO 7^ 0,n ^ 0), 
(1 < j < n), 



±1 



moreover, the word ^Cj, as well as CjZj, occurs only as a part of the subword {z^ ^CjZj)^^ in x'^'' 
(x G X±i); 
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(2) SubsiX^''"') 



— 1 2 2 

^m-^l -^2 ; ^m*^i *^2 ' 

C]^ Z1Z2 , 
3 2 

— 12 —1 



(1 < j < to), 

(1 < J <TO-1), 
(2<J <TO-1), 
(to = 0, 71 = 1), 

(to = 0,71 > 2) 

(to = 1, 71 ^ 0) 
( TO^ 0,71^0), 
( TO > 2,71 ^ 0), 

(to 7^ 0,71 > 2), 
(to > 2), 
(1 < i < n), 
(1 < i < 71 - 1), 
(2 < i < 71), 
(3 < 7 < 71). 



±1 



(3) for any 2-letter word uv G Sub2{X^'^'^) one has 

Sub2{u''"'v'^'') C Sub2{X^'^'') U {cf}, Subziu'^^'v''"') C Sub^iX^'l"') U {c.^zj. 

Proof. (1) and (2) follow by straightforward inspection of the reduecd forms of elements x"^^ in Lemmas 

To prove (3) it suffices for every word uv G Sub2{X^'^'^) to write down the product u'^'^v'^'^ (using formulas 
from the lemmas mentioned above), then make all possible cancellations and check whether 3-subwords of the 
resulting word aU lie in SubsiX^'^'^). Now we do the checking one by one for all possible 2-words from 
Sub2{X^''"<). 

1) For Tif G {cjZj, Zj Cj} the checking is obvious and we omit it. 

2) Let uv — ZjZj^j^. Then there are three cases to consider: 
2. a) Let j < m — 2, then 





























in this case there is no cancellation in w'^^i;'^^. All 3- 



subwords of u'^'^ and v'^^ are obviously in SubsiX^'^^). So one needs only to check the new 
3-subwords which arise "in between" u'^^ and t;'^''^' (below we will check only subwords of this 
type). These subwords are Cj+iZj+iZ~^2 ^^'^ •^j+i-^j+2'^7+2 which both lie in Sub3{X^'^'^). 
2.b) Let j = TO - 1 and ?i =^ 0. Then 





y-<t>K 







again, there is no cancellation in this case and the words "in 



between" are CmZmXi and which are in Subz{X^'^^). 

2.c) Let J = m — 1 and n = 0. Then ( below we put • at the place where the corresponding initial 
segment of u'^''^ and the corresponding terminal segment of w*^^ meet) 



^m — 1 ni 



(cancelling A^_^ ^ and substituting for A^_^ its expression via the leading terms) 

— i-in-l^m — l^m— 4 ^m — 1 ^m— 4 /^m 

Zra—\ 



: 



Here zf^-^ is completely cancelled. 
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3. a) Let n = 1. Then {z„iXi ^) 



t-m^m^m-l •''1 -^1 ^m+2 ~ 

„ . APr^^-l^-l , ^A-P'n.-l AP"--1 -1 AP^ APm + 2 



7 /tP-^-i-r-l 4P™ 4^"+^ 
■''1 ^1 



^m+2 



, and z^^^ is completely cancelled. 



3.b) Let n > 1. Then 



A-Pm(r^-i APm 4-P". + 2 + l ,-V-P".+ M-p™ + 3 + l„P™ + l,, ™-l /lPn. + 4-l „ 

l-^l ^m+2 tfl '''1 / ■^l i/l'''2 ~ 

r 7 4P"-V-i4-i('T-i4P'" 4-P'"+2+i,,-iT,"P'"+M-P'"+3+iT'''"+S/-,-r-i4P"+*"^ 



r 7 4P"-V-i . T, 4-P'"-V-^" 4P'"-i('7--i4P" 4-p™+2+i„-i^-p™+m-p™+3+i 



7 4P'"-1 



— — 



and z,"^^ is completely cancelled. 
4.a) Let n = 1. Then {z^xif^ = z^A^'^'l x^^ A^^-^ ■ A^^^^ A-f-^xiAP^ 



7 A^"^-^ 



and z'^ is completely cancelled. 



4.b) Let n > 1. Then (z^xi)"^^ = 




Xi 




-1 





5.a) Let n = 1. Then ^ = A^+t ^"P-xi^Pr ' C+t ^m^-^i^J^r 



^m"^ ^i^nT ' {^m"^^l^^^y'i-)^m+2 ^m'"^i^n 



APm+2 


A-J-xr 


Pm+l 














5.b) Let n 


> 1. Then Xi"^^' = 


X\ 


Xi 













6. a) Let 1 < i < n 
Then x. 



_ 4-94 + 1 -1 -91/ -1 490 4-92 + 1 -1 -qiNg3_l 



490 

^m+4t-4 



/I— 94 + 1 
^m+4i 



„ 490 . 492 A-lo ^ 490 

^n^rn+4n-4 ^m+4n-2^m+4n-4'^"^m^ 



c u^ „2(/)/f — 492 A -go 

u.u; x„ — ^m4-4„_2^m+4n-4'^n^rn+4n-4 ^m+4n-2^m+4n-4'^"^m+4n-4 



492 4~* T 4*° . 4"*?" T^i,, 492-1 4-90 ^ 490 

^m+4n-2^m+4n-4'^"^Tn+4n-4 ^rn+4ri-4*^n yn^rn+4n-2^m+4Ti-4-^n^m+4ri-4 



492 

^m+4ri-2 



4-90 

^rn+4ra-4''''^ 



7.a) If n = L Then {xiyi)'^'^' = A^^+^A'^^-xi ■ * *. 



7.b) lin > 1. Then (xiy^-^^ = 


^1 -I 








3=2^1 



7.c) If 1 < i < 71. Then (xiT/i)"^^ = 




Vi 




-1 





7.d) (x„2/„)** 









< 



8a) If n= 1. Then (yiXi)"^^^ = 


yt 






xiyi 





•b) 



If n > 1. Then {yiXiY- = A7;4+'^'^2A^r+t ' ATl^-^'+^ovT^ x'"--^' o 



Pm+4+1 



m+4 



.4 



m+4 



c) (ynx„)*^ = 













9.a) 
9.b) 



If n = 2, then {x^y^^f- = AZ+,A-^+,. 
If n > 2, 1 < i < n. Then {xiViX)''"' ' 



/1-94 + 1 
^m+4i 
— n 



X,+i oy^ ^x, "^'o 



\ 93-1 





4«0 

^m+4i-4 


^m+4i-2 




Xi-lVi-2 Vi-l^i^ 







Xi-lV~_2 Vi-l^i 



^-90+1 



+4i_4 OXiO yi_i O 



^m+4i-4 
.,-1 ., 



i+lVi 



/1-94 + 1 
-1 



Xt+1 oy, ^x^ '^'o 



93-1 



1 


490 

^m+4i-4 


/I-92 + 1 

^m+4i-2 






Xi-iy~]:2 Vi-i^T^ 


ail 







490-1 



1 ^ 



9.C) (x„y-li)^- 
lO.a) 



/192 


Am+An-A 




-1 

xny„_i 



Let n = 2, then (xj'^X2)'^^ 

,P„>+1 APm + 2~l 



Pm + 3-l^P'" + l 
1^P">+1„ 



^-P- (xf yi<r+t ™ x,y---^-r 

A-j-{x\-^^y,Ai:^r'A-j-x,r--^-^x\-^^y,x~^'Ai:^i 

V^m+4 ^2 2/2; ^m+4 2^2^m+4 — 

A-J-{x\-^^y,Al:^r'A-^v..^^y^.^-^^l^^^y^^-K 

^771+42^2 i/2l,^m+4 a:^2 i/2j ^m+4 2^2 

— Pm+2+1 ■ ^ 

m+2 2/1 ^1 

"■'a;2A^"+* 



2/1X2 ^„i+4 ^m+4 ^2 An 

'1 4P™+4-l 



^-P„ 



^1 ^rr 



m+4 



/lP™ + 4 

m+4 -^2^1+4 



lO.b) If 1 < i < n - 1, then {x^^ x^+x)'^'" 
lO.c) 





■''i+l 







Similarly to 10. a) we get (a;„liX. 

1 4P„ + 4„-8 

■^7i-l^m+4n-8 



4 — Pm + 4n-8 

^2w+4w-8 



.P™ + 4„-6 + 1 

l^m+4n-6 * *■ 



X .X„-2 
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11. a) If 1 < i < n — 1, then {xi+iXi 



96 + 1, 



97-1 



4-92+1 -1 -91 
i+4'i-4^m4i-2i'i -^i 



4-94 + 1-1-91 /™-l490 

-1 494 4-96 + 1-1 -95 
93-1 



93-1 



494 

^m+4i 
490 

^m+4i-4 



^m+4i+4^i+2yi+l^i+l I ^i+l^m+4i^mli+22/i+l^i+l 



97-1 



m-!-4z 



^-1/190 4-92 + 1 -1 - 

■^i ^m+4i-4^m4i-2yi -^i 



^-98 + 1 



1 a;-95 f -1 

-1-^i+l \^-''i+: 



+4i+4^i+2yi+l 



4-90 ^91,,. 492-1 
^m+4i-4'''i y»^m+4i-2 



- 494 4"'^6 + ^;-l T^'-"^ 
+ I^m+4j^m4i+2i'i+l-^i+l 



490 
^m+4i-4 

97-1 



4-90 

^m+4i-4-^« 


490 

^m+4i-4 







ll.b) If n > 2, then {X2X1)'*"' = * * 













11. c) (XnXn-l)'^^ — ^m+4n-2^m+4n- 



+4n-4 



A. 



-94 + 1 -1 -91 



490 4-92 + 1 -1 -giNg3_i/,go 

V-^ri-l^m+4ri-8^m+4ri-6i')i-l'^ri-l/ 



rn+4Ti— 8 



^m+4ri-8-^"-l 



490 

^m+4?T,-8 

2-,.-2y;:'3 



11. d) Similarly, if n = 2, then {x2Xi)'^'^ = * * 



A-P'-xi 






2 c 



This proves the lemma. 

Notation. Denote by Y the following set of words 

1) if n ^ and for n = l,m ^ 1, then 

Y = {xi,y,,c/ I i = 1, ... ,71, j = 1, . . . ,to}. 

2) if n = 0, denote the element . . . G F{X U C5) by a new letter d, then 

Y = {c^ , ■ ■ ■ , Cto_i , d}. 

a reduced word in this alphabet is a word that does not contain subwords {ci^^d)^^ and (dc^^'")^^; 

3) if n — \,ni — 1, then 

Y = {Ai,xi,yi}, 

a reduced word in this alphabet is a word that does not contain subwords {AiXi)^^ . 

Lemma 49. Let m > 3, n = 0, K = K{m, 0). Let p — {pi, . . . ,pk) be a 3-large tuple, (pK = 
and X^'t"< = {x'f"< \ x G X^^}. Then the following holds: 



□ 



•7f, 



(1) Every element from X'^'^ can be uniquely presented as a reduced product of elements and their inverses 
from the set 

X U {Cl, . . . , Cm_l, d} 

Moreover: 

— all elements zf'^, i ^ m have the form zf"^ = CiZiZi, where zi is a reduced word in the alphabet Y , 

— z^ = ZjnZjn, where z,n is a reduced word in the alphabet Y. 

When viewing elements from X'^''^ as elements in 

F(XU{ci,...,c„_i,d}, 

the following holds: 
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(2) Sub2{X^'^'<) = I z-'cj, zjzjl^ (1 < J < m - 1), 



Moreover: 



— the word ZraZ^_i occurs only in the beginning of zf^ as a part of the subword 

^ni^m-l'^m-l^™-! 

— the words Z2d, dz^_-^ occur only as parts of subwords 

{Ci^C2^) 'i2„i_iC,„_]^Zm_iCm-l 

and {cl^cl^fd. 

r zj CjZj, CjZjZj-^^, ZjZ-^^cJ^^, (1 < j < m - 1), 
(3) Sub3{X^'f"<) = I zjz-^^c,+i (1 < J < m - 2), 

[ C2Z2d, Z2dz^_-^, dz:^_-^c':^_-^, 

Proof. The lemma follows from Lemmas and 021 by replacing all the products c\^ . . . in subwords of 
X^-^x by the letter d. □ 

Notation. Let m ^ 0,K = K{m,n),p = {pi, . . . ,pk) be a 3-large tuple, and (j>K = 1^ ■ ■ ■iV' ■ Let W be 
the set of words in F{X U Cs) with the following properties: 



2. Every subword x^"^ of w g is contained in a subword x' 



1. liveW then Subz{v) C Suby.iX^''"'), Sub2{v) C Sub2{X^'*"')] 

3. Every subword of u G is contained in {c\^c^)^^ when to > 2 or in (cj^x^'^)^^ when m = 1; 

4. Every subword c^^" (to > 3) is contained in (HI!!! '^T)'^^ ■ 

5. Every subword c^^^ of u G is contained either in {c\^d^)^^ or as the central occurrence of c^^^ in 
{cr^cr^fct'-'icTcl^f or in {cz.c^^cl^ c-^f)^\ 

Definition 30. The following words are called elementary periods; 

X„ Cl'cl' {if TO > 2), CI'X^^ {if TO = 1). 

We call the squares (cubes) of elementary periods or their inverses elementary squares (cubes). 
Notation. 

1) Denote by Wr the set of all subwords of words in W. 

2) Denote by Wr the set of all words v G Wr that are freely reduced forms of products of elements from 

In this case we say that these elements v are (group) words in the alphabet Y . 

If [/ is a set of words in alphabet Y we denote by Subn.Y{U) the set of subwords of length n of words from 
U in alphabet Y. 

Lemma 50. Let v G Wr- Then the following holds: 

(1) If V begins and ends with an elementary square and contains no elementary cube, then v belongs to the 
following set: 
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^i-2yi-2Xj^_lXiXi-iy^_2X^ 

r2 



-2 2 
— 2' •^iVi-'^iyi 
-1 -1 



^i-2yi-2^i-l^i : Xj^_2yi-2Xi_iXiy^_iX^ 



-Zl \2„Z2 



{C2''C] 

(cfc|)2c| 



'^2 (''l^C; 



Z2^Z2^2 

2 



-2 



^Mc2-^^cr^)^ 



•^1 2/1 -^1 1 

— 1 —1 — z„ 
2^1 ^2 ^i'^m " 

— 1 2 
... 2;]^ 2:2, 

-1 -1 -2 
Cm -^1 2:22/1 Xi , 



'(C2 



(C2 



-z„_i 
n-1 



-zi\2 



..(cr^cp)2, m>3,n = 0, 
> 3), 



-\x-^ 



2 —1 —1 —2 2 

Xi_2yi-2X^_iXiXi^iy^_2X^_2-: X^ yiXiyj^_i^ 

2 ~1 —1 —2 2 —1 2 —2 —1 2 

■^i — 22/i — 23^i — l^^ij/i— l^^i — li 2:12/1X2 ^i , ^i ^2 Xi, 

. ^1, ^1 Xi, ^1 XiAi, XiyiA^ , 



m = 1, n > 2, 

m = 0, n > 1, 
m = 1, n = 1. 
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f^j If V does not contain two elementary squares and begins (ends) with an elementary square, or contains 
no elementary squares, then v is a subword of either one of the words above or of one of the words in 
{xlyixi, x\y2X2} for m = 0. 

Proof. Straightforward verification using the description of the set Sub2,{X^'^'^) from Lemma HSl □ 

Definition 31. Let Y be an alphabet and E a set of words of length at least 2 in Y . We say that an 
occurrence of a word w Y U E in a word v is maximal relative to E if it is not contained in any other 
(distinct from w) occurrence of a word from E in v. 

We say that a set of words W in the alphabet Y admits Unique Factorization Property (UF) with respect 
to E if every word w & W can be uniquely presented as a product 



w = Ui . 



■Uk 



where Ui are maximal occurrences of words from Y U E. In this event the decomposition above is called 
irreducible. 

Lemma 51. Let E be a set of words of length > 2 in an alphabet Y . Suppose that W is a set of words in 
the alphabet Y such that if W1W2W3 is a subword of a word from W and wiW2,vu2W3 £ E then W1W2W3 G E. 
Then W admits (UF) with respect to E. 

Proof. Obvious. 

Definition 32. Let Y be an alphabet, E a set of words of length at least 2 inY and W a set of words in Y 
which admits (UF) relative to E. An automorphism <f> G AutF{Y) satisfies the Nielsen property with respect 
to W with exceptions E if for any word z eY \J E there exists a decomposition 



L, o AF o 



(72) 



for some words L^, Mz, Rz G such that for any ui,U2 £ Y [J E with U1U2 E Sub{W) \ E the words 

Lui o Mjij and M^^ o i?,^^ occur as written in the reduced form of ufu2. 

If an automorphism (f) satisfies the Nielsen property with respect to W and E, then for each word z G YUE 
there exists a unique decomposition with maximal length of Mz- In this event we call Mz = M^^z the 
middle of z'^ with respect to (f>. 
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Lemma 52. Let W be a set of words in the alphabet Y which admits (UF) with respect to a set of words 
E. If an automorphism (f) g AutF{Y) satisfies the Nielsen property with respect to W with exceptions E then 
for every w £ W if w ^ ui . . . is the irreducible decomposition of w then the words Af„. occur as written 
(uncancelled) in the reduced form of w'^ . 

Proof follows directly from definitions. 
Set 

r(m, 1) = {cl^ (s = 1, . . . , m), n" 1 ct'x^ H.U ^7'" , }±\ m > 2. 
r(TO,2) = T(m, 1)U{ ]\T^icl'x7'^X2XiY{]^^c~^\ yiX2^xiULm^7'' ^ 
if 71 > 3 then put 

T{m, n) = Tim, 1) U { UT=i 4'^i'^2 \ Y^L, ^^V7^}^ U T^[in, n), 
where 
Ti(m,n) 



{yn-2Xn\xnXn-iyr,-2, yr-2X^\x^^, Vr-lX^^y^^, yn-lX^^X^-lV^^ {u > r > 2)] 

Now, let 

E{m, n) = U Sub,(T{m, n)) n VVr, E{m, 0) = 0, E{1, 1) = 0. 



±1 



i>2 

Lemma 53. Let m ^ 0,n =/= 0, K = K{m, n),p ~ [pi, . . . ,Pk) be a 3-large tuple. Then the following holds: 

(1) Let w S Xyj E{m,n), v = v{w) be the leading variable ofw, and j = j{v) (see notations at the beginning 
of Section \7.1}^ . Then the period A^^ occurs in w'^'^ and each occurrence of A'j in w'^'' is contained 
in some occurrence of A^^ ^. Moreover, no square A\ occurs in w for k > j. 

(2) The automorphism (pK satisfies the Nielsen property with respect to Wr with exceptions E{m,n). More- 
over, the following conditions hold: 



(a) M^^ 

(b) Mx„ 



m+4r— 8 



Xr-1, for j ^ n. 



Tn+4ri-2 ° ^rn+An-i ° ^r, 



yt^ , for j < n. 
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(d) My,^ = 


^^ri yn 


492-1 


4-90 

^m+4n-4 











■^ri yn 



(e) AIw = w*^^' for any w G E{jn,n) except for the following words: 

• wi = yr-2x7\x^^ ,'i < r < n - 1, W2 = yr-ia^^^y^^ 2 <r <n-l, 

• W3= yn-2X~\xn, Wi = yn-2X7\xnyn-l, = 2/„_2a;,7-l2;na;,T-iyn-2' ^6 = yn-2X~\xnXn-l , 
W7 = yn-2X~\x-'^, Ws yn^lX:;;^, Wg = X'^j^Xn, WiQ = x;'^\xny~li, Wll X~\xnXn-iyn^2- 

(f) The only letter that may occur in a word from Wr to the left of a subword w G {wi, . . . , Wg} ending 
with yi ('i = r — — 2,n— — 2, i > 1) is Xi. The maximal number j such that L^ contains 
A^7 is j = m + 4i — 2, and R^^ = R.^^ = 1' 



Proof. We first exhibit the formulas for u"^^ , where u G ljj>2 Subi{Ti{m,n)). 
(l.a) Let i < n. Then 





(xiy,- 


= ix^y-_\ 






490 

^m+4i-4 


4-92+1 

^m+4i-2 


y^^xr 




x:i-iy~^2 yi-i^i^ 







A 



-94+1 

m+4z 



^1 — ^ 

xi+iyi yi~iXi 



93-1 



490 

^Tn+4i-4 



yi-lXf 
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.^-90 + 1 



490-1 
— 





^m+4i 




-1 -91 






-1 -1 










490 


-4 


4-92+1 

^m+4i-2 













K 93-1 






) 




490-1 

^rn+4i-4 








-12/7-2 Vi-l^T^ 






^m+4n-4 




Vn 




1 

-1 



(l.b) Let i = n. Then 

Here y,7-f completely cancelled. 
(2. a) Let z < n - 1. Then 



'1 



97-1 



4-90 n -r'^/- n n4~l 



Here (a;i?/j_\)'^'"+'''+-* was completely cancelled. 

(2.b) Similarly, {xiyl'\)'^"'+'^^+^ is completely cancelled in {xi+iXiy^\)'^"'+'^^+^ and 

(a:.+lX,y,:i\)^'"+-+3 = ^^^^^^^ ° ^™+4, ° ° ^m+4.-4^rn;L-2 ° An+4.-4- 

(2.C) (x-la;„_i?/;;;:^2)*'"+'""' = ^m%«-4 ° ^n^ ° ^m+4n-4 ° ^m?4n-2 ° Vn^ ° ^n"^' ° ^m+4n-8 ° ^n-l ° Vn-l ° 
^m+An-e " ^m+4n-8' 

and (x„_i?;,7-2)'*'"^''""^ completely cancelled. 



and is completely cancelled. 

(3.b)(y„x„y,;li)^- = y^ o (x„y-!i)^-. 

(3.c) (y„_ix-lx„_iy-l2)*'^ = ^™+4n-40^„''_^4^J_2oy-lox-9^o^-%„_gOx^LiOy„_io^«^-]„_gO^^^ 
and and {xn-iyn~2)'^'^ completely cancelled. 



(4.a) Let n > 2. (xic"^- = (xic"^")'*^- 

, 93-1 



2:2^1 



4-94+1 

^m+4 



X2 o yi "^'o 



93-1 



A-«+*4+^ o X2 o o x^'^ o (xr^ o Alii ° ° yr' ° ^r' 

Let n = 1. 

(xiz--)^- = A;^p- o o yi o o ^-1, (yi^i^--)^- = yf- o (xiz--)'^-. 

(4.b) (xic"^™)''^^ is completely cancelled in a;2^' and for n > 2: 
(a;2XiC-^"0^" = ^r+s^' ° 2:3 o y2-l o Xg^'^o 

o o A,7,'^+l o y2-^ o X3-'-^)«-l o A"*' o xf o y^ o A^'l^ o ^"1 

and for n — 2: 

ix2Xic-^-r- = AZ+e ° ^J+4 ° 2:. o o o yi^o yl^^;! ° ^™ ■ 

(4.c) The cancellation between (a;22;ic~^'")''^^ and c,^!!^"^ is the same as the cancellation between and 
^ , namely, 

— z*^' if —Pi Pi 
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and c„J"i"^ is completely cancelled. 

_ _ A 1 -z*^ 

(4.d) The cancellations between (a;2Xic~^'")''^^ (or between (yisic"^™)*'^) and ni=m-i "-i ' ^'"^ 



1 — z*-'^ 1 -z*^ 

same as the cancellations between A~ and Oi^m-i '-i ' namely, the product ni=m-i ' is completely 
cancelled and 

1 



n = ^1 n 



Similarly one can write expressions for u'^'^ for all u G E{m,n). The first statement of the lemma now 
follows from these formulas. 

Let us verify the second statement. Suppose w £ E{m,n) is a maximal subword from E{Tn,n) of a word 
u from Wr. If w is a subword of a word in T{m, n), then either u begins with w or w is the leftmost subword 
of a word in T{m, n). All the words in Ti{m, n) begin with some yj, therefore the only possible letters in u in 
front of w are x^. 

We have x'^'' x"!!" w't"< = x'^^" o xp' o w't"< if w is a two-letter word, and xll" x'^l" w'f"< = xi^" o x'!l''w'^'< if w 

is more than a two-letter word. In this last case there are some cancellations between x^^' and w'^'^ , and the 
middle of Xj is the non-cancelled part of Xj because Xj as a letter not belonging to E{m, n) appears only in 

We still have to consider all letters that can appear to the right of w, if w is the end of some word in 
Ti(m,,n) or w — yn-ix~^Xn-i, w — yn^ix~^ . There are the following possibilities: 

(i) w is an end of yn-2X~^iXnXn-iyn-2'y 

(ii) w is an end of yr-2X^\xr^ , r < i; 

(iii) w is an end of yn-2Xn\yn-i- 

Situation (i) is equivalent to the situation when is the beginning of the word yn-2X~^iXnXn-iyn-2' 
have considered this case already. In the situation (ii) the only possible word to the right of w will be left end 
of Xr-iy-l2x;^2 and w^'< xtl.y;^^' x;^t'' = ° 4''iyr^2 ° x^^t"^ and u.*^xf!!i = o xfl,. In the 
situation (iii) the first two letters to the right of if arc Xn-iXn-i, and w'^'^xf^'^i — w'^"^ o xf^'^-^^. 

There is no cancellation in the words {cf)'!"^ o (Cj^^+f')'^'", (C")'^'' ° x^'^" , xf" o xf". For all the other 
occurrences of Xi in the words from Wr, namely for occurrences in xf, xfyi, we have (xfyi)'^^ = xf'^ °xf'^ °yt^ 
for j < n. 

In the case n = the bold subword of the word 

2-1 



is for and the bold subword in the word 



-4 




-^m+4n-2 


-^m+4n-4 






Xny„_i x„y„ 


-1 -1 
xny„_i y„_2X J 



is My^ for (j)K- □ 
Lemma 54. The following statements hold: 

(1) Let u G E{in, n). If occurs as a subword in u'^^ for some cyclically reduced word B (B ^ Ci) then B 
is a power of a cyclic permutation of a period Aj, j = 1, . . . K. 

(2) Let u G VVr- If B^ occurs as a subword in m*^^' for some cyclically reduced word B (B Ci) then B is a 
power of a cyclic permutation of a period Aj , j = I, . . . K . 

Proof. 1) follows from the formulas (l.a)-(4.d) from Lemma IK!!! 

2) We may assume that w docs not contain an elementary square. In this case w is a subword of a word 
from Lemma 1501 Now the result follows from the formulas (l.a)-(4.d) from Lemma 15^ 
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□ 

Notation. 1) Denote by Wr^L the least set of words in the alphabet Y that contains VVpi closed under 
taking subwords, and is (pK- invariant. 

2) Let VVr,L he union o/ Wr,L and the set of all initial subwords of zf'^' which are of the form o Ziow, 
where w e Wr.L- 

Notation. Denote by Exc the following set of words in the alphabet Y . 

1. If m> 2,n> 2, then 

77^ r —Zi —Zi — l —Zl —Zrry —Zl —1 T 

Exc^{c^ q c,-i , q 'xic^-, Ci 'xjyj_^\. 

2. Ifm > 2,71 = 1, then 



3. Ifm = 2,n>2, then 

4- If m = 2,n = I, then 

5. If m ~ l,n > 2, then 

6. If m ~ 0,n > 2, then 



Exc = '^c, ^'c,_^i \ Ci ''^xic,,/"}. 
fee = {cj^'^^xic^'^'", c^^'xjyj^}. 
Exc = {cj'^'xic;;^"}. 
Exc = {ci'''xjy~\}. 
Exc= {yiXiXi,xiXiy~\,2 <i<n]. 



Lemma 55. The following holds: 

(1) 5w63,y(Wr,L) = S'u63,y(X±'^^') Ufec. 

(2) Let V € Wr,L be a word that begins and ends with an elementary square and does not contain any 
elementary cubes. Then either v £ VVr or v = ViV2 for some words vi,V2 G VVr described below: 

(a) for m> 2, n> 2, 

ml 1 

vi e {vii = {cl^cl^fWcl'xiX2Xi W c-^\ vi2 = xly^Xi Jl c-^'} 

2—3 i—m i—m 

and 

V2<^{v2i=C^ ••■C3 '(C2 ^) , M2,l = XiC,„ " . . .C3 [c^ ' ^ ^) , U2 j = yj-i-Tj-l } ; 

("fej form = 2, n> 2, 

1 1 

Vl e {Vii = (cf 02^)^X1X2X1 Y[ C'""-, V12 = XiJ/iXi c7^'} 

i—m 2— m 

and 

V2 e {"2,1 = Xi(c2'"'Cj;"')^ U2j = Xj2/^^_\Xj_i}; 

f'cj /or m > 2, n = 1, 

1 

G {vi2 = xlyiXi c,"^'} 

i—m 

and 

V2 e w = cp...c3-^nc2-^^cp)^ U2,i^x,c;:-...c-'^{cr'cr'f}- 
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(d) for m = 2, n = 1, 

1 

vi e {vi2 = xlyixi ]^ 0'""'} 

i—m 

and 

(e) for m — 1, n >2, 

6 = (Ci ) a;2a;iCi Wi2 = -^iJ/ia^iCi 

and 

^^2 e {M2,i = x^y~\x]^^}. 

(3) If V & Wr,L and either v does not contain two elementary squares and begins (ends) with an elementary 
square, or v contains no elementary squares, then either v is a subword of one of the words from [2] or 
(for m ~ Q) V is a subword of one of the words x^yiXi, x'^y2X2- 

(4-) Automorphism (pK satisfies Nielsen property with respect Wr,L with exceptions E{m,n). 

Proof. Let T = Kl. We will consider only the case m > 2, n > 2. Wc will prove all the statements of the 
lemma by simultaneous induction on L If Z = 1, then T = K and the lemma is true. Suppose now that 

Sub^yiWp-") = Sub:iY{y^v)^Exc. 

Formulas in the beginning of the proof of Lemma l53l show that 

Sub3y{E{m,n)^'>"') C Sub:i^Y{Wv)- 

By the third statement for SubiyV'^'^^''^ ) the automorphism 0x satisfies the Nielsen property with exceptions 
E{m, n). Let us verify that new 3-lctter subwords do not occur "between" u"^^ for u £ Ti(m, n) and the power 
of the corresponding .t,; to the left and right of it. All the cases are similar to the following: 



(xnxn-lyn-2)'^'^ ■ 


^4>K 

■ ■ ■ 


4-9+1 




490-1 






-1 

* yn.-3X 2 




Xn-2 * 



Words 

{viV2f'' 

produce the subwords from Exc. Indeed, [{x2Xi 111=™ ends with V12 and wfj^ ends with vi2. Similarly, 

^2 begins with W2.j+i for j < rn and with U2.1 for j = to. And Uj^J begins with W2j"+i for j < n and with 
U2,j for j = n. 

This and the second part of Lemma 211 finish the proof. □ 
According to the definition of VVr,L, this set contains words which are written in the alphabet Y^^ as well 
as extra words u of the form (c'^Ziw)^^ or (ziw)^^ whose K^^-reprcsentation is spoiled at the start or at the 
end of u. For those u S VVr.L which are written in the alphabet Y^^ , Lemma IFTl gives a unique representation 
as the product ui. . .Uk where Ui G Y^^ U E(m,n) and the occurrences of it, are maximal. We call this 
representation a canonical decomposition of u. For u S VVr,L of the form {c^Ziw)^^ or {ziw)'^^ we define the 
canonical decomposition of u as follows : u — a . . . CiZiUi . . .Uk where u, G Y^^ U E{m, n). Clearly, we can 
consider the Nielsen property of automorphisms with exceptions E{m, n) relative to this extended notion of 
canonical decomposition. Below the Nielsen property is always assumed in this sense. 

Lemma 56. The automorphism <f>x satisfies Nielsen property with respect to VVr.L with exceptions E{m, n). 
The set Wr.L is (pK -invariant. 

Proof. The first statement follows from Lemmas and For the second statement notice that if 

- C^ZW 1 r (c-^ ZW)^^ rh Z^^ J. 

&^ZiW G Wr.L, then c^' ' = w~ o c^' o w g Wr.L and c- ' = w;"'''^ o o w'*'''^ G Wr,L, therefore 

c^zf^' ow-^^ G yVr,L. □ 
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Let W e G[X]. We say that a word U e G[X] occurs in W if W = Wi oU 0W2 for some Wi,W2 e G[X]. 
An occurrence of in W is called maximal with respect to a property P of words if is not a part of any 
occurrence of with g < r and which satisfies P. We say that an occurrence oi in is t-stable if q > 1 
and W = Wi o U^UW* o W2, i > 1, (it follows that U is cychcally reduced). If t = 1 it is stable. Maximal 
stable occurrences t/' will play an important part in what follows. If {U~^)'' is a stable occurrence of in 
W then, sometimes, we say that U~'' is a stable occurrence of U in W. Two given occurrences C/' and in 
a word W are disjoint if they do not have a common letter as subwords of W. Observe that if integers p and q 
have different signs then any two occurrences of A'' and are disjoint. Also, any two different maximal stable 
occurrences of powers of U are disjoint. To explain the main property of stable occurrences of powers of U, 
we need the following definition. We say that a given occurrence of occurs correctly in a given occurrence 
of If' if |g| < \p\ and for these occurrences and one has = U^^ o C/^ o [/pi. We say, that two given 
non-disjoint occurrences of C/'^, overlap correctly in W if their common subword occurs correctly in each of 
them. 

A cyclically reduced word A from G[X] which is not a proper power and does not belong to G is called a 
period. 

Lemma 57. Let A be a period in G[X] and W G G'[A']. Then any two stable occurrences of powers of A 
in W are either disjoint or they overlap correctly. 

Proof. Let A'' ^ A^ [q < p) be two non-disjoint stable occurrences of powers of A in W. If they overlap 
incorrectly then A^ = u o A o v for some elements u, v G G[A']. This implies that A = uov = vou and hence 
u and V are (non-trivial) powers of some element in G'[Ar]. Since A is not a proper power it follows that u = 1 
or f = 1 - contradiction. This shows that A'^ and A^ overlap correctly. □ 

Let W e G[X] and O — 0{W,A) ~ {A'l, . . . ,A'^''} be a set of pair-wise disjoint stable occurrences of 
powers of a period A in Vt^ (listed according to their appearance in W from the left to the right). Then O 
induces an O-decomposition of W of the following form: 

W ^ Bi o A'^' o ■ ■ ■ o Bk o A"^" o Bk+i (73) 

For example, let P be a property of words (or just a property of occurrences in W) such that if two powers 
of A (two occurrences of powers of A in W) satisfy P and overlap correctly then their union also satisfies 
P. We refer to such P as preserving correct overlappings. In this event, by Op — Op(W.,A) we denote the 
uniquely defined set of all maximal stable occurrences of powers of A in ly which satisfy the property P. 
Notice, that occurrences in Op are pair- wise disjoint by Lemma |57l Thus, if P holds on every power of A 
then Op{W,A) = 0{W,A) contains all maximal stable occurrences of powers of A in W. In this case, the 
decomposition H73|l is unique and it is called the canonical (stable) ^-decomposition of W. 

The following example provides another property P that will be in use later. Let TV be a positive integer 
and let Pn be the property of A'' that \q\ > N. Obviously, Pn preserves correct overlappings. In this case the 
set Opjv provides the so-called canonical N -large ^-decompositions of W which arc also uniquely defined. 

Definition 33. Let 

W = Bi o A"^' o ■ ■ ■ o Bk o A"^" o Bk+i 
be the decomposition \7S^ of W above. Then the numbers 

max(iy) = maxlgi \ i = 1, . . . ,k\, minlW) ~ min{(7i I i = 1, . . . , /c} 

A A 

are called, correspondingly, the upper and the lower A-bounds of W . 

Definition 34. Let A be a period in G[X] and W G G[Ar]. For a positive integer N we say that the 
N -large A- decomposition of W 

W ^ Bio A'i^ o ■ ■■ o Bko A''" o Bk+i 
has A-size (l,r) if lain a (W) > I and maXyi(_Bi) < r for every i = 1, . . . , fc. 

Let A = {Ai, ^2, • ■ • , } be a sequence of periods from G[Ar]. We say that a word W G G[X] has ^-rank 
j (ranky^iW) ~ j) if W has a stable occurrence of {A^^Y il ^ 1) ^^'^ j is maximal with this property. 
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In this event, Aj is called the A-leading term (or just the leading term) of W (notation LTj[(W) = Aj or 
LTiW)=A,). 

Wc now fix an arbitrary sequence A of periods in the group G[X]. For a period A ~ Aj one can consider 
canonical Aj-decompositions of a word W and define the corresponding Aj-bounds and ^^-size. In this case we, 
sometimes, omit A in the writings and simply write maXjiW) or minj(W) instead of maxAj (W^)j rnirij^. (W). 

In the case when rank_4(H^) = j the canonical A-,-decomposition of W is called the canonical ^-decomposition 
ofW. 

Now we turn to an analog of O-decompositions of W with respect to " periods" which are not necessarily 
cyclically reduced words. Let U = D^^ oAoD, where A is a period. For a set O = 0{W, A) — {A'l , . . . , A'^'' } 
as above consider the O-decomposition of a word W 

W =^ Bi o A'J^ o ■ ■ ■ o Bk o A"^" o Bk+i (74) 

Now it can be rewritten in the form: 

W = iBiD){D-^ o o D) . . . {D-^BkD){D-^ o A* o D){D-^Bk+i). 

Let ei,5i = sgn{qi). Since every occurrence of A'" above is stable, Bi = Bi o A^^ , Bi = {A^*-^ o Bi o ^^•), 
Bk+i = A^'' o Bk+i for suitable words Bi. This shows that the decomposition above can be written as 

W =^ {BiA""' D){D-^ A"^ D) . . . [D-^ A^^-^ BiA""^ D) . . . [D-^ A"" D){D-^ A^" Bu+i) = 

{BiD){D~^ A'^ D){D'^ A'i^ D) . . . {D"^A^^-'D){D-^BiD){D^^A''D) . . . 

{D-^A'"'D){D-^A^''D){D-^Bk+i) 

= iB,D)iU'^)iU'^^) . . . {U'>'-^){D-'BkD){W-){U''^){U'''){D-'Bk+i). 

Observe, that the cancellation between parentheses in the decomposition above does not exceed the length 
d = \D\ of D. Using notation w ^ u 04 v to indicate that the cancellation between u and v does not exceed 
the number d, we can rewrite the decomposition above in the following form: 

W = {BiD) orf C/^i orf C/«i orf orf . . . orf orf orf U^" orf {D-^Bu^^), 

hence 

W^D^o^ U"' Od-'-o^Dk orf , (75) 

where Di = BiD, Du+i = D~^Bk+i, Di = D^^BiD {2 < i < k), and the occurrences V^^ are (1, d)-stable. 
(We similarly define (i, (i)-stable occurrences.) We will refer to this decomposition of W as U -decomposition 
with respect to O (to get a rigorous definition of [/-decompositions one has to replace in the definition of the 
O-decomposition of W the period Ahy U and o by opi). In the case when an ^-decomposition of W (with 
respect to O) is unique then the corresponding [/-decomposition of W is also unique, and in this event one 
can easily rewrite A-decompositions of W into V -decomposition and vice versa. 
We summarize the discussion above in the following lemma. 

Lemma 58. Let A G G\X\ he a period and U = D-^ oAoDe G[X]. Then for a word W G G[X] if 

W = Bio A''' o ■ ■ ■ o Bko A'^" o Bk+i 
is a stable A- decomposition of W then 

is a stable U -decomposition of W , where Di are defined as in J75| ). And vice versa. 
From now on we fix the following set of leading terms 

Al.p = {Aj \j<L,(j) = (l)L,p} 
for a given multiple L oi K = K{m, n) and a given tuple p. 
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Definition 35. Let W € G[X] and N be a positive integer. A word of the type As is termed the N-large 
leading term LTn(W) of the word W if A], has a stable occurrence in W for some q > N, and s is maximal 
with this property. The number s is called the N-rank of W (s = va,X)k.j^{W), s >1). 

In Lemmas 1441 1451 1461 and 1471 wc described precisely tire leading terms Aj ior j — 1^ . . . ,K . It is not 
easy to describe precisely Aj for an arbitrary j > K. So we are not going to do it here, instead, we chose a 
compromise by introducing a modified version A* of Aj which is not cyclically reduced, in general, but which 
is "more cyclically reduced" then the initial word Aj . Namely, let L be a multiple of K and ^ < j < K. Define 

Lemma 59. Let L be a multiple of K and \ < j < K. Let p = (pi, . . . ,p„) be N + 3-large tuple. Then 

Al^^ = o Al+j o R 

for some word R e F{X U Cs) such that rank{R) < L - K + j + 2 and \R] < \AL+j\. 

Proof. First, let L = K. Consider elementary periods Xi = ^m+4i_3 and Ai = c\^c^. For i ^ 

A*{(j)K+7n+4n~3) = R ^ ° AK+m+4n-3 ° R, 

where R = A^_^^^S4 , therefore rankAr(i?) = m + 4n — 4. For the other elementary period, (cJ'^Cg^)^'^'^ = 

Any other Aj can be written in the form Aj ~ ui o vi o U2 o V2 o u^, where vi, V2 are the first and the last 
elementary squares in Aj, which are parts of big powers of elementary periods. The Nielsen property of (pK 
implies that the word R for A*{cf>K+j) is the word that cancels between {v2U3)'^^ and (uivi)'^^ . It definitely 
has A^-large rank < K, because the element {v2U3UiVi)'^'^ has iV-large rank < K. To give an exact bound for 
the rank of R we consider all possibilities for Aj-. 

1. Ai begins with z^^ and ends with i = l,...,m— 1, 

2. Am begins with and ends with x^^, 

3. Am+ii-i begins with Xi-iyl'_}2^7-2-' if i = 3, . . . n, and ends with x1_iyi-ix~^ if i = 2, . . . , n. If i = 2 it 
begins with a;in]^„cT^^ (0"^^^ 

4. Am+ii-2 and Am+Ai-i begins with Xiy~\x~^-y and ends with xfyi if i = 1, . . . , 71. 

Therefore, Af'^ begins with and ends with 2^+2, i = 1, . . . , m — 2, and is cyclically reduced. 
■^tn-i begins with z^-^ and ends with xi, and is cyclically reduced, Af^ begins with z^-^ and ends with 
x'^^ and is cyclically reduced. 

We have already considered ^^^4^.3. 

Elements Af^_^^^_^, Af^^^^_2, Af^_^^^_^ are not cychcally reduced. By Lemma [5^ for ^|f+m+4j_4, one has 

R = {x,.iy-}2Y'< {rank{R) ^ m + 4i - 4); for A|f+„+4^-2, and A|,-+,,„+4^-2, R = {x^y~\)''"' {rank{R) = 
m + 4i). 

This proves the statement of the Lemma for L = K. 

We can suppose by induction that = R^ ° ^l-k+j ° R, and rank{R) < L — 2K + j + 2. The 

cancellations between and R"^^ and between and correspond to cancellations in 

words m"^^, where m is a word in Wr between two elementary squares. These cancellations are in rank < K, 
and the statement of the lemma follows. □ 

Lemma 60. Let W e F{X U Cs) and A ^ Aj ^ LTn{W), and A* = R-^ o A o R. Then W can be 
presented in the form 

W^Bioa A*"' o<j B2 orf . . . orf Bk od A*"" o<j Bk+i (76) 

where A*"?* are maximal stable N-large occurrences of A* in W and d < \R\. This presentation is unique and 
it is called the canonical N-large A* -decomposition of W . 
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Proof. The result follows from existence and uniqueness of the canonical A-decompositions. Indeed, if 

W ^ BioA^' oB20---oBkoA'"' o Bk+i 

is the canonical ^-decomposition of W, then 

{BiR){R-^ ARf^ {R-^B2R) ■ ■ ■ {R-^BkR){R^^ARY''{R-^Bk+i) 

is the canonical ^*-dccomposition of W . Indeed, since every A'* is a stable occurrence, then every Bi starts 
with A{iii^ 1) and ends with A {li i = k + 1). Hence R:^^B,R = R-^ o B, o R. 
Conversely if 

W ^ B,A*'i' B2 ■ ■ ■ BkA*"' Bk+i 

is an A* -representation of W then 

W = [BiR-^) o Ai^ o {RB2R^^) o • • • o [RBkR^^) o A* o (RBk+i) 

is the canonical ^-decomposition for W. □ 
Let (f> be an automorphism of F{X \J C) which satisfies the Nielsen property with respect to a set W with 
exceptions E. In Definition 1321 we have introduced the notation for the middle of w with respect to (p 

for w G Y U E. We now introduce a similar notation for any w G Sub{W) denoting by M^.u, the maximal 
noncancelled part of w'^ in the words (uwv)'^ for all uwv G W with w ^ u~^,v~^. Observe that, in general, 
M^^w may be empty while this cannot hold for M^_^. If M^^^ is nonempty then we represent w"^ as 

Lemma 61. Let L = IK, I > 0, p a 3-large tuple. 

(1) If E is closed under taking subwords then M^^^ is nonempty whenever the irreducible decomposition of 
w has length at least 3. 

(2) M^^ (^2-) is nonempty for an elementary period A. 

(3) The automorphism (pL = 0L,p has the Nielsen property with respect to VVr,L with exceptions E{m,n). 
For w ^ X [J E{m,n) and I > 1, the middle M^^_w can be described in the following way. Let 

M^^,^^ foA^ ogoB' oh 

where A"" and B^ are the first and the last maximal occurrences of elementary powers in M^^^^w Then 
]^i(t)L,w contains -/Vf0^_^ (^r^^s) as a subword. 

(4) If i < j ^ L then Aj does not occur in Ai. 

Proof. To prove (1) observe that if iv ~ U1W2U3, G K U E, is the irreducible decomposition of w then 
M^^u] should contain M^^U2- 

The middles M^^^x of elements from X and from E(m,n) contain big powers of some Aj, where j = 
1, . . . ,K and, therefore, big powers of elementary periods. Therefore, statements (2) and (3) can be proved 
by the simultaneous induction on I. Notice that for Z = 1 both statements follow from Lemma 1^ 

The statement (4) follows from Lemmas I44H46I 

□ 

Lemma 62. Let L = IK >0,l<ir<K,t>2,pa 3-large tuple, 
(1) and 

w = u o A^ o V 

be a t-stable occurrence of A^ in a word w G VVr,L. Let A*^j^ = R^^ o A^+l ° R and d ^ \R\. Then 
where the occurrence of {A*_^j^Y is {t ~ 2, d)- stable. 
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(2) Let W e >Vr,L, and Al^^ = R'^ o Al+v o R and d = \R\. 
Ift>2 and 

W = DioA1' oD2---oA1'^ o Dk+i 
is a t-stable A,.- decomposition of W then 

is a [t ~ 2,d)-stable A*j^^^- decomposition ofW^^. 

Proof. (1) Clearly, wc can assume t — 2 without loss of generality. Suppose first that Ar is not an 
elementary period. Then the canonical decomposition of Ar is of length > 3 and thus M^^(Ar) is nonempty 
by Lemma I^TT a'). This implies that u*^ ends with Mci)^{Ar)R^^{Ar), and thus the cancellation between u'^^ 
and {A*_^_]^Y is the same as in the product A*^j^ ■ A*^j^. Similarly, the same is the cancellation between 
{A*^j^Y and v'^^ and the statement of lemma follows. 

If Ar is an elementary period, a slightly more careful analysis is needed. We first consider the image of 
w under (j)K- If r = 1 one of the images Af'^'^ of the periods Af^ in the occurrence of ^«+4sgn(r) ^ 
the first or the last one) may be completely cancelled in w'^'^ , but all the others have nonempty noncancelled 
contributions in w'^'^ . Then an easy application of Lemma Ifill fwith L replaced with L — K) gives the result, 
and this is the case when only (t — 2, (i)-stability can be stated. If Ar is an elementary period of the form Xj, 
a similar argument applies but with no possibility of completely cancelled period A^^ under (j)^- 

(2) follows from (1). □ 

Lemma 63. Let Aj-^ . . . , Aj^, fc > 0, be elementary periods, 1 < Ji, . . . , Jfe < K. Lf w d Wt,l o.nd 

wf- = w, o,^^ A*;i\^ o.^^w,... o,^^ A;il^wk , (77) 

where qi > 5, Wi does not contain an elementary square, and dj. ~ where A*,^j^ = RJ^ o Aj^j^K ° Rji 

(see LemmaTS^) . i — 1, . . . ,k, then 

W = Wq O O O . . . O A'j'^ O Wk , 

where wf'^ ~ Wi, i = 0, . . . , k. 

Proof. Case 1 ). Suppose that w does not contain an elementary square. 

In this case either w G Wr or w = viV2 for some words vi,V2 G Wr which are described in Lemma l55l 

Claim 1. If w'^'^ contains for some cyclically reduced word S 7^ c;, i = 1, . . . , m, and s > 2, then B is 
a power of a cyclic permutation of some uniquely defined period Ai,i = 1, . . . , K . 

It suffices to consider the case s = 2. Notice that for w £ VVr the claim follows from Lemma El Now 
observe that ii w = V1V2 for vi,V2 € Wr then w'^''^ = vf'^ o vi^'^ and "illegal" squares do not occur on the 
boundary between vf'^ and (direct inspection). 

Claim 2. w'^^ does not contain (i?"^^')^, where E is an elementary period. By Claim 1 w'^^ contains 
{E'>"<f, where E is an elementary period, if and only if E'^'^ is a power of a cyclic permutation of some 
period Ai,i = 1, . . . ,L<^ . So it suffices to show that i?*^ is not a power of a cyclic permutation of some period 
Ai,i = \, . . . ,K . To this end we list below all the words E'^'^ : 

by Lemma 1^ 

A't'K _ /l-Pl + l -Z2 API /I-P2 + 1 -Z3 /l-Pl + l„Z2 4PI-I Z3 /iPa-l/ ON. 

^1 — ^1 '-2 ^1 ^2 '^3 ^1 '^2 ^1 '^3 ^2 I''* — ^Ji 

by Lemma El 





A 12 


A-lo 




A 10 


[i^n 















and (direct computation from Lemmas 1441 and I17|) . 

(cf x-i)^- = zixf yiAf V^xi(V^xf yiAf V^xO^'^-^xf 2/iX-i(2/f^x-i)''=-i (n > 1), 
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{cl^x^'f'< = z,x^'Al-A-^-+'y^\-^^Al^ {n = 1). 
The claim follows by comparing the formulas above with the corresponding formulas for Aj (Lemmas 1441 - 

EZI). 

Now the claim 2 implies the lemma since in this case the decomposition l|77|l for the w'^'^ is of the form 
ui"^*' = wq and w = wq, as required. 

Case 2. w'^'^ contains [E'^'^Y, where E is an elementary period. By the case 1) w has a non-trivial 
decomposition of the form 

w — w^o OWlO...O O Wk , 

where qi > 2, and Wi does not have squares of elementary periods. Consider the A^-decomposition of w where 
r = max{ji, . . . , jfc}: 

w = DioA1} o...A'^^ oDs+i, 

where Di does not contain a square of an elementary period. It follows from the case 1 that this decomposition 
is at least 3-large canonical stable Ar-decomposition of w. Indeed, if Ei and E2 are two distinct elementary 
periods then El'^'^ does not contain a cyclically reduced part of E'^'^'^ as a subword (see the formulas above) . 
So in the canonical 3-stable A*^^-decomposition of w'^'^ the powers A*'^j^ come from the corresponding 
powers of Ar. By Lemma 15^ 

is the canonical stable A*^^-dccomposition of w"^^ that contains all the occurrences of powers of A*^j^ in the 
decomposition H77|) . Now by induction on the maximal rank of elementary periods which squares appear in 
the words Di we can finish the proof. □ 

Lemma 64. Let L = IK > 0, I < r < K, A*^^ = R^^ o Ar+L o R and d ~ \R\. Then the following holds 
for every w G Wr,L-' 

(1) Suppose there is a decomposition 

where s > 5 and and the cancellation between u and A*j^j^ (resp., between A*^j^ andv) is not more than 
f which is the maximum of the corresponding d and length of the part of A*^j^ before the first stable 
occurrence of an elementary power (resp., after the last stable occurrence of an elementary power). Then 

w = uo A^ov, u'^'^ = u, -y*^*' = -5. 

(2) Let 

w^^ = bi 0,1 {Ai+,Y' od ^2 od • • • oa [Ai+^y^ od bk+i 

be a {l,d)-stable 3-large A'^_^_^- decomposition ofW^^ . Then W has a stable A^- decomposition 

W = DioAl^ 0D2---0 Af o Dk+i 

where D,f^ = D,. 

Proof. (1) If Aj. is an elementary period, the statement follows from Lemms 15^ Otherwise represent Ar 
as Ar = A^^ o wi o Aj'^ o W2 , where A^^ and A'^^ are the first and the last maximal elementary powers (each 
Ai begins with an elementary power). 

Then 

w-^- = u o, {Al^^ o, wf'^ o, Af^^j, o, wf^y-' o, A^l^^ o, wf'^ o, A^l^^ o, wf' Of v. 
Since (f>K is a monomorphism, by Lemma we obtain 

w ^ no (AJ^ o wi o Ajl o W2y^^ o Ay^ o wi o Aj^ o W2V, 

where m"^^ = ii, v'^''^ ~ v. We will show that 'W2V ~ W2 ° v. Indeed, W2 is either c|^% i > 3, or yi-ix~^ , or y^. 
If there is a cancellation between w and v, then v must respectively begin either with c~^% or Xi or y~^ and 
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the image of this letter when (jjx is appUed to v must be almost completely cancelled. It follows from Lemma 
|S31that this does not happen. Therefore w = uo A^ov, and (1) is proved. 

(2) For L ~ K statement (1) implies statement (2). We now use induction on I to prove (2). 

Suppose 

w''"- =uo^Al^Lo^i. (78) 

Represent A*_^_j^ as 

K+K = Wo O All ° Wl O O W2, 

where A^^ and A^^ arc the first and the last maximal occurrences of elementary powers. 
Then' 

By the assumption of induction 

■W'^'^ = WWo O (A^l O Wi O o (tyjlfo))""^ O A'^ OWxO A'^^ O {w2v) , 

where u't'^-'^ = u,v'^^-''^ — v. Therefore 

By statement (1), w = uo Af. ov, where u'^'^ = u, v"^'"^ ~ v. Therefore H78|l implies that w = u o A* o u, where 
u"*"^ = u,v^^ = V. This implies (2) for L. □ 

Corollary 10. (1) Let m Q,n ^ Q,K = K{m,n),p — {pi,.. . ,Pk) be a 3-large tuple, L = Kl. Then 
for any u G ^ U E(m, n) the element M^j^^u contains A'j for some j > L — K and q > pj — 3. 

(2) For any x ^ X if rajik{x'^^) = j then every occurrence of Aj in x'^'^ occurs inside some occurrence of 
Af-^ 

Proof. (1) follows from the formulas for Mu with respect to (pK in Lemma 1551 and Lemma 1^ □ 

Corollary 11. Let u, u G Wr.L- If the canceled subword in the product u'^'^v'^'^ does not contain A^- for 
some j < K and I E Z then the canceled subword in the product u'^k+^v'I'k+l does not contain the subword 

Lemma 65. Suppose p is an {N + 3)-large tuple, (pj = <f)jjy. Let L be a multiple of K. Then: 

(1) (a) xf' has a canonical N -large A* -decomposition of size {N, 2) if either j = m + A{i ^ 1) {mod K), or 

i = m + Ai ~ 2(mod K), or j = m + Ai{mod K). In all other cases rank{xf^ ) < j . 

(b) yf^ has a canonical N -large A* -decomposition of size {N, 2) if either j = m + 4(i — l)(mod K), or 
j = m -\- Ai ~ 3 (mod K), or j = m + Ai — l{mod K), or j = m + Ai {mod I'C). In all other cases 
rank{yp ) < j. 

(c) zf^ has a canonical N -large A* -decomposition of size {N,2) if j = i {mod K) and either 1 < « < 
m — 1 or i = m and n 0. In all other cases rank{zf^) < j. 

(d) if n ^ then zti has a canonical N -large A* -decomposition of size {N,2) if j = m — 1 {mod K). 
In all other cases rank{zm ) < j- 

(2) If j = r + L, < r < K, {wi . . . Wk) G 5w6fe(X±T^-T'-+i ) ^^g„ gj^/jg^ {wi . . . w^)"^^ ^ {wi . . . Wk)''''-\ 
or {wi . . ■Wk)'^^ has a canonical N -large A* -decomposition. In any case, {wi . . .Wk)'^^ has a canonical 
N -large A* -decomposition in some rank s,j — K-\-l<s<j. 



99 



Proof. (1) Consider yf^+"+« : 

<t>L + m + 4i _ / 4>L -</'i + m+4i-lNg4-l ^ >-L + m+4i- 1 -01, ^, g4 

In this case A*iq,L+^+,,) = 

To write a formula for 2;^^+™+-**^ denote iji-i — yfi'j*"""'''''"^, Xi = xf^, yi = yf^. Then 



Similarly we consider zf^'^\ 
(2) If in a word (ifi . . . Wk)'^' all the powers of A^^' are cancelled (they can only cancel completely and the 
process of cancellations does not depend on p) then if we consider an ^*-decomposition of {wi . . .Wk)'^\ all 
the powers of A* are also completely cancelled. By construction of the automorphisms 7^, this implies that 
{wi...WkV'''''-^ = {wi...wuf'-K 

□ 



7.2 Generic Solutions of Orientable Quadratic Equations 

Let G be a finitely generated fully residually free group and 5 = 1 a standard quadratic orientable equation 
over G which has a solution in G. In this section we effectively construct discriminating sets of solutions of 
5 = 1 in G. The main tool in this construction is an embedding 

\:GBis)^G{U,T) 

of the coordinate group Gjk^s) into a group G{U, T) which is obtained from G by finitely many extensions of 
centralizers. There is a nice set Sp (see Section f2.5|l of discriminating G-homomorphisms from G{U, T) onto G. 
The restrictions of homomorphisms from Sp onto the image G^^g-^ of Gp(5) in G{U,T) give a discriminating 

set of G-homomorphisms from G^f^g^ into G, i.e., solutions of S" = 1 in G. This idea was introduced in |20| to 
describe the radicals of quadratic equations. 

It has been shown in [201 that the coordinate groups of non-regular standard quadratic equations S = 1 
over G are already extensions of centralizers of G, so in this case we can immediately put G(U,T) = Gp(5) 
and the result follows. Hence we can assume from the beginning that 5 = 1 is regular. 

Notice, that all regular quadratic equations have solutions in general position, except for the equation 
[xi,yi][x2,y2] = 1 (see Section |2iIIl. 

For the equation [xi, yi] [a;2, 2/2] = 1 we do the following trick. In this case we view the coordinate group 
Gp(5) as the coordinate group of the equation [xi, = [1/2, X2] over the group of constants G * F{x2, y2)- So 
the commutator [2/2, 2:2] = d is a non-trivial constant and the new equation is of the form [x^y] = d, where all 
solutions are in general position. Therefore, we can assume that 5 = 1 is one of the following types (below 
d, Ci are nontrivial elements from G): 

n 

J|[x„y,] = l, n>3; (79) 

i=l 

n m 

J/i] J]^ ^r^Ci^Zid = 1, n>l,m>0; (80) 

i=l i=l 
m 

Y[z-^c,z^d=l, m>2, (81) 

i=l 

and it has a solution in G in general position. 

Observe, that since 5* = 1 is regular then NuUstellenzats holds for = 1, so R{S) = ncl{S) and Gr(^s) = 
G[X]/ncl{S) = Gs- 
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For a group H and an element u £ H hy H(u, t) we denote the extension of the centrahzer Ch{u) of u: 

H{u,t)^ {H,t\r^xt = x {xC^Cniu))). 

If 

G = Gi < Gi (lii , i 1 ) = G2 < . . . < G„ (u„ , t„ ) = G„+i 

is a chain of extensions of ccntrahzers of elements Ui G G;, then we denote the resulting group G„+i by 
G{U, T), where U ~ {ui, . . . , m„} and T = {ii, . . . , i„}. 

Let fi : Gri^s) — > G be a solution of the equation S{X) = 1 in the group G such that 

™/3 _ /5 — 7, — 

Then 

m n 

d= W^e~'^c,eiY\\ai,bi\. 

i=l 4=1 

Hence we can rewrite the equation S* = 1 in the following form (for appropriate m and n): 

ra n m n 

Wzl'^c,z^Y\\xi,yi] = J^e^'^CiCj J|[aj,6j]. (82) 

i—l i—1 i—1 i—1 

Proposition 4. Let = 1 be a regular quadratic equation and (3 : Gf{(^s) G a solution of S — I in 
G in a general position. Then one can effectively construct a sequence of extensions of centralizers 

G = Gi < Gi(ui,ii) = G2 < . . . < G„(H„,t„) = G{U,T) 

and a G-homomorphism \p : Gjk^s) ~* G{U,T). 

Proof. By induction we define a sequence of extensions of centralizers and a sequence of group homomor- 
phisms in the following way. 

Case: to ^ 0, n = 0. In this event for each i = 1, . . . , to — 1 we define by induction a pair {9i, Hi), consisting 
of a group Hi and a G-homomorphism 9i : G[X] — > Hi. 

Before we will go into formalities let us explain the idea that lies behind this. If zi — > ei, . . . , — > is 
a solution of an equation 

^CiZi . . . z'^^CmZm = d, (83) 

then transformations 

^e.(crc^;Y)', e,+i -.e,+i(c^-c:;Y)', e, U^i,i+1), (84) 

produce a new solution of the equation (|83() for an arbitrary integer q. This solution is composition of the 
automorphism 7? and the solution e. To avoid collapses under cancellation of the periods (c^'c^+Y)"^ (which 
is an important part of the construction of the discriminating set of homomorphisms Sp in Section l2.5(l one 
might want to have number q as big as possible, the best way would be to have q = 00. Since there are no 
infinite powers in G, to realize this idea one should go outside the group G into a bigger group, for example, 
into an ultrapower G' of G, in which a non-standard power, say t, of the element c^'c^^Y exists. It is not hard 
to see that the subgroup {G,t) < G' is an extension of the centrahzer Cg(c^'c^+Y) the element q'q^Y 
G. Moreover, in the group (G, t) the transformation (|84|l can be described as 

Bit, e^+i ei+it, e-j e.j {j ^ i, j + 1), (85) 

Now, we are going to construct formally the subgroup (G, t) and the corresponding homomorphism using (|85|l . 

Let H be an arbitrary group and /3 : G5 H a homomorphism. Composition of the canonical projection 
G[X] Gs and /? gives a homomorphism Pq : G[X] — > H. For i = put 



Ho — H, Oq — (3o 
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Suppose now, that a group Hi and a homomorphism 9i : G[X] Hi are already defined. In this event we 
define Hi+i and 9i-^i as foUows 

H.,+i =< i?^,r,+i|[Cff.(c^;Yc-;+'),r,+i] = 1 >, 

^ 4+i'^i+i^ 4+2 = 4+2^^+1^ ^j'""' = 4% « + 1, i + 2). 

By induction we constructed a series of extensions of centralizers 

G ^ Hf) < Hi < . . . < Hm-l = Hm-l{G) 

and a homomorphism 

0m~l,l3 = Om-l '■ G[X] Hm-l{G). 

Observe, that, 

8j Si 

'^i+l ^i+2 ~ ^i+l ^i+2 

so the element r^+i extends the centralizer of the element c^+Y'^''^i+2- particular, the following equality 
holds in the group iJ,„-i(G) for each i = 0, . . . , m — 1: 

[r,+i,c:;Y"c^;2] = i. (86) 

(where ro = 1). Observe also, that 

^ g^^^^ ^9^-1 ^ g.j-._-^ri, z^"-! = e,„r,„_i {0 < i < m). (87) 
From ||HE1) and (|HZ|l it readily follows that 

{[[z-'c,z,f-^ =l[e~'c.e,, (88) 

i=l 4=1 

so gives rise to a homomorphism (which we again denote by 0m-i or 0^) 

^m-l : Gs — > Hm-l{G). 

Now we iterate the construction one more time replacing H by H„i-i{G) and /3 by 0,„_i and put: 

Hp{G) = iJ„i-i(^m.-i(G)), Aa = 6'6/„,_i : G5 — > Hp{G). 

The group Hp{G) is union of a chain of extensions of centralizers which starts at the group H. 
li H = G then all the homomorphisms above are G-homomorphisms. Now we can write 

Hp{G) = G{U,T) 

where U = {wi, . . . , mi, . . . , Um-i}, T = {ri, . . . , Vm^i, ri, ■ ■ ■ , j^m-i} and Ui, fi are the corresponding 

elements when we iterate the construction: 

Case: m = 0, n > 0. In this case S = [xi^yi] . . . [a;„, yn\d~^ . Similar to the case above we start with the 
principal automorphisms. They consist of two Dehn's twists: 

X -> yPx, y -^y; (89) 
X ^ X, y ^ xPy; (90) 
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which fix the commutator [x, y] , and the third transformation which ties two consequent commutators [xi , yi] [xi^i , j/i+i] : 

{y^x-^-^y^Xi, y, -> {y,x~^^y^y,{yiX-^^)'^, (91) 

Xi+i iytxY^iyxi+iiy^xY+iy , yi+i {yixl^^yyi+i. 

Now we define by induction on i, for i = 0, . . . , 4?! — 1, pairs (G;, oii) of groups Gi and G-homomorphisms 
a, : G[X] -> G,;. Put 

Go = G, ao = /3. 

For each commutator [xi,yi\ in 5 = 1 we perform consequently three Dehn's twists (|90|l . 1)89(1 . ((9n|l (more 
precisely, their analogs for an extension of a centralizer) and an analog of the connecting transformation 191|) 
provided the next commutator exists. Namely, suppose Gn and a,n have been already defined. Then 

G4i+i =< Gii,tii+i\[CGii{x'^^\),tii+i] = 1 >; 
G4i+2 =< G4i+i,t4i+2\[CG4i+i{y'i'+i'^),t4i+2] = 1 >; 

G4i+3 =< Gii+2,t4i+3\[CGii+2ix'i+T^)''^4i+3] ~ ^ 

y-tr = U^+:,yZr , = ^"""^ (5 ^ y.+i ) ; 

G4.t+4 =< G4.i+3,<4i+4|[GG4.+3(2/f+l^^a;j^"2'*'^^),t4i+4] = 1 >; 

a4i + 4 _ .-1 a4i + 3 Q!4i + 4 _ Q!4i + 3t4i + 4 Q4i + 4 _ Q4i + 3t4i + 4 

y,r+T^ = i4"/+4yr+T', = (s ^ y.+i, X.+2, 2/,:+2). 

Thus we have defined groups Gi and mappings ai for all i = 0, . . . 4n — 1. As above, the straightforward 
verification shows that the mapping a^n-i gives rise to a G-homomorphism a^n-i '■ Gs — > G^n-i- We repeat 
now the above construction once more time with Gin-i in the place of Go, a^n-i in the place of /?, and tj in 
the place of tj. We denote the corresponding groups and homomorphisms by Gi and : Gs — > Gi. 
Put 

G{U,T) ^ G^n-l, -^/3 = <54n-li 

By induction we have constructed a G-homomorphism 

Xp:Gs^G{U,T). 

Case: m > 0, n > 0. In this case we combine the two previous cases together. To this end we take the 
group Hjn-i and the homomorphism 9m-i ■ G[X] —^ iJm-i constructed in the first case and put them as the 
input for the construction in the second case. Namely, put 

Go =< i?,„_i,r,„|[GH„_i(c^" x-^ ""'),r„j] = 1 >, 

and define the homomorphism as follows 

= zt-'r.n,, a:;?"=a^, = r->i, s'^" ^ s'—' {s e X, s ^ Zm,xi,yi). 

Now we apply the construction from the second case. Thus we have defined groups Gi and mappings ai : 
G[X] Gi for all i = 0, . . . , 4ri, — 1. As above, the straightforward verification shows that the mapping a^n-i 
gives rise to a G-homomorphism a4„-i : Gs — > G^n-i- 

We repeat now the above construction once more time with G4„_i in place of Go and a^^-i in place of f3. 
This results in a group G4„_i and a homomorphism a4„„i : Gs — *■ G4„_i. 

Put 

G{U,T) = G4„_i, X/3 = a4n~l- 

We have constructed a G-homomorphism 

Xp:Gs^G{U,T). 

We proved the proposition for all three types of equations ((7^ . (|5n|) . l|5T|) . as required. 

□ 
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Proposition 5. Let S ~1 he a regular quadratic equation ^ and (3 : Gj^^g-^ G a solution of S = 1 in 
G in a general position. Then the homomorphism Xp : Gj^^gj — > G(U,T) is a monomorphism. 

Proof. In the proof of this proposition wc use induction on the atomic rank of the equation in the same 
way as in the proof of Theorem 1 in ,2Q.| . 

Since all the intermediate groups are also fully residually free by induction it suffices to prove the following: 

1. n = 1, TO = 0; prove that if) = is an embedding of Gs into G^. 

2. 71 = 2, 771 = 0; prove that ip = is a. monomorphism on H =< G,xi,yi > . 

3. 71 = 1, 771 = 1; prove that 7/; ~ a^ao is a monomorphism on H =< G, zi > . 

4. 71 = 0,771 > 3; prove that 0202 is an embedding of Gs into 
Now we consider all these cases one by one. 

Case 1. Choose an arbitrary nontrivial element h G Gg. It can be written in the form 

h = gi vi{xi,yi) 52 V2{xi,yi) 53 • .■Vn{xi,yi) gn+i, 

where 1 7^ Vi{xi,yi) G F{xi,yi) are words in xi,yi, not belonging to the subgroup {[xi,yi]), and 1 ^ 5^ G 
G,gi ^< [a,b] > (with the exception of gi and gn+i, they could be trivial). Then 

/i'^ = .9i vi{t-itia,t2b) 52 V2{t3tia,t2b) g-^ . . . Vn{t3tia,t2b) g^+i- (92) 

The group G{U, T) is obtained from G by three HNN-extensions (extensions of ccntralizers) , so every element 
in G{U,T) can be rewritten to its reduced form by making finitely many pinches. It is easy to see that the 
leftmost occurrence of either t^ or ti in the product (|92|l occurs in the reduced form of h^ uncancelled. 

Case 2. xi ^4^^2017 yi t^^t^tibit^, X2 ^a2t4, 1/2 ^ ^4 ^&2- Choose an arbitrary nontrivial 

element h £ H = G * F{xi, yi). It can be written in the form 

h = gi vi{xi,yi) 52 V2{xi,yi) 53 • .■Vn{xi,yi) g„+i, 

where 1 ^ Vi{xi, j/i) G F{xi, yi) are words in xi, 7/1, and 1 7^ g,; G G. (with the exception of gi and gn+i-^ they 
could be trivial). Then 

/i^ = gi wi(t4 ^20, {t^tibf*) 32 V2{tih2a, itatibf') 33 • . .f„(t4 '^20, (^sii^)*") 9n+i. (93) 

The group G{U,T) is obtained from G by four HNN-extensions (extensions of centralizers), so every element 
in G{U,T) can be rewritten to its reduced form by making finitely many pinches. It is easy to see that the 
leftmost occurrence of either t^ or ti in the product (|93|l occurs in the reduced form of h"^ uncancelled. 

Case 3. We have an equation [a;, y] = c[a, 6], 2 ^ 27-17^1, x ^ {t2a^'^y^ , y ^ fi^tstir^^b, and [ri,ca^^] = 
1, [fi, (c''^a^''U^^)] = 1. Here we can always suppose, that [c, a] ^ 1, by changing a solution, hence [ri, fi] ^ 1. 
The proof for this case is a repetition of the proof of Proposition 1 1 in [201 ■ D 

Case 4. We will consider the case when to = 3; the general case can be considered similarly. We have an 
equation c^^Cj^cJ^ = C1C2C3, and can suppose [ci,Ci+i] ^ 1. 

We will prove that 7/7 = 6*2^1 is an embedding. The images of zi, ^2, -23 under 02^1 are the following: 

Zl ^ ciriri, Z2 ^ C27-ir2fi, Z3 ^ C3r2, 

where 

[ri,ciC2] = 1, [r2,C2'c3] = 1, [ri, 01^02'''"] = 1. 

Let 7« be a reduced word in G * F{zi, i = 1,2, 3), which does not have subwords We will prove that 
if Tw* = 1 in III, then w € N, where N is the normal closure of the element cl^C2^c^^c'^^C2^c^^ ■ We use 
induction on the number of occurrences of in w. The induction basis is obvious, because homomorphism 
ip is injective on the subgroup < F, Z2, Z3 > . 

Notice, that the homomorphism -0 is also injective on the subgroup K =< ziZ2^ , z^, F > . 

Consider Hi as an HNN-extension by letter fi. Suppose w"^ = 1 in Hi. Letter fi can disappear in 
two cases: 1) w £ KN, 2) there is a pinch between fj~^ and fi (or between fi and r^^) in w'*^' . This pinch 
corresponds to some element z^\uz[ 2 (or zi^2u{z'i 2)"^): where Zi_2, -^i 2 ^ {-^ii -^2}- 

In the first case w''^ ^ 1, because w £ K and w ^ N. 
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In the second case, if the pinch happens in {zi^2u{z[ 2)~^)^ ^ then zi^2u{z[ 2)"^ G KN, therefore it has to 
be at least one pinch that corresponds to {z^2^z'i 2)^^' ■ We can suppose, up to a cychc shift of w, that zj~2 is 
the first letter, w does not end with some and w cannot be represented as z^j^z^ 2'^i'^i 2'^2j such that 
z'l 2V1 G KN. A pinch can only happen if z'^\uz'i 2 G< >• Therefore, either zi^2 = -^ij or zj^ 2 = ^ii ^'^^ 

one can replace by ciC2C3C^^^c^^^ , therefore replace w by wi such that w ~ uwi, where u is in the normal 
closure of the element c-^ ^^"i ^^z ^1,^ 'h.^ ^ ^^'^ f^pply induction. □ 

The embedding A/3 : Gs G{U,T) allows one to construct effectively discriminating sets of solutions in 
G of the equation S = 1. Indeed, by the construction above the group G{U, T) is union of the following chain 
of length 2K = 2K{m,n) of extension of centralizers: 

G = Hq < Hi . . . < H,n-i < Go < Gi < . . . < G4„_i = 

^So<Hi<...< Hm-i = Go < . . . < G4„-i = G(C/, T). 
Now, every 2ii'-tuple p € determines a G-homomorphism 

: G(C/, T) G. 

Namely, if Zi is the i-th term of the chain above then Zi is an extension of the centralizer of some element 
gi e Zi^i by a stable letter U. The G-homomorphism is defined as composition 

of homomorphisms tpi : Zi — > Zi^\ which are identical on Zi^\ and such that if' = gf', where is the i-th 
component of p. 

It follows (see Section 2.5) that for every unbounded set of tuples P C the set of homomorphisms 

Sp = {^p I P e P} 

G-discriminates G(JJ,T) into G. Therefore, (since is monic), the family of G-homomorphisms 

2p,/3 = {A^^p I Cp e Sp} 

G-discriminates Gs into G. 

One can give another description of the set Sp^^ in terms of the basic automorphisms from the basic 
sequence F. Observe first that 

therefore 

= {4>2K,pf3 I peP}. 
We summarize the discussion above as follows. 

Theorem 10. Let G be a finitely generated fully residually free group, S ^ 1 a regular standard quadratic 
orientable equation, and T its basic sequence of automorphisms. Then for any solution (3 : Gs G in general 
position, any positive integer J > 2, and any unbounded set P C N"^^ the set of G-homomorphisms Spjj 
G-discriminates G^k^s) into G. Moreover, for any fixed tuple p' G N*^ the family 

'^p.py = {<PtK,p'S I 9 E ^p,p} 

G-discriminates G^(5) into G. 

For tuples / = (/i, . . . , fk) and g = (gi, . . . , g„i) denote the tuple 

fg = (/i) ■ • ■Jk,gi, ■ • ■ ,ffm)- 

Similarly, for a set of tuples P put 

fPg = {fpg I P e P}- 
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Corollary 12. Let G he a finitely generated fully residually free group, S = \ a regular standard quadratic 
orientable equation, T the basic sequence of automorphisms of S , and [3 : Gs G a solution of S = 1 in 
general position. Suppose P C is unbounded set, and f S N^*, g G N^^ for some r, s G N. Then there 
exists a number N such that if f is N -large and s > 2 then the family 

'i'P,P,f,g = {0K(r+s+2),g/3 I 9 ^ fPg} 

G- discriminates Gfj^s) G. 

Proof. By Theorem IIUI it sufBces to show that if / is A^-large for some N then f3f = (t>2KjP is a solution 
of S* = 1 in general position, i.e., the images of some particular finitely many non-commuting elements from 
G/f(5) do not commute in G. It has been shown above that the set of solutions {(j)2K.hP \ h € N^'^} is a 
discriminating set for G^(^s)- Moreover, for any finite set M of non-trivial elements from Gfij^s) there exists 
a number N such that for any A^-large tuple h E N^^^ the solution 4>2K,h/3 discriminates all elements from M 
into G. Hence the result. □ 



7.3 Small cancellation solutions of standard orientable equations 

Let S'(X) = 1 be a standard regular orientable quadratic equation over F written in the form (|82|) : 

m n m n 

'Y\_z~'^c^ZiW\xi,yi] = W_e~'^Cie^'^[a^,hi\. 

i—l i—1 i—1 i—1 

In this section we construct solutions in F of S{X) ~ 1 which satisfy some small cancellation conditions. 

Definition 36. Let S ~ 1 be a standard regular orientable quadratic equation written in the form 1^81^) . 
We say that a solution [3 : Fs F of S = 1 satisfies the small cancellation condition (1/A) with respect to 
the set Wr (resp. Wt,l) if the following conditions are satisfied: 

1) (3 is in general position; 

2) for any 2-letter word uv £ Wr (resp. uv £ y\i'T.L)(in the alphabet Y) cancellation in the word u^v^ does 
not exceed (1/A) min{|M'^|, \v^W (we assume here and below that u^,v^ are given by their reduced forms 
m F ); 

3) cancellation in a word u^v^ does not exceed (1/A) min{|u''|, \v^\} provided u,v satisfy one of the condi- 
tions below: 

a) Zi,v ^ {z~\c~\zi^i) , 

b) u = Ci,v = z^, 

c) u = V = Ci, 

(we assume here that u^,v^ are given by their reduced forms in F). 

Notation: For a homomorphism f3 : F[X] ^ F hy Cp we denote the set of all elements that cancel in 
u^v^ where u, v are as in 2), 3) from Definition 1201 and the word that cancels in the product (c2^)^ • {dc^^"\^^)^ . 

Lemma 66. Let u,v be cyclically reduced elements of G * H such that \u\, \v\ > 2. If for some m,n > 1 
elements u™ and have a common initial segment of length \u\ -\- \v\, then u and v are both powers of the 
same element w £ G * H . In particular, if both u and v are not proper powers then u — v. 

Proof. The same argument as in the ease of free groups. 

Corollary 13. If u,v e F, [u, v] ^ \, then for any A > there exist mo, no such that for any m > thq, n > 
riQ cancellation between u™ and is less than jmax{\u"^\, 
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Lemma 67. Let S{X) = 1 he a standard regular orientable quadratic equation written in the form 1^8^) : 

m n m n 

i—l i—1 i—1 i—1 

where all Ci are cyclically reduced. Then there exists a solution (3 of this equation that satisfies the small can- 
cellation condition with respect to VVr,L. Moreover, for any word w G VVr,L that does not contain elementary 
squares, the word does not contain a cyclically reduced part of A^^ for any elementary period Ai . 

Proof. We will begin with a solution 

of = 1 in _F in general position. We will show that for any A G N there are positive integers mi,ni, ki, qj 
and a tuple p = {pi, . . .pm) such that the map /? : F[X] F defined by 

X? = = ((51'^ai)^i6i)['^-^il"", where ~a, = xt-^\ h = yt^' 

2j = c^^ zl ' , 1= 1,. . .m, 

is a solution of 5 = 1 satisfying the small cancellation condition (1/A) with respect to VVr- Moreover, we will 
show that one can choose the solution f3i such that f3 satisfies the small cancellation condition with respect to 
Wr,L. 

The solution /3i is in general position, therefore the neighboring items in the sequence 

Ci\---,c^,[ai,6i],...,[a„,6„] 

do not commute. We have [c^%c^+Y] ^■ 

There is a homomorphism dp-^ : Fs ~> F — F{U, T) into the group F obtained from F by a series of exten- 
sions of centralizers, such that [3 = 9p-^ipp, where ipp : F —i- F. This homomorphism 9p-^ is a monomorphism 
on F * F{zi, . . . ,z„i) (this follows from the proof of Theorem 4 in [201, where the same sequence of extensions 
of centralizers is constructed). 

The set of solutions for different tuples p and numbers mi,ni,ki, qj is a discriminating family for F. We 
just have to show that the small cancellation condition for (3 is equivalent to a finite number of inequalities in 
the group F. 

We have zf = cf zf'"'^^ such that (3i{zi) = e^, and p = {pi, . . . ,Pm) is a large tuple. Denote Aj ~ Aj^ , j ~ 
1, . . . , TO. Then it follows from Lemma El that 

zf = cf +ie,^fr/c:;Y Af -\ where i^2,...,m-l 
where 

^ = cl^cl\ A2 = ^(pi) = A-^'cl'Al'cl^..., A, = A-:^r"<^^i<^l^ i = 2,...,m-l, Ara = 

T-P™-l e™ TP™-1 -1 
^m-l "1 • 

One can choose p such that [A^, ^i+i] ^ 1, [Ai_i,c^^Y] 1, i-^i-i^'^T] ^ ^ ^^'^ [Am, 7^ 1, because 

their pre-images do not commute in F. We need the second and third inequality here to make sure that Ai 
does not end with a power of Ai_i. Alternatively, one can prove by induction on i that p can be chosen to 
satisfy these inequalities. 

Then c^' and c^^Y have small cancellation, and has small cancellation with xf^, yf^- 
Let 
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for some positive integers mi,ni,ki, Sj which vahies we will specify in a due course. Let uv G Wr- There 
are several cases to consider. 

1) uv = XiXi. Then 

Observe that the cancellation between (b^^ai) and (fo"'ai) is not more then \ai\. Hence the cancellation in 
u^v^ is not more then |[ai,6i]™*| + \ai\. We chose rii >> nii such that 

|[a„6,]"-| + |a,| < (l/AjKfora^)'"""'!"'! 

which is obviously possible. Similar arguments prove the cases uv = XiHi and uv = ytXi. 

2) In all other cases the cancellation in u^v^ does not exceed the cancellation between [0^,6^]™' and 
[a-i+i, hence by Lemma it is not greater than |[ai,6i]| + [[a^+i, fei+iJI. 

Let u = z^,v = Cj_-["\ The cancellation is the same as between and A^]^^^^ and, therefore, small. 

Since Ci is cyclically reduced, there is no cancellation between Ci and zf . 
The first statement of the lemma is proved. 

We now will prove the second statement of the lemma. We have to show that if it = c^^ or u ~ xj^ and 
V = Ci ^ then the cancellation between u^ and is less than {\ / \)min{\u\, We can choose the initial 
solution ei, . . . ,em,ai,6i, . . . ,a„,6„ so that [cl^c^^c^ ■ ■ -cf] 7^ 1 ( « > 3), [c^^C2^ [0^,6^]] 7^ 1, = 2, . . . , n) 
and [c^^C2^ 6j"^aj"^6i] 7^ 1. Indeed, the equations [c^^C2^ Cg^ . . . cf ] = 1, [cl^ c^^ ,[xi,yi\\ = 1, (i = 2,...,n) 
and [c\^ ,y^^Xi^yi\ — 1 arc not consequences of the equation S ~ 1, and, therefore, there is a solution of 
S{X) = 1 which docs not satisfy any of these equations. 

To show that u = c^^ and w = Cj^^ , have small cancellation, we have to show that p can be chosen so that 
[^1, Ai] 7^ 1 (which is obvious, because the pre-images in G do not commute), and that does not begin 
with a power of Ai. The period A~^ has form {c^_^l'^^ . . . c^^^ A~[^^ . . .). It begins with a power of A\ if and 
only if [^1,03'* . . . c^'] = 1, but this equality does not hold. 

Similarly one can show, that the cancellation between u = x^ and v — is small. □ 
Lemma 68. Let S{X) = 1 be a standard regular orientable quadratic equation of the type H81|l 

rn 
i=l 

where all Ci are cyclically reduced, and 

f3i : Zi ^ ei 

a solution of S ~ I in F in general position. Then for any A S N there is a positive integer s and a tuple 
p = {pi, . . -Pk) such that the map (3 : F[X] —> F defined by 

is a solution of S = \ satisfying the small cancellation condition (1/A) with respect to Wr.L with one exception 
when u = d and v ~ c^!lV^ case d cancels out in v^ ). Notice, however, that such word uv occurs only 

in the product wuv with w = c^^ j which case cancellation between and dv^ is less than min{|w^|, jdw'^l}. 
Moreover, for any word w S VVr.L that does not contain elementary squares, the word does not contain a 
cyclically reduced part of Af^^ for any elementary period Ai . 

Proof. Solution 13 is chosen the same way as in the previous lemma (except for the multiplication by c?*) 
on the elements Zi, i ^ m. Wc do not take s very large, we just need it to avoid cancellation between z!^ and 

z'^ iz" 

d. Therefore the cancellation between c,-' and c^j^]^^ is small for i < m—1. Similarly, for u = , v ~ d, w = 
c„i^i~^ , we can make the cancellation between u^ and dw^ less than mm{|u''|, jdui^l}. □ 

Lemma 69. Let U,V € Wr,L such that UV = UoV and UV € Wr,L- 

1. Let 71 7^ 0. If u is the last letter of U and v is the first letter ofV then cancellation between U^ and V^ 
is equal to the cancellation between u^ and v^ . 
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2. Let 71 = 0. If U1U2 are the last two letters ofU and vi,V2 are the first two letters ofV then cancellation 
between U^^ and is equal to the cancellation between {uiU2)^ and {viV2)^ ■ 

Since /3 has the small cancellation property with respect to Wr.L, this implies that the cancellation in 
l/PyP is equal to the cancellation in u^v^ , which is equal to some element in C^. This proves the lemma. □ 
Let w e Wr.L, 0j = (l)j,p, W = w"^^ , and A = Aj. 

W ^ Bio A'J^ o . ..oBkoA"^" o Bk+i (94) 

the canonical A^-large A-representation of W for some positive integer N . 
Since the occurrences A''^ above are stable we have 

Bi=Bio Bi = A'3'<i'-^) oBiO (2 < i < k), Bk+i = A'a"^'^'''> o Bk+i. 

Denote A'^ = c^^A'c, where A' is cyclically reduced, and c € Cp. Then 

= B^c-\A'y3''^'}'^c, Sf = c-i(yl')''»"(«-^'cBfc-i(A')''»"(«-)c, B^^^ = c-\A'ys^'-'^>'^cB^^^. 

By Lemma 1^ we can assume that the cancellation in the words above is small, i.e., it does not exceed a fixed 
number a which is the maximum length of words from Cp. To get an iV-large canonical A'-decomposition 
of one has to take into account stable occurrences of A'. To this end, put = if ^'"S''^'*' occurs in 
the reduced form of c~^(^')^^"''''' as written (the cancellation docs not touch it), and put Si ~ sgn{qi) 
otherwise. Similarly, put 5i = if A'^^"^'^'^ occurs in the reduced form of (A')'*^"''''^c_Bj'^j^ as written, and put 
6i = sgn{qi) otherwise. 

Now one can rewrite in the following form 

W^^ ^Eio {A'Y^-''-^^ 0E20 (A')"^'--''--^'' 0...0 (A')""-'"-^" o Ek+i, (95) 

where E, = (sf c-i(A')^0, ^2 = iiA')'^cB^c-\Ar^-), E,+, = {{A'f-cBl^^). 

Observe, that di and ei,&i can be effectively computed from W and (3. It follows that one can effectively 
rewrite in the form H95|) and the form is unique. 

The decomposition (|95|) of induces the corresponding yl*-decomposition of W . This can be shown by 
an argument similar to the one in Lemmas 1631 and 1641 where it has been proven that A*_^_j^- decomposition 
induces the corresponding Ar-decomposition. To see that the argument works we need the last statement in 
Lemmas 1671 (n > 0) and 1681 (n = 0) which ensure that the "illegal" elementary squares do not occur because 
of the choice of the solution /3. 

If the canonical A^-large A*-decomposition of W has the form: 

Di{A*rD2...Dk{A*y'Dk+i 

then the induced one has the form: 

W = {DiA*'')A*'''-''-^' {A*^' D2A*''^) . . . {A*'^"-' DkA*'"')A*'"'-^''''^'' {A*'^" Dk+i). (96) 
We call this decomposition the induced A* -decomposition of W with respect to f3 and write it in the form: 

W = Dl{A*y'^D* . . .Dl{A*y'^Dl^^, (97) 

where D* = (A*)^'^^ Di{A*Y\ q* = qi — Si — Si, and, for imiformity. Si = and Ek+i = 0. 

Lemma 70. For given positive integers j , N and a real number e > there is a constant C = C{j, e, N) > 
such that if pt+i — pt > C for every i = 1, . . . , j — 1, and a word W £ Wr,L has a canonical N -large A* - 
decomposition Ji^7| ), then this decomposition satisfies the following conditions: 

{Dlf ^Eiog{cR('), {D*f ^iR-^c-')oeE,og{cR^), {Dl^.f ^ {R-^cr') og E^+u (98) 

where 9 < e\A'\. Moreover, this constant C can be found effectively. 
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Proof. Applying homomorphism (3 to the reduced ^*-deconiposition of W H97|) we can see that 

W^' = {{DlfR^c) [J^f {cRPiDlfR-f'c-^) [J^f . . . {cR^[DlfR-Pc-^) (^')'^ {cRf'iDl+^f) 

Observe that this decomposition has the same powers of A' as the canonical A^-large A'-decomposition (|95ll . 
From the uniqueness of such decompositions we deduce that 

El = [Dlfc-^R-P, = cRP{D:fR-Pc-\ Ek+i = cR^{Dl^i)^ 

Put 6* = |c| + l^'^l- Rewriting the equalities above one can get 

{Dlf = El oe (cR^), [Dlf = {R-^c-') og E, oe {cR^), [Dl+if = {R-^cr') og Eu+i. 

Indeed, in the decomposition (|95|l every occurrence (A')'*"^*"''' is stable hence Ei starts (ends) on A' . The rank 
of R is at most rank{A) — K + 2, and /3 has small cancellation. Taking p^+i >> pi wc obtain £\A'\ > \c\ + \R^\- 
□ 

Notice, that one can effectively write down the induced yl*-dccomposition of W with respect to /?. 
We summarize the discussion above in the following statement. 

Lemma 71. For given positive integers j, N there is a constant C = C{j,N) such that if pt+i — pt > C , 
for every i = 1, . . . , j — 1, then for any W 6 Wr,L the following conditions are equivalent: 

1. Decomposition H94|l is the canonical (the canonical N-large) A- decomposition of W , 

2. Decomposition H95|) is the canonical (the canonical N-large) A' -decomposition ofW^, 

3. Decomposition H9t)|) is the canonical (the canonical N-large) A* -decomposition of W. 

7.4 Implicit Function Theorem for Quadratic Equations 

In this section we prove Theorem |51 for orientable quadratic equations over a free group F = F{A). Namely, 
we prove the following statement. 

Let S{X, A) ~ 1 be a regular standard orientable quadratic equation over F. Then every equation T{X, Y, A) ~ 
1 compatible with S{X, A) = I admits an effective complete S-lift. 

A special discriminating set of solutions C and the corresponding cut equation H. 

Below we continue to use notations from the previous sections. Fix a solution (3 of S{X^A) = 1 which 
satisfies the cancellation condition (1/A) (with A > 10) with respect to VVr. 
Put 

a ~ a I 13 ~ 

Recall that 

wherej S N, Fj = (71, 7j) is the initial subsequence of length j of the sequence F(°°\ and p = {pi,...,pj) £ 
N-' . Denote by tpj^p the following solution of S{X) = 1: 

Sometimes we omit p in 4>j,p,'il'j,p 8'iid simply write (pj^ipj. 
Below we continue to use notation: 

A = Aj, A* = A* = A*{(j)j) = o Aj o Rj, d = dj ^ \Rj\. 

Recall that Rj has rank < j ~ K -\- 2 fLemma l59|) . By A' we denote the cyclically reduced form of A^ (hence 
of (A*)^). Recall that the set Cp was defined right after Definition 1361 
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Let 

For an arbitrary subset £ of $ denote 

C^^{^p\<f>e C}. 

Speeifying step by step various subsets of $ we will eventually ensure a very particular choice of a set of 
solutions of S{X) = 1 in F. 

Let K = K{m, n) and J G N, J > 3, a sufficiently large positive integer which will be specified precisely in 
due course. Put L = JK and define Vi = N^, 

Cl - {<l}L,p\p^Vi]. 

By TheorcmllOlthe set Ci^ is a discriminating set of solutions of S{X) — 1 in F. In fact, one can replace the 
set Vi in the definition of Ci by any unbounded subset V2 C Pi, so that the new set is still discriminating. 
Now wc construct by induction a very particular unbounded subset V2 Q N^. Let a £ N be a natural number 
and /i : N X N — > N a function. Define a tuple 

where 

Similarly, if a tuple p''' = {pi \ ■ ■ ■ ip'^l') is defined then put = {p[^^^\ . . . ,p^l'^'^^), where 

= + hi^ + 1, 0), = pf'^ + h{^ + 

This defines by induction an infinite set 

■Pa,h = {p**^ I ^ e N} C 

such that any infinite subset of Va,h is also unbounded. 

From now on fix a recursive monotonically increasing with respect to both variables function h (which will 
be specified in due course) and put 

■P2=Pa,h, C2^{^L,p\peV2}. 

Proposition 6. Let r > 2 and K{r + 2) < L then there exists a number ao such that if a > qq and the 

function h satisfies the condition 

h{i + l,j)> h{t,j) for anyj=Kr + l,...,K{r + 2), 1 = 1,2,...; (99) 

then for any infinite subset V ^V2 the set of solutions 

Cv^ = {<Pl,pP \peV} 

is a discriminating set of solutions of S{X,A) = 1. 

Proof. The result follows from Corollary El □ 
Let ip G £2- Denote by the solution X"^ of the equation S{X) = 1 in F. Since T{X,Y) 1 is 

compatible with S{X) = 1 in F the equation T{U^, y) = 1 (in variables Y) has a solution in F, say Y = V^. 

Set 

A = {([/^,Ka) I^G^}. 
It follows that every pair {U^, I/0) S A gives a solution of the system 

R{X,Y) = {S{X) = 1 A T{X,Y) = 1). 

By Theorem |S1 there exists a finite set CE{R) of cut equations which describes all solutions of R{X,Y) = 1 
in F, therefore there exists a cut equation lic^.K G CE{R) and an infinite subset C3 C C2 such that n£3_A 
describes all solutions of the type {U^f,, V^), where ip ^ C3. We state the precise formulation of this result in 
the following proposition which, as we have mentioned already, follows from Theorem |H1 
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Proposition 7. Let £2 o,nd A he as above. Then there exists an infinite subset V3 C P2 md the corre- 
sponding set C3 = {4>L,p I P G Vz] C L2, a cut equation Hc3,h = fx, fn) € CE{R), and a tuple of words 
Q{M) such that the following conditions hold: 

1) CX±i; 

2) for every ij) G there exists a tuple of words — P^{M) and a solution : M ^ F of Ylc^.K with 
respect to ip : F[X] — > F such that: 

• the solution = of S{X) = 1 can be presented as = Q{M"'f') and the word Q{M°''f') is 
reduced as written, 

3) there exists a tuple of words P such that for any solution (any group solution) (/?, a) o/II^g.A the pair 
{U,V), where U = Q{M") and V = P{M°'), is a solution of R{X,Y) = 1 inF. 

Put 

By Proposition the set is a discriminating set of solutions of S{X) = 1 in F. 
The initial cut equation H^. 

Now fix a tuple p G V and the automorphism </) = (t>L,p G ^- Recall, that for every j < L the automorphism 

(f>j is defined by (f>j =T j , where pj is the initial subsequence of p of length j. Sometimes we use notation 

ip = <l)/3, i'j = (j>.j(3. 

Starting with the cut equation ll^ we construct a cut equation = f<p,x, fm) which is obtained 
from by replacing the function fx '■ £ ^ ^[^] by a new function f^^x ■ £ — > where f^^x is the 

composition of fx and the automorphism (j). In other words, if an interval e G £ in has a label x G X^^ 
then its label in is x'^. 

Notice, that !!£ and ll^ satisfy the following conditions: 

a) af'^'f'^ = cr/*.^'3 for every ct G 

b) the solution of n£ with respect to 4>j3 is also a solution of with respect to /3; 

c) any solution (any group solution) of 110 with respect to /3 is a solution (a group solution) of with 
respect to 4>f3. 

The cut equation II^ has a very particular type. To deal with such cut equations we need the following 
definitions. 

Definition 37. Let li = {£, fx , f^i) be a cut equation. Then the number 

length(n) = max{\fMicr)\ \ a £ £} 
is called the length ofH. We denote it by length{Il) or simply by Nn. 

Notice, by construction, length{Il^) ~ length(Il^i) for every (f),(j)' G C. Denote 

Nc = length{U4,). 

Definition 38. A cut equation IT = {£, fx, fAi) is called a T-cut equation in rank j (rankijl) ~ j) and 
size I if it satisfies the following conditions: 

1) let Wa = fx{cr) for a € £ and N = {I + 2)Nu. Then for every a € £ £ Wr.L and one of the 
following conditions holds: 
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1.1) Wa has N-large rank j and its canonical N-largc Aj -decomposition has size {N,2) i.e., Wa has the 
canonical N-large A j -decomposition 

Wa^Bio Af o...Bko Af o Bk+i , (100) 

with maXj{Bi) < 2 and qi > N; 

1.2) Wa has rank j and maxj{Wa) < 2; 

1.3) Wa has rank < j. 

Moreover, there exists at least one interval a € £ satisfying the condition 1.1). 

2) there exists a solution a : F[M] F of the cut equation 11 with respect to the homomorphism (3 : 
F[X] F. 

Lemma 72. Let I > 3. The cut equation is a T-cut equation in rank L and .size I, provided 

PL>{1 + 2)Nn^ + 3. 

Proof. By construction the labels of intervals from are precisely the words of the type a;"^^ and every 
such word appears as a label. Observe, that rank{xf'^) < L for every i,l < i < n (Lemma 1651 la). Similarly, 
rank{xf^) < L for every i < n and rank{yf^^) = L f Lemma 1651 Ib^. Also, rank{zf^) < L unless n = and 
i = m, in the latter case zf^) = L (Lemma ESI Ic and Id). Now consider the labels and zf^^) (in the case 
n — 0) of rank L. Again, it has been shown in Lemmal^Ll that these labels have iV-large Ai-dccompositions 
of size {N, 2), as required in 1.1) of the definition of a F-cut equation of rank L and size I. 

□ 

Agreement 1 on V. Fix an arbitrary integer I, I > 5. We may assume, choosing the constant a to satisfy 
the condition 

a>{l + 2)Nn^ + 3, 

that all tuples in the set V are [{I + 2)Nn^ + 3]-large. Denote (/ + 2)A^n^. 

Now we introduce one technical restriction on the set V, its real meaning will be clarified later. 

Agreement 2 on V. Let r be an arbitrary fixed positive integer with Kr < L and g be a fixed tuple of 
length Kr which is an initial segment of some tuple from V. The choice of r and q will be clarified later. We 
may assume (suitably choosing the function h) that all tuples from V have q as their initial segment. Indeed, 
it suffices to define h{i, 0) = and h{i,j) ~ h{i + 1, j) for all i G N and j ~ 1, . . . , Kr. 

Agreement 3 on V. Let r be the number from Agreement 2. By Proposition |H1 there exists a number 
Co such that for every infinite subset of V the corresponding set of solutions is a discriminating set. We may 
assume that a > Oq. 

Transformation T* of F-cut equations. 

Now we describe a transformation T* defined on F-cut equations and their solutions, namely, given a F-cut 
equation Ft and its solution a (relative to the fixed map (3 : F[X] F defined above) T* transforms H into a 
new F-cut equation E* = r*(n) and a into a solution a* = T*{a) of T*(n) relative to /3. 

Let n = {£, fx, /m) be a F-cut equation in rank j and size I. The cut equation 

T*(n) = (r,/j^.,/,V) 

is defined as follows. 

Definition of the set £*. 

For CT e f we denote = fx{<^)- Put 

£j.N = {cr e 5 I Wa satisfies 1.1)}. 
Then £ = £j^N U £<j,N where £<j^N is the complement of i?j,jv in £. 
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Now let a £ £j,N- Write the word in its canonical A' decomposition: 

^Eio A"^' oE20---oEkO A"'" o Ek+i (101) 

where > 1, i?i ^ 1 for 2 < i < fc. 
Consider the partition 

= Ail • ■ - Mn 

of (J. By the condition 2) of the definition of F-cut equations for the solution j3 : F[X] F there exists a 
solution a : F[M] ^ F of the cut equation 11 relative to /?. Hence = fiviiM"') and the element 

is reduced as written. It follows that 

W^^Eio A"" oE20---oEkO A""- o Ek+i - ° • • • ° m"- (102) 

We say that a variable is long if occurs in ^if (i.e., /if contains a stable occurrence of A''), 

otherwise it is called short. Observe, that the definition of long (short) variables /t £ M does not depend 
on a choice of cr, it depends only on the given homomorphism a. The graphical equalities Hl()2(l (when a 
runs over Ej^n) allow one to effectively recognize long and short variables in M. Moreover, since for every 
(7 e £ the length of the word /m(o') is bounded by length{U) = Nn and N ^ {I + 2)Nu, every word fM{<^) 
[cr e Ej,N) contains long variables. Denote by Mghort, Miong the sets of short and long variables in M. Thus, 
M = Afshort U Miong is a non-trivial partition of M. 

Now we define the following property P = Piong.i of occurrences of powers of A' in W^: a given stable 
occurrence A'*^ satisfies P if it occurs in /i" for some long variable ji G Miong and q > I. It is easy to see that 
P preserves correct overlappings. Consider the set of stable occurrences Op which are maximal with respect 
to P. As we have mentioned already in Section ITTI occurrences from Op are pair- wise disjoint and this set is 
uniquely defined. Moreover, admits the unique A'-decomposition relative to the set Op: 

W^^Dio {A'f^ oD20---oDkO {A')"^ o Dk+u (103) 

where Di ^ 1 ior i ~ 2, . . . , k. See Figure 13. 
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Figure 13: Decomposition (|l()3|l 
Denote by k{a) the number of nontrivial elements among Z?i, . . . , Dk+i- 

According to Lemma [7T1 the A'-decomposition 11031 gives rise to the unique associated ^-decomposition of 
Wa and hence the unique associated ^*-decomposition of Wa- 

Now with a given a G Sj^n we associate a finite set of new intervals E^ (of the equation r*(n)): 

Ea = {(Si, . . . ,4(<t)} 

and put 

£* = £<j,N U \J E^. 
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Definition of the set M* 

Let /i G Miong and 

/i" = 1*1 o [A'Y^ O lt2 o • • • O lit o (A')'*' o Ut+1 (104) 

be the canonical Harge ^'-decomposition of /j,". Notice that if fji occurs in /j\/(cr) (hence /j," occurs in W^) 
then this decomposition (|l()4|l is precisely the ^'-decomposition of induced on /i" (as a subword of W^) 
from the A'-decomposition (I103|l of relative to Op. 

Denote by t(/Li) the number of non-trivial elements among ui, . . . , Ut+i (clearly, Ui ^ 1 for 2 < i < t). 

We associate with each long variable ^ a sequence of new variables (in the equation T*(n)) S*^ — 
{z/i, . . . , Observe, since the decomposition (|l()4(l of /i" is unique, the set is well-defined (in par- 

ticular, it does not depend on intervals a). 

It is convenient to define here two functions v\cit and I'right on the set Miong- if G J^horig then 

t'lcft(M) = t'right(Ai) = i't(M)- 

Now wc define a new set of variable M* as follows: 

M* = Af,hort U U 5^. 

Definition of the labelUng function /|-. 

Put X* = X. We define the labelling function /|-. : F[X] as follows. 

Let (5 e 5*. If (5 e £<j at, then put 

Let now (5 = (5; G i^o- for some a e ^^j.jv- Then there are three cases to consider. 

a) 5 corresponds to the consecutive occurrences of powers A"''-^ and A"'' in the ^'-decomposition (fTUS|) 
of relative to Op. Here j = i or j i — 1 with respect to whether Di = 1 or _Di ^ 1. 

As we have mentioned before, according to Lemma 1711 the ^'-decomposition ()103|l gives rise to the unique 
associated A*-dccomposition of Wa'- 

= Dl orf {A*Y' orf Z?* o . • • Dl [AY" °d D*k+i- (105) 

Now put 

rM = D* e F[X] 

where j = i if Di = 1 and j = i — 1 if Di 1. See Figure 14. 
The other two cases are treated similarly to case a). 

b) 6 corresponds to the interval from the beginning of a to the first A' power A''^^ in the decomposition 
(ITTTa of W^. Put 

c) S corresponds to the interval from the last occurrence of a power A''^'' of A' in the decomposition H103|l 
of to the end of the interval. Put 

Definition of the function . 

Now wc define the function /* : £* 
Let 6 e £*. If (5 e £<j,n, then put 

(observe that all variables in /a/((5) are short, hence they belong to A/*). 

Let S = Si E Ea- for some tr G Sj.n- Again, there are three cases to consider. 

a) 6 corresponds to the consecutive occurrences of powers A''^' and A'^'"*"^ in the A'-decomposition (|103() of 
relative to Op. Let the stable occurrence A''^" occur in /xf for a long variable fXi, and the stable occurrence 
A''^^^'^ occur in fi" for a long variable Hj. 



F[M*]. 
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Figure 14: Defining f^,. 



Observe that 

Ds = right{p,i) o fi"_^^ o • • • o o left{p.j), 

for some elements right{fii),left{^j) G i^. 
Now put 

See Figure 15. 
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Figure 15: Defining /X/-, case a) 
The other two cases are treated similarly to case a). 

b) 6 corresponds to the interval from the beginning of a to the first A' power A'"^^ in the decomposition 
(ITTTHll of W^. Put 

c) S corresponds to the interval from the last occurrence of a power A"*" of A' in the decomposition H103() 
of W!^ to the end of the interval. 
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Denote U* = {S* , f*^, J*^,). 

Now we apply an auxiliary transformation T' to the cut equation 11* as follows. The resulting cut equation 
will be 

with the same sets X* and M*, and where /a'*,/a/' are defined as follows. The transformation T' can be 
applied only in the following two situations. 

1) Suppose there are two intervals a, 7 G £* such that 

(<t) = M e M*^\ (7) = " ° M e f[m*], 

for some u G F[M*] and /^.(cr) = {A*f, .fx4l) =wo {A*)''. Then put 

fx'{l) = w, fM'{'y)=u, 

/y.(<5)-/^(5), /a/.(<5) = /,V(<5) (<5^7)- 

2) Suppose there are two intervals a, 7 G £* such that 

(a) = M e A/*±\ (7) = o ^ G F[M*], 

and /^.(7) = o f:^,{a). Then put 

/x.(7)-(A*f, fM'h)^^, 

fx'{S)=rx4S), /m.(<5) = /,V(<S) (<5#7)- 

We apply the transformation T' consecutively to 11* until it is applicable. Notice, since T' decreases the 
length of the element fl^, (7) it can only be applied a finite number of times, say s, so {T')^{U*) = (r')*+^(n*). 
Observe also, that the resulting cut equation (T')^(n*) does not depend on a particular sequence of applications 
of the transformation T' to U* . This implies that the cut equation r*(n) = (T')^(n*) is well-defined. 

Claim 1. The homomorphism a* : F[M*] —^ F defined as (in the notations above): 

a*[vi,right) = R^'^c^^right{^i) {vi G 5*^ for /i G Miong) 
o*{vijeft) = left{^j,i)cR'^ 
is a solution of the cut equation r*(n) with respect to (3 : F[X] — > F . 

Proof. The statement follows directly from the construction. □ 

Agreement 4 on the set V: we assume (by choosing the function h properly, i.e., h{i,j) > C{L, N + 3), 
see Lemma [7n|) that every tuple p G P satisfies the conditions of Lemma [701 so Claim^holds for every p G P. 

Definition 39. Let w G Wr,L- Let 1 < i < K . A cut of rank i of w is a decomposition w ~ u o v where 
either u ends with Af^ or v begins with Af^. In this event we say that u and v are obtained by a cut (in rank 
i ) from w. 

Definition 40. Given a 3-large tuple p G N^, for any < j < L we define by induction (on L — j ) a set 
0/ patterns of rank j which are certain words in F{X U C); 

(1) Patterns of rank L are precisely the letters from the alphabet X^^. 

(2) Now suppose j ~ Ks + r, where < r < K and Ks < L. We represent p as 

p = p'qp" where \p'\ Ks, \q\ = K, \p"\ = L- Ks - K. (106) 

Then a pattern of rank j is either a word of the form u'^^-t where u is a pattern of rank Ks + K , or a 
subword of u'^"^-'' formed by one or two cuts of ranks > r (see Definition\^^ . 
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Remark 8. w G Wt.l for any pattern w of any rank j < L. 

Claim 2. Let <f)L = 4>L.p, where p e such that pt > {I + 2)iVn + 3 for t = 1, . . . , L, and I > 3. Denote 

1) For i < L the cut equation Il^-j = {T*y {11^) is well defined and it is a T-cut equation of rank < L — j 
and size I. In particular, the sequence '^L.p of T-cut equations 

^L,p ■■ TIl ^ n^.i ...^Tl,^ ... (107) 

is well defined. 

2) Let j — Ks + r, where < r < K , L = K{s + i), and p' he from the representation (|l()6(l . Denote 
4>Ks — 4>Ks.p' ■ Then the following are true: 

(a) for any interval a of Hj there is a pattern w of rank j such that fx{<^) = w'^'^' ; 

(b) j = Ks (r = 0) then for every interval a of the cut equation Ilj the pattern w, where fx{<^) = w'^^" , 
does not contain N -large powers of elementary periods. 

Proof. Let j — Ks -\-r,0<r<K,L~ K{s + i). Wc prove the claim by induction on i and m = K — r 
for j > 0. 

Case i = 0. In this case j = L, so the labels of the intervals of IIl arc of the form x'^'^ , x E X. and the 
claim is obvious. 

Case i — 1. Wc use induction on m = 1, . . . , A' — 1 to prove that for every interval a from the cut equation 

iiL-m — T j X T J M ) 

the label /j/^ ""'(c) is of the form u'^^-k for some pattern u S Sub{X'^'^). 

Let m ~ 1. In this case j = L — 1. For every x € X^^ one can represent the element x'^^ as a product of 
elements of the type y'^'^-'^ , y e X^^ (so the element x'^'^ is a word in the alphabet X'^^^'^). Indeed, 

x't'^ = {x'^'^f^-'^ = w*^-^, 

where w ~ x'^'^ is a word in X . By Lemma 1641 there is a precise correspondence between stable A*^- 
decompositions of 

and stable AA'-decompositions of w 

w^Dio Ak"' oD2...DkoA'i^o Dk+i. 

By construction, application of the transformation T* to 11^ removes powers A*j^^ = A^^^^"^ which are 
subwords of the word w*^-^ written in the alphabet X'^^-'^ . By construction the words Dt^^'^ are the labels 
of the new intervals of the equation n^-i. Notice, that Dg are subwords of w = a;*^^ which obtained from w 
by one or two cuts in rank L. Hence Dg are patterns in rank L — 1, as required in 2a). 

Now we show that n^-i is a F-cut equation in rank < L— 1 and size I. By 2a) and Rcmark|Sl/x(o') G VVr.L 
for every interval a e H^-i. Thus the initial part of the first condition from the definition of F-cut equations 
is satisfied. To show 1) it suffices to show that 1.1) in rank L docs not hold for n^-i. Let 5 G By the 

construction (A')'"*"^ docs not occur in fi" for any € M^~^. Therefore the maximal power of A' that can 
occur in /a/(<5)" is bounded from above by (/ + 1)|/m(i5)| which is less then (l + 2)length(nL-i). Hence there 
arc no intervals in Hl-i which satisfy the condition 1.1 from the definition of F-cut equations. It follows that 
the rank of Hl-i is at most L — 1, as required. Let t be the rank of H^-i. For an interval 6 € Hl-i if the 
conditions 1.1) and 1.3) for fx{5) and the rank t are not satisfied, then the condition 1.2) is satisfied. Indeed, 
it is obvious from the definition of patterns that either fx{5) has a non-trivial iV-large decomposition in rank 
t or maxt(/x(<^)) < 2. Finally, it has been shown in Claim 1 that r*(H) has a solution a* relative to (3. This 
proves the condition 2) in the definition of the F-cut equation. Hence Hi_i is a F-cut equation of rank at 
t < J — 1 and size /. 
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Suppose now by induction on in that for an interval tr of the cut equation Ilj (for m = L—j) fj^ (a) 



for some u S Suh{X^'^'^). Then either a does not change under T* or fx i'^) has a stable (/ + 2)-large Aj*- 
decomposition in rank j = r + {L — K) associated with long variables in fj^j {a): 

and (7 is an interval in Ilj. By Lemma IMI in this case there is a stable ^^-decomposition of u: 

u = Di o A'}.' o D2 . . . Dk o Al." o Dk+i. 

The application of the transformation T* to Hj removes powers A*"^' = A'"'^^"^ (since Aj* ~ Af^^'^) which 

are subwords of the word u'^'^^^ written in the alphabet X'^'^-^ . By construction the words Z)s^~^ are the 
labels of the new intervals of the equation Ilj-i, so they have the required form. This proves statement 2a) 
for m + 1. Statement 1) now follows from 2a) (the argument is the same as in rank L — 1). By induction 
the Claim holds for m = K, so the label of an interval a in TIl-k is of the form w"^^-^', for some 

pattern u, where u £ Sub{X^'>"<). Notice that Sub{X^'l"') C Wtx which proves statement 2) (and, therefore, 
statement 1) of the Claim for i 1. 

Suppose, by induction, that labels of intervals in the cut equation n^-Ki have form ■uj'^^''^\ w is a pattern 
in VVr,L. We can rewrite each label in the form i}<^i-if(i+i) ^ where v = w'^'^ G VVr,L- Similarly to case i = 1 we 
can construct the T*-sequence 

where each application of the transformation T* removes subwords in the alphabet 

X't'L-K{i+i) ^ The argument above shows that the labels of the new intervals in all cut equations , ■ ■ ■ , TlL-K{i+i) 

arc of the required form ^ for patterns v where v G Wr,L- Following the proof it is easy to sec that 

in labels of intervals in IlL-K(i+i) the word v docs not contain A^-large powers of e'^^-^<^'»+i) for an elementary 
period e. 

□ 

Claim 3. Let V C he an infinite set of L-tuples and for p G V let 

Ei,p : n^f) ^ ^ . . . ^ nf ^ . . . 

he the sequence of cut equations Ilf^ = (f^'P, /^p, /|/). Suppose that for a given j > 2K the following 

T'-uniforniity property U{'P,i) (consisting of three conditions) holds: 

(1) S^'P ~ f^'* for every p,q GV, we denote this set by £^ ; 
(^) fhi = Im /o'' ewe?"?/ P, g G V; 

(3) for any a G there exists a pattern Wa- of rank j such that for any p G V fx^{f^) = wt'^''''' where p' is 
the initial segment of p of length Kl, where j = Kl + r and < r < K . 

Then there exists an infinite subset V' ofV such that the V' -uniformity condition U{'P' ,j — 1) holds for j — 1. 
Proof. Follows from the construction. 

□ 

Agreement 5 on the set V: we assume, in addition to all the agreements above, that for the set V the 
uniformity condition U{V,j) holds for every j > 2K. Indeed, by Claim |21 we can adjust V consecutively for 
each j > 2K. 

Claim 4. Let 11 = {£, fx, /m) be a T-cut equation in rank J > 1 from the sequence jlOT)) . Then for every 
variable /x G M there exists a word A4^{MT(n)i X'^^^^ , F) such that the following equality holds in the group 
F 

Moreover, there exists an infinite subset P' (- P such that the words Mfj_{AlT(u)T ^) depend only on exponents 
si, . . . , St of the canonical l-large decomposition il04\) of the words /i". 
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Proof. The claim follows from the construction. Indeed, in constructing T*(n) we cut out leading periods 
of the type {A'^y from (see (|104() '). It follows that to get /i" back from M^f^^i) one needs to put the 
exponents (^j)* back. Notice, that 

Therefore, 

Recall that A'j is the cyclic reduced form of Aj, so 

(A'^y =uA{-fj)'l'^-^f^v 

for some constants u,v ^ Cp 'Z F. To see existence of the subset P' C P observe that the length of the words 
fAiicr) does not depend on p, so there are only finitely many ways to cut out the leading periods (^j)" from 
fi"'. This proves the claim. □ 

Agreement 6 on the set V: we assume (replacing P with a suitable infinite subset) that every tuple 
p ^ P satisfies the conditions of Claim 0] Thus, for every 11 = 11^ from the sequence (|lU7f) with a solution a 
(relative to (3) the solution a* satisfies the conclusion of Claim 0J 

Definition 41. We define a new transformation T which is a modified version ofT*. Namely, T transforms 
cut equations and their solutions a precisely as the transformation T* , but it also transforms the set of tuples 
V producing an infinite subset P* C P which satisfies the Agreements 1-6. 

Now we define a sequence 

Hl ^ Ul-i ^ . . . ^ Hi (108) 

of A^-large F-cut equations, where 11^ = 11^, and Hi-i — T{Ili). From now on we fix the sequence H108() and 
refer to it as the T-sequence. 

Definition 42. Let 11 = {£, fx, fAi) be a cut equation. For a positive integer n by fc„(n) we denote the 
number of intervals a £ £ such that |/A/(cr)| ~ n. The following finite sequence of integers 



Comp{U) = (fc2(n),fc3(n),...,A: 

lengthen) 

is called the complexity of 11. 

We well-order complexities of cut equations in the (right) shortlex order: if 11 and 11' arc two cut equations 
then Cojnp(n) < Comp{Il') if and only if lengthen) < length{W) or length{Jl) — length{n') and there exists 
1 < i < length(n) such that fcj(n) = kj(Jl') for all j > i but h(n) < h(n'). 

Observe that intervals a €z £ with |/A/(cr)| = 1 have no input into the complexity of a cut equation 
n = {£, fx, fAi). In particular, equations with |/M(f)| = 1 for every a £ £ have the minimal possible 
complexity among equations of a given length. We will write Comp{lV) = in the case when ki(lV) = for 
every i = 2, . . . , lengthili) . 

Claim 5. Let 11 = {£, fx, fAi)- Then the following holds: 

1. length{T{n)) < length{U); 

2. Comp{T{Uy < CompiU); 

Proof. By straightforward verification. Indeed, if cr G £^j then fM{a') = /^^, (cr). If cr G £j and (5,; G E„ 
then 

III* {^i) = + l ■ • • Mi*i+r(i)' 

where [i,i^p,i^j^\ . . . is a subword of /ii . . . /i„ and hence \ f\i, < |/m(o')|, as required. □ 

We need a few definitions related to the sequence H1U8|) . Denote by Mj the set of variables in the equation 
IIj. Variables from 11^ are called initial variables. A variable \i from is called essential if it occurs in 
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some fM (t) with |/m (c)] > 2, such occurrence of fi is called essential. By 71^ j- we denote the total number 
of all essential occurrences of fi in Ilj. Then 

i=2 fieMj 

is the total number of all essential occurrences of variables from Alj in Ilj . 
Claim 6. If 1 < j < L then S{Uj) < 25(0^). 

Proof. Recall, that every variable fj, in Mj either belongs to Afj+i or it is replaced in M^+i by the set S*^ 
of new variables (see definition of the function f^, above). We refer to variables from 5^ as to children of ji. 
A given occurrence of /x in some fMj+i (c), cr S ^j+ii is called a side occurrence if it is either the first variable 
or the last variable (or both) in /m +1 ("■)• Now we formulate several properties of variables from the sequence 
(|108|l which come directly from the construction. Let ^ G Mj. Then the following conditions hold: 

1. every child of fi occurs only as a side variable in Ilj+i; 

2. every side variable ^ has at most one essential child, say /i*. Moreover, in this event n^* j+i < n^jj-; 

3. every initial variable fi has at most two essential children, say fiieft and fright- Moreover, in this case 

Now the claim follows from the properties listed above. Indeed, every initial variable from Ilj doubles, at 
most, the number of essential occurrences of its children in the next equation Ilj+i, but all other variables 
(not the initial ones) do not increase this number. □ 

Denote by widthijl) the width of 11 which is defined as 

widthijl) — maxfci(n). 

i 

Claim 7. For every l<j<L width{Ilj) < 25(0^) 
Proof. It follows directly from Claim |H| □ 

Denote by k{II) the number of all (length(n) — l)-tuplcs of non-negative integers which arc bounded by 
2S(IIl). 

Claim 8. Comp{nL) CompiUc). 

Proof. The complexity CoTOp(ni) depends only on the function /m in 11^. Recall that Hl = is 
obtained from the cut equation II^ by changing only the labelling function fx, so 11^ and 11/, have the same 
functions /m, hence the same complexities. □ 

We say that a sequence 

T T 

has 3K -stabilization at A'(r + 2) , where 2 < r < L/K, if 

Comp{IlK {r+2)) = ... = Comp{IlK{r-l))- 

In this event we denote 

Ko = K{r + 2), Kj^K{r + l), = Kr, K^^Kir-l). 

For the cut equation IIa'i by Afveryshort we denote the subset of variables from AI(nK^) which occur unchanged 
in TIK2 and are short in 11x2 • 

Claim 9. For a given T-cut equation 11 and a positive integer ra > 2 if L > Kro + k{IV)AK then for some 
r > ro either the sequence J^lOf^) has -stabilization at Kir + 2) or C ompiJiK (r+i)) — 0. 
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Proof. Indeed, the claim follows by the "pigeon hole" principle from Claims |31 and [7| and the fact that there 
are not more than k(II) distinct complexities which are less or equal to Comp{lV). □ 

Now we define a special set of solutions of the equation S{X) = 1. Let L = 4A' + K(n)AK, p be a fixed 
A^-large tuple from pj^-^x^ ^ -^^ arbitrary fixed A'^-large tuple from N^^, and p* be an arbitrary iV-large 
tuple from N^^. In fact, we need iV-largeness of p* and q only to formally satisfy the conditions of the claims 
above. Put 

Bp.q,f3 = {4'L-iK,p4'2K,p'4'2K,qfi \ P* G N^^}. 

It follows from Theorem 1101 that Bp,q^p is a discriminating family of solutions of S{X) = 1. Denote 
/3g = 4'2K,q ° P- Then (Sq is a solution of >S'(^) = 1 in general position and 

Bq,p = {(p2K,p'l3q\p* ^n"""} 

is also a discriminating family by Theorem 1101 
Let 

B = {i->Kt = <pK{r-2),p'4>2K,p'(f>2K,qP \ P* & N^^}, 

where p' is a beginning of p. 

Proposition 8. Let L = 2K + k{IV)AK and (p^ S 13p_qjj. Suppose the sequence 

T T 

of cut equations ()108|l has 3K -stabilization at Kir + 2), r > 2. Then the set of variables M of the cut equation 
^K{r+i) can be partitioned into three disjoint subsets 

for which the following holds: 

1. there exists a finite system of equations A(Afvcryshort) = 1 over F which has a solution in F ; 

2. for every p £ Museiess there exists a word £ U A/free U Afveiyshort] which does not depend on tuples 
p* and q; 

3. for every solution S € B, for every map at^cc '■ Affioo — > F, and every solution as '■ -F'[Mveryshort] F of 
the system A(Afvcryshort) = 1 the map a : F[M] — > F defined by 

fJ'"" *//^ S Afvoryshort; 

is a group solution of IlK{r+i) with respect to (3. 

Proof. Below we describe (in a series of claims I10I21|I some properties of partitions of intervals of cut 
equations from the sequence pU8|) : 



T T T 



Fix an arbitrary integer s such that Ki > s > K2. 

Claim 10. Let /a/(o') = /ii . . . /ifc be a partition of an interval a of rank s in Ilg. Then: 
L the variables /i2, . . . cifc very short; 

2. either fii or p^, or both, are long variables. 

Proof. Indeed, if any of the variables fi2, ■ ■ ■ iMfe-i is long then the interval a of 11^ is replaced in T{Ils) 
by a set of intervals Fa- such that < |/a/(c)| for every 5 £ F^. This implies that complexity of Tilig) 

is smaller than of fl^ - contradiction. On the other hand, since cr is a partition of rank s some variables must 
be long - hence the result. □ 

Let fkiio-) = /^i ■ • ■ Mfc be a partition of an interval tr of rank s in 11^. Then the variables /xi and are 
called side variables. 
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Claim 11. Let fM{a) = iii . . . ^l^ he a partition of an interval a of rank s in Us- Then this partition will 
induce a partition of the form ■ ■ ■ Mfc-iMfc of some interval in rank s — I in Tls-i such that if /xi is short 
in rank s then ^[ = Mi; */ Mi long in Ilg then ii[ is a new variable which does not appear in the previous 
ranks. Similar conditions hold for /i^. 

Proof. Indeed, this follows from the construction of the transformation T. □ 

Claim 12. Let a\ and gi he two intervals of ranks s in Hg such that fxi'^i) ~ fx{<^2) o,nd 

/Af(o-l) = Ml'^2 ■ ■ • J^fe, /a/(ct2) = Ml'^2 ■■■Xi- 

Then for any solution a of Us one has 

a _ -a ,,-"X-" \-" 
^fc - ^fc-1 ■ ■ ■ ^^2 ^2 ■■■'^l-l'^l 

i.e, can be expressed via Xf and a product of images of short variables. 

Claim 13. Let fM{a) = ^i • • ■ Mfc he a partition of an interval a of rank s in Us. Then for any u G 
X U E(m, n) the word fJ.2 ■ ■ ■ Mfc-i does not contain a subword of the type ci{Mt'^'^ )^C2, where Ci, C2 S Cp, and 
Mt"^^ is the middle of u with respect to <f>Ki ■ 

Proof. By Corollary ^| every word Mu'^'^ contains a big power (greater than (l + 2)iVn,) of a period in 
rank strictly greater than K2. Therefore, if (M^^"^ )^ occurs in the word /if • ■ • Mfe-i then some of the variables 
M2, ■ • ■ J fJ-k-i are not short in some rank greater than K2 - contradiction. □ 

Claim 14. Let a be an interval in Hki- Then fxi^r) = Wa can be written in the form 

W„ = w't"'^ , 

and the following holds: 

(1) the word w can be uniquely written as w = Vi . . .Ve, where vi, . . .Ve S X^^ U E{7n,n)^^ , and WiWi+i ^ 
£:(to,7i)±i. 

(2) w is either a subword of a word from the list in Lemma\^or there exists i such that Vi = X2X1 Y[]i=vi '-J^' 
and vi . . .Vi, w^+i . . .v^ are suhwords of words from the list in Lemma \5(A In addition, (viVi^i)'^^ — 

(3) if w is a subword of a word from the list in Lemma ta then at most for two indices i,j elements v^, Vj 
belong to E{m,n)^^ , and, in this case j = i + 1. 

Proof. The fact that can be written in such a form follows from Claim [2 Indeed, by Claim 
Wa = w*^^! , where w S Wr,L, therefore it is either a subword of a word from the list in LemmalKHlor contains 
a subword from the set Exc from statement (3) of Lemma 15^ It can contain only one such subword, because 
two such subwords of a word from X^'^^ are separated by big (unbounded) powers of elementary periods. 

The uniqueness of vu in the first statement follows from the fact that (f>Ki is an automorphism. Obviously, 
w does not depend on p. 

Property (3) follows from the comparison of the set E{m,n) with the list from Lemma 1^ □ 

Claim 15. Let ~ fxT fn) o,nd fi £ M he a long variable (in rank Ki) such that fi\i{5) 7^ fi for 
any 6 £ £. If fi occurs as the left variable in /a/(o') for some 5 £ £ then it does not occur as the right variable 
in- /m(<5) for any 5 £ £ (however, can occur as the right variable). Similarly, If ^ occurs as the right 

variable in fM{<^) then it does not occur as the right variable in any /a/ ((5). 

Proof. Suppose /i is a long variable such that fM{cr) = fifj.2 ■ ■ • and fM{S) = . . ./is/i for some intervals 
(7,(5 from Hki- By Claim El Wo- = w'^'^i for some w = vi . . .Ve, where vi,. . .Ve £ X^^ U E{m,n)^^ , and 
ViVi+i ^ E{m,n)^^ . We divide the proof into three cases. 
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Case 1). Let vi ^ Zi,y^^. Then begins with a big power of some period A*, j > K2 (see Lemmas 
1441 - 14 7|) . therefore iii begins with a big power of A*'^ . It follows that in the rank j the transformation T 
decreases the complexity of the current cut equation. Indeed, when T transforms /i and a it produces a new 
set of variables S*^ ~ {i/i, . . . , t't(^)} and a new set of intervals E„ ~ {cti, . . . , (Tk(r7)} such that fx{<^i) = A*'' 
for some k > 1 and /]Jj((Ti) = i^i. Simultaneously, when T transforms 5 it produces (among other things) a 
new set of intervals Es = {Si, . . . , (5^(5)} such that ,fx{^k{5)-i) ends on A*'' and (<5fc(5)_i) ends on i^i. Now 
the transformation T' (part 1) applies to cti and and decreases the complexity of the cut equation - 

contradiction. 

Case 2). Let w;e/t ~ Zi. Then /i" begins with = ^<h ^^'PmPi ^g^^^ Lemma |67|l for some sufficiently largi 



:e 



v^^-^^ tt and v'^'^-^^- , , in the reduced form of the product v'^'^\^ ttv'^'^-^^- , Suppose now that there exist a and 



Qi. This implies that c^' occurs in /j\/(i5)" = fx{S)^ somewhere inside (since /j\/((5) 7^ /i). On the other hand, 
fx {5) G VVr.L, so can occur only at the beginning of fx{S)^ (see Lemmas 1551 and ISUll - contradiction. 

Case 3). Let fze/t = Vn^ ■ Then Wg = . . . o y^^ . In this case, similar to the case 1), after application 
of T* to the current cut equation in the rank K2 + m + 4n — 4 one can apply the transformation T' (part 2) 
which decreases the complexity - contradiction. 

This proves the claim. □ 
Our next goal is to transform further the cut equation IIa'^ to the form where all intervals are labeled by 
elements , x G (XUi?(TO, n))*-'^. To this end we introduce several new transformations of F-cut equations. 

Let n = {£, fx, /m) be a F-cut equation in rank A'l and size I with a solution a : F[AI] — > F relative to 
P : F[X] ^ F. hetaeS and 

W^ = ivi... t-e)*^i , e > 2, 
be the canonical decomposition of W^- For i, 1 < i < e, put 

Let, as usual, 

/a/(o-) = /ii ■■.^J,k■ 

We start with a transformation Ti^ieft- For a E £ and 1 < z < e denote by 6 the boundary between 
'^^^ft and v'^'^-^^- , , in the reduced form of tl 
i such that the following two conditions hold: 

CI) fii almost contains the beginning of the word t'^^^jfjj till the boundary 9 (up to a very short end of 
it), i.e., there are elements mi,U2,U3,U4 £ F such that v^1\^^^ = ui o U2 o u^, v^^-l^ = u^^ o U4, 
U1U2U4 = Ui o U2 o U4, and fxf begins with ui, and U2 is very short (does not contain A^^^) or trivial. 

C2) the boundary 9 does not lie inside /i". 

In this event the transformation Ti^ieft is applicable to 11 as described below. We consider three cases with 
respect to the location of 9 on /m(o'). 

Case 1) 9 is inside /iJJ (sec Fig. II6II . In this case we perform the following: 

a) Replace the interval a by two new intervals cti , (T2 with the labels t'^TL/t ' ^tll-ight i 

b) Put /A/(cri) — . . .^fc_iAi^, /a/(o'2) = ly^^^'i^, where A is a new very short variable, v is & new 
variable. 

c) Replace everywhere fik by Xfi'f.. This finishes the description of the cut equation Ti^;e/t(n). 

d) Define a solution a* (with respect to /?) of Ti_;e/t(n) in the natural way. Namely, a*{fi) = a{y) for 
all variables ji which came unchanged from 11. The values A" , , v" are defined in the natural way, 
that is /./^ is the whole end part of after the boundary 9, (i^^^^ifc)"' = ^tl^ight^ •^"* ~ ^^'ki^^'k)~^ ■ 

Case 2) 9 is on the boundary between and for some j. In this case we perform the following: 



a) We split the interval cr into two new intervals cri and a2 with labels 'v'J\\pjt and v^J^i^igf^f 

b) We introduce a new variable A and put fuipi) = Mi ■ • ■ [i-jX, /m(o'2) = A^^^j+i . . . [ik- 

c) Define A" naturally. 
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Figure 16: T2, Case 1) 

Case 3) The boundary 6 is contained inside fif for some i{2 < i < r — 1). In this case we do the foUowing: 

a) We spht the interval a into two intervals cri and CT2 with labels vfj^^j. and v'^l^ig^t^ respectively. 

b) Then we introduce three new variables ^j.'j,^j,X, where l^^'j^t^'j are "very short", and add equation 
= /.i^/i" to the system Avoryshort- 

c) We define fnifJi) = A*i • • • m', hi{<^2) = A" V^'A^i+i 



d) Define values of a* on the new variables naturally. Namely, put A" to be equal to the terminal 
segment of vfj^l that c 
to satisfy the equalities 



segment of that cancels in the product ^it/t'^^CTTrig/tr ^ow the values ^'j" and fi'-" are defined 



fx{<7lf = fM{cJ,r\fx{^2f = fM{02r'. 

We described the transformation Ti ieft- The transformation Ti^right is defined similarly. We denote both 
of them by Ti. 

Now we describe a transformation T2,ieft- 

Suppose again that a cut equation 11 satisfies CI). Assume in addition that for these a and i the following 
condition holds: 

C3) the boundary lies inside /x". 

Assume also that one of the following three conditions holds: 

C4) there are no intervals 5 ^ a uiW such that fniS) begins with /ii or ends on i^i^; 

C5) Va-^i.ieft 7^ Xn (1-6., either i > 1 or i = 1 but vi ^ Xn) and for every (5 G f in 11 if /j\f ((5) begins with /ii 
(or ends on ^ii^) then the canonical decomposition of fx(5) begins with w^^jgjj (ends with v^ffj-j^); 

C6) Vcr^i^ieft = Xn (« = 1 and vi = Xn) and for every 6 £ £ ii /a/((5) begins with /ii (ends with jJ-^^) then the 
canonical decomposition of fx{S) begins with Xn'^^ or with t/n*^ (ends with Xn'^^^ or yn "^^^). 

In this event the transformation T2^ieft is applicable to II as described below. 

Case C4) Suppose the condition C4) holds. In this case we do the following. 

a) Replace a by two new intervals ai , <J2 with the labels v'^'^\^j^ , v^l^^^j^^ ; 

b) Replace with two new variables /.t'l,//'/ and put /j\/((Ti) = /i'j^, /j\/((T2) = MiV2 ■ ■ ■ ^J■k■ 

c) Define {fi[r' and (m'/)"' such that /M(ai)"* = <t,/f/t and /m(ct2)"* = vt^rUf 
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Case C5) Suppose Va,i.ieft 7^ Xn- Then do the following. 

a) Transform cr as described in C4). 

b) If for some interval 5 ^ a the word /a/(^) begins with fj,i then replace fii in /a/ ((5) by the variable 
Hi and replace fx{^) by v^'^^'^^^^fxi^)- Similarly transform intervals 6 that end with . 

Case C6) Suppose Va-,i,ieft = Xn- Then do the following. 

a) Transform a as described in C4). 

b) If for some S the word /m(<5) begins with /xi and fx{5) does not begin with yn then transform 5 as 
described in Case C5). 

c) Leave all other intervals unchanged. 

We described the transformation T2^ieft- The transformation T2,right is defined similarly. We denote both of 
them by T2. 

Suppose now that 11 = • Observe that the transformations Ti and T2 preserve the properties described 
in Claims - El above. Moreover, for the homomorphism (3 : F[X] —^Fwe have constructed a solution 
a* : F[M] ^ F oi Tn{IlKi) {n = 2, 3) such that the initial solution a can be reconstructed from a* and the 
equations 11 and T„(n). Notice also that the length of the elements Wa' corresponding to new intervals a are 
shorter than the length of the words Wa of the original intervals a from which a' were obtained. Notice also 
that the transformations Ti, T2 preserves the property of intervals formulated in the Claim [TUl 

Claim 16. Let 11 6e a cut equation which satisfies the conclusion of the C'laim \TUl Suppose a is an interval 
in n such that Wa satisfies the conclusion of Claim fm If for some i 

{vi . . . v.y'^ = . . . t-O^"- o . . . «e)^-' 

then either Ti or T2 is applicable to given a and i. 

Proof. By Corollary |^ the automorphism (f>Ki satisfies the Nielsen property with respect to VVr with 
exceptions E{m,n). By Corollary 12, equality 

(«!... V,y'< = . . . V,)^'^- O {v,+ i . . . V,f'< 

implies that the element that is cancelled between (vi . . .Vi)'^'^^ and (wi+i . . . We)'^'^'^ is short in rank K2- 
Therefore either almost contains (ui . . .Vi)'^'^^ or fi'^ almost contains {vi+i . . .v,,)'^'^^ . Suppose 11" almost 
contains {vi . . . Vi)'^'^^ . Either we can apply Tij^ft, or the boundary 6 belongs to ^f. One can verify using 
formulas from Lemmas 14414 71 and [ESI directly that in this case one of the conditions C4) — C6) is satisfied, 
and, therefore T2.ieft can be applied. □ 

Lemma 73. Given a cut equation Ylni one can effectively find a finite sequence of transformations 
Qi, . . . ,Qs where Qi G {Ti,T2} such that for every interval a of the cut equation 11'^^ = Qs ■ ■ - QiiJ^Ki) 
the label fx{cr) is of the form u'^^i , where u G X^^ U E{m, n). 

Moreover, there exists an infinite subset P' of the solution set P ofllK^ such that this sequence is the same 
for any solution in P' . 

Proof. Let a be an interval of the equation . By Claim 1141 the word can be uniquely written in 
the canonical decomposition form 

Wa ^w'l"^'^ = 

so that the conditions 1), 2), 3) of Claim^jare satisfied. 

It follows from the construction of that cither it; is a subword of a word between two elementary 
squares x ^ Ci or begins and (or) ends with some power > 2 of an elementary period. If u is an elementary 
period, u'^^'^ — w"^^' o u"^^', except u = x„, when the middle is exhibited in the proof of Lemma 1^ Therefore, 
by Claim lTCl we can apply Ti and T2 and cut a into subintervals cr,; such that for any i fxi'^i) does not contain 
powers > 2 of elementary periods. All possible values of u'^"^ for u £ E{m,n)^^ are shown in the proof of 
Lemma 15^ Applying Ti and T2 as in Claim [TBI we can split intervals (and their labels) into parts with labels 
of the form x'^^^ , x G {X IJ E{m, n)), except for the following cases: 
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1. w = uv, where u is xf ,i < n, v G Em,n, and v has at least three letters, 

2. W = x'^_2yn-2Xn_iXnXn-iyn-2-'^n-2J 

3. w = Xj^_-^yn-iX^ a;„_ij/„_2a:„_2, 

4. yr-ix-^y~^, r <n, 

5. w = uv, where u = (c^^Cj^)^, v G E(ra,n), and v is one of the following: v 
(S. w — uv, where u = (cf^C2^)^, v G E{m,n), and v is one of the following: v 

nm zt —1 —1 
t^iCt ^i yi . 

7. w ~ ZiV. 

Consider the first case. If /j\/(cr) = /ii . . . /ifc, and almost contains 

(which is a non-cancelled initial peace of x'^'^'^'-^ up to a very short part of it), then cither Tijeft or T2jeft is 
applicable and we split a into two intervals ci and tT2 with labels x^*^^^ and w*^^! . 

Suppose does not contain xf^^ (^m+4i+i<-2)~^'"^'''^^^'''^^f+i ^ ^^'^y short part. Then /x^ contains 

the non-cancelled left end E of v'^k+iP ^ g^j^^j ^'^E~^ is not very short. In this case T2.right is applicable. 

We can similarly consider all Cases 2-6. 

Case 7. Letter Zi can appear only in the beginning of w (if z^^ appears at the end of w, we can replace w 
by w~^) If w = Ziti . . .ts is the canonical decomposition, then tk = c^^' for each k. If fi" is longer than the 
non-cancelled part of (cfz^)'', or the difference between /i" and (c'^Zi)^ is very short, we can split a into two 
parts, CTi with label /x(o'i) = 2*^^^ and (T2 with label fx{(^2) = [ti ■ ■ ■ tg)'^'^^ ■ 

If the difference between and {(f^Zi)^ is not very short, and is shorter than the non-cancelled part 
of (c^^i)^, then there is no interval 5 with J [5) ^ /(c) such that /a/((5) and fM{(y) end with /i^, and we can 
split a into two parts using Ti, T2 and splitting ^k- 

We have considered all possible cases. □ 

Denote the resulting cut equation by 11^^ . 

Corollary 14. The intervals of 11^^ are labelled by elements u'^'^i , where 
for n — \ 

1 

u€{zi, Xi, yi, J|c^% xi Jlcf""",} 

t— m 

for n = 2 

1 m 1 m 

uG {zi, x^, yi, Y[cl% yixi Y[ ci"" , yixi, Y[cpxi Y[ Ct""' , J]^ cfa;f^a;^\ 

t—7n t — 1 t—m t — 1 

m m 1 11 

JJct'a;j'^X2a;i, Y^'^T^i^^^xi c^^\ x^^X2Xx J]^ q"^', X2X^ c^"^', 

i— 1 t—1 t—m t—m t—m 

Xi^X2, X2X1}, 

and for n > 3, 

3 m 1 

u G {zi, x„ yi, cl% yixi Y[ q"^', J]^ cfa;j;^a;2"\ yrXr, Xi J| c^"^*, 

t—m t—1 t—m 

— 1 —1 —1 —1 —1 —1 —1 

yn — 2Xj^_-yXnXn — iyji — 2 ; Z/n — 2^7i_i^n ; ^yi_l^n i XnXn—1-, 

Vn — lXj^ Xn—iyn — 2^ Vn—lXj^ , yr—lX^ }. 



-St ±1 

n™ zt — 1 — 1 
t=iCt'xi or 
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Proof. Direct inspection from Lemma l73l □ 
Below we suppose n > 0. 

We still want to reduce the variety of possible labels of intervals in . We cannot apply Ti , T2 to some 
of the intervals labelled by x*^^! , x ^ X U E{m,n), because there are some cases when x'^'^'^ is completely 
cancelled in y'^'^i , x,y e {XU E{m, n))^^ . 

We will change the basis of F{XUCs), and then apply transformations Ti, T2 to the labels written in the 
new basis. Replace, first, the basis {X U Cs) by a new basis X U Cg obtained by replacing each variable Xs 
by Us = XsU'^li for s > 1, and replacing xi by ui = xic^j^™: 

X = {Wi = XiC;;^",M2 = X2Vi^, . . . ,u„ = Xny~'^^,yi, . . . ,y„,zi, . . . ,2^}. 

Consider the case 71 > 3. Then the labels of the intervals will be rewritten as it'^'^i , where 

1 

s _7— n — 1 

1 

Uryr-lUr-iyr-2, U2yiUi cj^\ r < n; y;;;l2^n-l"nyn-l"n-l2/n-2> 

j=n-l 

2/n-2"n-l"nyn-l; '"nyn-lWn-l2/n-2, U~^M„_i, U„}. 

In the cases 71 = 1, 2 some of the labels above do not appear, some coincide. Notice, that x'j^'^ = oy^-ii 

and that the first letter ofy^li is not cancelled in the products {yn-iXn-iVn^Y'^ ^ ijJn-iXn-i)'^'^ (see Lemma 
I46|l . Therefore, applying transformations similar to Ti and T2 to the cut equation H'^^ with labels written in 
the basis X, we can split all the intervals with labels containing (M„y„_i)''^'^i into two parts and obtain a cut 
equation with the same properties and intervals labelled by u'^^'i , where 

1 

ue{z.,, yi, Wcl% yiui c^"'' , u^^y^^u'^^, y^Uryr-i, "r, u~]ij^y~\u~'^ , 

s j—n—1 

1 

Uryr-iUr-iyr-2, U2yiui c~^^ r < n; 

j=n-l 

Consider for i < n the expression for [ijiUi)'^''^ = ^m+lt*'^^ 

o A;;^tlv^ o xp-^"- o y, o ° ° 

Formula 3. a) from Lemma [5^ shows that wf^ is completely cancelled in the product This implies 

that yf^- ^vf" ouT'^''. 

Consider also the product y^^iU^'^''^ 



L — Pm+4i-4 + l ~ —1 4Pm + 4i-4-l 



\^^m+4i-4 ^'<- ° l^i yi-1 ■ ■ ■*) yiXi+l^m+4i J ' 

where the non-cancelled part is made bold. 

Notice, that {yr-iUr-i)'^^yf'i2 — iUr-iUr-i)'^'^ °yt-2' because wf^i is completely cancelled in the product 
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Therefore, we can again apply the transformations similar to Ti and T2 and split the intervals into the 
ones with labels u'^'^i , where 

1 

U&{Zs, yi, Ui, JJcJ% VrUr, VlUi J]^ c"""' , u'^j^Un = Un, 
s j—m—1 

l<i<n, 1 < j < m, l<r<n}. 

Now we change the basis X with a new basis X replacing y,-,! < r < n, by a new variable Vr = yrUr, 
2/1^1 n]=m-i c"""' by vi, and m„_iw„ by -0„: 

1 

X = {Zi, ...,Zm, Ml, • ■ . ,U„_i,?2„ = I'l = S"""' ' ""^ = 2/2'«2, •..,«„= ynU«, J/n}- 

j^?n — 1 

Then yf^ = vf"" o u'"^^ , and yf'^ = vf'^ o c^' o c^^l-j^ o u^''"' (if n 7^ 1). Formula 2.c) shows that 

Apply transformations similar to Ti and T2 to the intervals with labels written in the new basis X and 
obtain intervals with labels u'^'^i , where 

ueXu{c'„T}. 

Denote the resulting cut equation by IIxi = {£ , fx, ffi)- Let a be the corresponding solution of II with 
respect to /3. 

Denote by Mside the set of long variables in Hkx, then M — Afvoryshort U Mgide- 

Define a binary relation ~ie/t on M^^^ as follows. For /ii, ^[ € M^lf, put /ii '-^left m'i if ^-^d only if there 
exist two intervals a,(j' G E with fx{^) = fxi'^') such that 

fM{<^) = AilM2 • ■ • Mr, /A7(cr') = ^1/4 • • • Mr' 

and cither /i,, = /i^, or /i^ , Mr' G -A'^vcryshort • Observe that if fii ^left m'i then 

/ii = /i'lAi . ..\t 

for some Ai, . . . , At € A^^Jyshort- Notice, that ^i^jt M- 

Similarly, we define a binary relation ^right on M^^^. For ^lr,^J''r' S -^^^de P^^* Mr ^right t^'r' if and only if 
there exist two intervals a^a' € E with fx{^) = fxW) such that 

/a7('^) = M1M2 • ■ • Mr, /a7(c^') = M'iM2 ■ • • Mr' 

and cither ^1 = /^'^ or Mi,m'i G ^^voryshmt ■ Again, if /i^ ~rtg/ii Mr' fhen 

Mr = Ai .. . At/^^/ 

for some Ai,...,At G M±Jy^i^^^j. 

Denote by ~ the transitive closure of 

{(m, m') I M -left m'} U {(m, m') I M -r^gw m'} U {(m, M"') I M G Mf^,e\■ 

Clearly, ^ is an equivalence relation on M^-^^. Moreover, fi ^ ^' if and only if there exists a sequence of 
variables 

M = Mo,Mi, • ■ • ,MA; = m' (109) 

from M^il^ such that either = Mt, or = or ~;e/t Mi, or ~rig/it Mi for « = 1, • . • , A:. 
Observe that if and /ii from pU9|) are side variables of "different sides" (one is on the left, and the other 
is on the right) then iii = This implies that replacing in the sequence 1] 109(1 some elements fit with their 

inverses one can get a new sequence 

fi = vo,iyi,...,iyk = {fJ.'Y (110) 
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for some e G {1, —1} where u^-i ^ Vi and all the variables Vi are of the same side. It follows that if /i is a 
left-side variable and ^ ^Ji.' then 

(M'r = Mi---At (111) 

for some A, G M±Jy,i 

It follows from (|lll(l that for a variable v G Mf'^^ all variables from the equivalence class [v] of v can be 
expressed via v and very short variables from Mvoryshort- So if we fix a system of representatives R of M^\^ 
relative to ^ then all other variables from Mside can be expressed as in (|lll|l via variables from R and very 
short variables. 

This allows one to introduce a new transformation of cut equations. Namely, we fix a set of represen- 
tatives R such that for every v € R the element i^" has minimal length among all the variables in this class. 
Now, using Hlll|) replace every variable v in every word fM^cr) of a cut equation 11 by its expression via the 
corresponding representative variable from R and a product of very short variables. 

Now we repeatedly apply the transformation Tt, till the equivalence relations '^left and ^right become 
trivial. This process stops in finitely many steps since the non-trivial relations decrease the number of side 
variables. 

Denote the resulting equation again by 11;^^ . 

Now we introduce an equivalence relation on partitions of lixi- Two partitions /A/(cr) and /a/ ((5) are 
equivalent {fM{a) ~ fM{5)) if fx{<^) = fx{S) and either the left side variables or the right side variables 
of fuicr) and fuiS) are equal. Observe, that fx{cr) = fx{S) imphes fM{cr)°' = /m(^)", so in this case the 
partitions /a/(o') and cannot begin with ^ and /i^^ correspondingly. It follows that if /m(o') ^ fM{S) 

then the left side variables and, correspondingly, the right side variables of fuis^) and fM{5) (if they exist) 
are equal. Therefore, the relation ^ is, indeed, an equivalence relation on the set of partitions of 11^^^ . 

If an equivalence class of partitions contains two distinct elements /a/((t) and /a/ ((5) then the equality 

hd^r = fAiisr 

implies the corresponding equation on the variables Mvoryshort, which is obtained by deleting all side variables 
(which are equal) from /a/ (c) and fi\i{S) and equalizing the resulting words in very short variables. 
Denote by A (Mvoryshort) = 1 this system. 

Now we describe a transformation T4. Fix a set of representatives Rp of partitions of IIki with respect to 
the equivalence relation ~. For a given class of equivalent partitions we take as a representative an interval a 

with /M(a') = /ileft • ■ • bright- 

Below we say that: a word w G F[X] is very short if the reduced form of does not contain (Aj)^ for 
any j > K2] a word u G is very short if it does not contain [A'^Y' for any j > K2] we also say that /i" almost 
contains for some word u in the alphabet X if contains a subword which is the reduced form of fiu^ f2 
for some /i,/2 G C/3. 

Principal variables. A long variable /iioft or /iright for an interval a of Hki with f]\i{(T) ~ /iicft . . . /bright 
is called principal in a in the following cases. 

1) Let fx{<^) — Ui (i ^ n), where Ui = Xiy^\ for i > 1 and ui — xic~f"^ for m ^ 0. Then (see Lemma 



„,'P'<1 _ 4*-94 + l ^<PK2„~'Pk2 -qi'pK2 



93-1 

- *qo 

K2+m+Ai—A' 



y-^i ^K2+m+4i-4^K2+m+4i-2yi -^i J ^ 

The variable /bright is principal in a if and only if /^"jg^t almost contains a cyclically reduced part of 

y-'-i ^K2+m+4i-4^m+4i-2 ili -^i J — ill) \^K2+m+4i-l) yili -^i ) ' 

for some q > 2. Now, the variable fiicu is principal in a if and only if /iright is not principal in a. 

2) Let fx{cr) = Wi, where Vi ~ yiUi (i ^ 1,??) and vi = J/iWi Ilj^m-i S ■ Then (see formula 3. a) from 
Lemma I53f) 

~ ^K2+m+4i-^i+l ^K2+m+4i-4-^i ^K2+m+4i-2^K2+m+4i-4^ * r -^i 



130 



and 

+ '/'if2 A*(-qo) Qfi>K2 'l>K2 /1*(<?2-1) ttI -Zj 

^1 ~ ^K2+m+4-^2 ^K2+2m-^l Wl ■^K2+m+l-^'^^^i=n^j ' 

A side variable /iright (^icft) is principal in a if and only if ^"jgi^j (correspondingly, /^f^fj) almost contains 
for some (7 > 2. In this case both variables |J."^f^, ^"ight could be simultaneously principal. 

3) Let fx{<^) = Un = Un-iUn- Then (by formula 3.c) from Lemma 15^ 

0A'i _ /1-92 + 1 / -1 ^-9l^</'Kl /i*'3o Tt-^s,, ^0A'l 4*96-1 4*-i 

— ^A'2+m+4n-8^/f2+m+4n-6>.yn-l-''n ) -^K2+m+4n-S\-^n Un) -^K2+m+An-2^K2+m+An-A- 

A side variable /iright (^icft) is principalm a if /J."jght (correspondingly, /^^fj almost contains {A^K2+m+in-2)'^ ^ 
for some q > 2. In this case both variables /^J^ft, Mdght could be simultaneously principal. 

4) Let fxio-) Un- Then (by Lemma H7|l 

_ /l*90/3 /l*93^ 9l'/'K2 -0K2 

yn — ^K2+m+4n~4^Ki Ui 

The variable /bright (/^icft) is principal in tr if M"jgijt (correspondingly, (J.^^^.) almost contains 

(<,)^ 

for some q such that 2q > pKi — 2. In this case both variables /ij^jf^, Mdght could be simultaneously principal. 

5) Let fx{<^) = Zj, j ~ 1, . . . ,m — 1. Then (by Lemma E|) 

'^^<2 

^'t"^l _„ ^'t>K2 A*0Pj-l 3 + 1 /l*/3Pj-l 
^J" ~ "^J^i ^-R'2+J-lS+l ^if2+j ■ 

A variable ^idt (/bright) is principal if /i^jght (correspondingly, /ij^fj) almost contains (A^^^j)"^, for some 
|g| > 2. Both left and right side variables can be simultaneously principal. 

6) Let fx{o-) = Zm- Then (by Lemma Ejl 

^'t"<l ^ „K2 ^'t>K2 A*Pm-l -4'K2 ,*p„^-l 

^■m — Zm ^K2+m-l-^l ^K2+m ■ 



In this case fxidt is principal in a if and only if /iiott is long (i.e., it is not very short), and we define /bright 
to be always non- principal. Observe that if /iioft is very short then M^jght = fzfn^^ for a very short f G F. 
Let /x(o') = z^^CmZm- Then (by Lemma ^J) 

The variable /^loft is principal in cr if and only if the following two conditions hold; fif^f^ almost contains 

{^K2+m)''^ for some q with \q\ > 2; fi^J^ ^ fztl''^^ for a very short / G F. 

Similarly, the variable /iright is principal in cr if and only if the following two conditions hold: /i^jgirj almost 

contains (^^2+,„)'^, for some q with \q\ > 2; /^"ight ^ fzf^'^'^ for a very short f £ F. 

Observe, that in this case the variables /^loft and /bright can be simultaneously principal in a and non- 
principal in cr. The latter happens if and only if /^"jgirt = fizt^'-^ and /i^f^ = ZrJ"^^^ f2 for some very short 
elements /i, /2 G F . Therefore, if both //icft and /^right are non-principal then they can be expressed in terms 
of zfi^^ and very short variables. 

Claim 17. For every interval a oflLxi its partition /a/(o') has at least one principal variable, unless this 
interval a and its partition fM^cr) are of those two particular types described in Case 6). 
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Proof. Let /a/(o') = /iicfti^i ••• i^fc Alright, where iyi...Vk are very short variables. Suppose Ar+K2 is the 
oldest period such that fx{cr) has iV-large Ar+/i-2-deconiposition. 



If r ^ 1 then (see Lemmas 1441- 14 7f) A,.+k2 contains some iV-largc exponent of A,.-i+k2- Therefore 



k 

does not contain A'j,_^_j^^, hence either //left or /tright almost contains A^'^j^^, where \q\ > 2. This finishes all the 
cases except for the Case 1). In Case 1) a similar argument shows that i'" . . .i^" does not contain ^r-i+^f^, 
so one of the side variables is principal. 

If r = 1, then yli_|_A'2 contains some iV-large exponent of A2+K3- Again, . . .i^^ does not contain A'^^^^ , 
because the complexity of the cut equation T\kx does not changed in ranks from /vq to K^^. Now, an argument 
similar to the one above finishes the proof. □ 

Claim 18. // both side variables of a partition fM{a) of an interval a from H/fj are non-principal, then 
they are non-principal in every partition of an interval from Hki ■ 

Proof. It follows directly from the description of the side variables /iioft and /iright in the Case 6) of the 
definition of principal variables. Indeed, if /iieft and //right are both non-principal, then (see Case 6)) each of 

them is either very short, or it is equal to fizt^^^ f2 for some very short /i, /2 G F. Clearly, neither of them 
could be principal in other partitions. □ 

Claim 19. Let n ^ 0. Then a side variable can be principal only in one class of equivalent partitions of 
intervals from ILki ■ 

Proof. Let /^/(cr) = Mieftf^i ■ • ■ I'feMiight, where h'i...i>k are very short variables. Suppose Ar+K2 is the 
oldest period such that fx{cr) has TV-large ^r+zfa-decomposition. 

In every case from the definition of principal variables (except for Case 1)) a principal variable in a almost 
contains a cube (A^^.^^^)''- Case 1) the principal variable almost contains {A'^_i^j^^)'^ , moreover, if /tjeft is 
the principal variable then /tj^j^ contains an A'^-large exponent of (A'^^j^^). 

We consider only the situation when the partition fM{cr) satisfies Case 1), all other cases can be done 
similarly. 

Clearly, if fx (c) = Ui then a principal variable in a docs not appear as a principal variable in the partition 
of any other interval 5 with fx{5) ^ ui, fx{5) ^ Wj. Suppose that a principal variable in a appears as a 
principal variable of the partition of 5 with fx{S) ~ Ui. Then partitions fAi{a-) and fniS) are equivalent, 
as required. Suppose now that a principal variable /t in cr appears as a principal variable of the partition of 
i5 with fx{6) = Vi. If /t = /tright then it cannot appear as the right principal variable, say Aright, of /m(<5). 
Indeed, /t^jg^t ends (see Case 1) above) with almost all of the word {A*^°^^j^^-_^^ (except, perhaps, for a 
short initial segment of it). But the write principal variable Aright should end (see Case 2) above ) with almost 
all of the word A*j^J^^_^^^_^ (except, perhaps, for a short initial segment of it), so /tright 7^ Aright- Similarly, if 
the left side variable Aioft of /m(i5) is principal in S then //right 7^ Aicft. Suppose now that /t = nieft, then /fright 
is not principle in cr, so it is not true that /tright almost contains the cube of the cyclically reduced part of 

-i'K2 A*qo0 A*{-q2+l)l3^,i'K2 -qi4'K2 

■^i ^K2+m+4i-4^m+4i-2 ili "^i 

Then /tiett is very long, so it is easy to see that it does not appear in the partition of (5 as a principle variable. 
This finishes the Case 1). □ 
For the cut equation lixi wc construct a finite graph T = {y,E). Every vertex from V is marked by 
variables from M^^^ and letters from the alphabet {P, N}. Every edge from E is colored either as red or blue. 
The graph T is constructed as follows. Every partition /ji/(cr) ~ fii . . . fik ot gives two vertices Vc^ieft and 

Va,right intO T, SO 

We mark Va-^ieft by /ti and Va,right by fik- Now wc mark the vertex Va.ieft by a letter P or letter N if /ti is 
correspondingly principal or non-principal in cr. Similarly, we mark v„_right hy P ot N if /t^ is principal or 
non-principal in cr. 

For every a the vertices v^^ieft and Va.right are connected by a red edge. Also, we connect by a blue edge 
every pair of vertices which are marked by variables /t, v provided /t = or /t = . This describes the graph 
F. 
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Below we construct a new graph A which is obtained from F by deleting some blue edges according to 
the following procedure. Let _B be a maximal connected blue component of F, i.e., a connected component 
of the graph obtained from F by deleting all red edges. Notice, that i? is a complete graph, so every two 
vertices in B are connected by a blue edge. Fix a vertex v in B and consider the star-subgraph Stars of B 
generated by all edges adjacent to v. If B contains a vertex marked by P then we choose v with label P, 
otherwise v is an arbitrary vertex of B. Now, replace B in F by the graph StarB, i.e., delete all edges in B 
which are not adjacent to v. Repeat this procedure for every maximal blue component B of F. Suppose that 
the blue component corresponds to long bases of case 6) that are non-principal and equal to fizt^^ /2 for very 
short /i, /2. In this case, we remove all the blue edges that produce cycles if the red edge from F connecting 
non-principal /xieft and /bright is added to the component (if such a red edge exists). 

Denote the resulting graph by A. 

In the next claim we describe connected components of the graph A. 

Claim 20. Let C be a connected component of A. Then one of the following holds: 

(1) there is a vertex in C marked by a variable which does not occur as a principal variable in any partition 
of IIki ■ In particular, any component which satisfies one of the following conditions has such a vertex: 

a) there is a vertex in C marked by a variable which is a short variable in some partition oflLKi- 

b) there is a red edge in C with both endpoints marked by N (it corresponds to a partition described 
in Case 6 above); 

(2) both endpoints of every red edge in C are marked by P. In this case C is an isolated vertex; 

(3) there is a vertex in C marked by a variable ji and N and if pL occurs as a label of an endpoint of some 
red edge in C then the other endpoint of this edge is marked by P. 

Proof. Let C be a connected component of A. Observe first, that if /i is a short variable in then /i is 
not principle in a for any interval a from JIki , so there is no vertex in C marked by both ^ and P. Also, it 
follows from Claim ^] that if there is a red edge e in C with both endpoints marked by A^, then the variables 
assigned to endpoints of e arc non-principle in any interval a of 11/^^ . This proves the part " in particular" of 

l). 

Now assume that the component C docs not satisfy any of the conditions (1), (2). We need to show that 
C has type (3). It follows that every variable which occurs as a label of a vertex in C is long and it labels, at 
least, one vertex in C with label P. Moreover, there are non-principle occurrences of variables in C. 

We summarize some properties of C below: 

• There are no blue edges in A between vertices with labels N and (by construction). 

• There are no blue edges between vertices labelled by P and P (Claim ^J. 

• There are no red edges in C between vertices labelled by A^ and A^ (otherwise 1) would hold). 

• Any reduced path in A consists of edges of alternating color (by construction). 

We claim that C is a tree. Let p = ei . . . be a simple loop in C (every vertex in p has degree 2 and the 
terminal vertex of is equal to the starting point of ei). 

We show first that p does not have red edges with endpoints labelled by P and P. Indeed, suppose there 
exists such an edge in p. Taking cyclic permutation of p we may assume that ci is a red edge with labels P 
and P. Then 62 goes from a vertex with label P to a vertex with label A^. Hence the next red edge 63 goes 
from A^ to P, etc. This shows that every blue edge along p goes from P to A^. Hence the last edge Cfe which 
must be blue goes from P to N -contradiction, since all the labels of ei are P. 

It follows that both colors of edges and labels of vertices in p alternate. We may assume now that p starts 
with a vertex with label A^ and the first edge ei is red. It follows that the end point of ei is labelled by A^ and 
all blue edges go from A^ to P. Let be a blue edge from Vi to Vi+i. Then the variable /i^ assign to the vertex 
Vi is principal in the partition associated with the red edge e^-i , and the variable /i^+i = associated with 
Vi^i is a non-principal side variable in the partition /j\/(cr) associated with the red edge e^+i. Therefore, the 
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the side variable associated with the end vertex is a principal side variable in the partition fmif^) 
associated with Cj+i. It follows from the definition of principal variables that the length of /xf_^2 is much longer 
than the length of ^fj^i, unless the variable is described in the Case 1). However, in the latter case the 
variable cannot occur in any other partition /m(<5) for 5 ^ a. This shows that there no blue edges in 
A with endpoints labelled by such This implies that has degree one in A - contradiction wit the 

choice of p. This shows that there are no vertices labelled by such variables described in Case 1). Notice also, 
that the length of variables (under a) is preserved along blue edges: = K^f = Im" I- Therefore, 



It follows that going along p the length of | increases, so p cannot be a loop. This implies that C is a 
tree. 

Now we are ready to show that the component C has type 3) from Claim[5ni Let be a variable assigned 
to some vertex vi in C with label A^. If fii satisfies the condition 3) from Claiml^then we are done. Otherwise, 
fxi occurs as a label of one of P-endpoints, say V2 of a red edge 62 in C such that the other endpoint of 62, say 
V3 is non-principal. Let /is be the label of . Thus vi is connected to V2 by a blue edge and V2 is connected to 
by a red edge. If /X3 does not satisfy the condition 3) from Claim EHl then we can repeat the process (with 
/i3 in place oi p,i). The graph C is finite, so in finitely many steps either we will find a variable that satisfies 
3) or we will construct a closed reduced path in C. Since C is a tree the latter does not happen, therefore C 
satisfies 3), as required. 



Claim 21. The graph A is a forest, i.e., it is union of trees. 

Proof. Let C be a connected component of A. If C has type (3) then it is a tree, as has been shown in 
Claim 1201 If C of the type (2) then by Claim [201 C is an isolated vertex - hence a tree. If C is of the type 
(1) then C is a tree because each interval corresponding to this component has exactly one principal variable 
(except some particular intervals of type 6) that do not have principal variables at all and do not produce 
cycles), and the same long variable cannot be principal in two different intervals. Although the same argument 
as in (3) also works here. 

□ 

Now we define the sets Museless , Mjree and assign values to variables from M = Museless U Mfree U 
-Mvoryshort- To do this wc usc tlic structurc of connected components of A. Observe first, that all occurrences 
of a given variable from Msides are located in the same connected component. 

Denote by Mfree subset of M which consists of variables of the following types: 

1 . variables which do not occur as principal in any partition of {Hki ) 

2. one (but not the other) of the variables yU and ly if they are both principal side variables of a partition 
of the type (|20() and such that ly ^ p^^. 

Denote by Museless = Mside " Mfree- 

Claim 22. For every fi G Afusoioss there exists a word G F[X U Mfree U Mvoryshort] such that for every 
map offree : Mfioc F, and every solution Us : ^[Afveryshort] F of the system A(Mveryshort) = 1 the map 
a : F[M] F defined by 



is a group solution ofUxi with respect to [3. 

Proof. The claim follows from Claims |201 and |2] Indeed, take as values of short variables an arbitrary 
solution as of the system A(Mveryshort) = 1- This system is obviously consistent, and we fix its solution. 
Consider connected components of type (1) in Claim EHl If /i is a principal variable for some a in such a 



< \t^f+2 



for every i. 



□ 
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component, we express in terms of values of very short variables Mvoryshort and elements t'^'^i , t G X that 
correspond to labels of the intervals. This expression does not depend on as,/3 and tuples q,p*- For connected 
components of A of types (2) and (3) we express values ^" for /x £ M^^eiess in terms of values , u € Mfree 
and i'^'^i corresponding to the labels of the intervals. □ 

We can now finish the proof of Proposition |H1 Observe, that A/vcryshort ^ A/voryshort • If A is an additional 
very short variable from M*^^^^^^^^^^ that appears when transformation Ti or T2 is performed. A" can be 
expressed in terms M^^^^^Yiott- Also, if a variable A belongs to Mf^^c and docs not belong to M, then there 
exists a variable fi € M, such that /i" = u'^^i A", where u € F{X, Cs), and we can place into Affioc- 

Observe, that the argument above is based only on the tuple p, it does not depend on the tuples p* and q. 
Hence the words do not depend on p* and q. 

The Proposition is proved for n 7^ 0. If n = 0, partitions of the intervals with labels z^'^{ and z^^^ can 
have equivalent principal right variables, but in this case the left variables will be different and do not appear 
in other non-equivalent partitions. The connected component of A containing these partitions will have only 
four vertices one blue edge. 

In the case n = we transform equation FIa'i applying transformation Ti to the form when the intervals 
are labelled by u"^^! , where 

If picft is very short for the interval 6 labelled by (zmC„^"^)*^i , we can apply T2 to 6, and split it into 

intervals with labels Zm ^ and c^^i^^ ■ Indeed, even if we had to replace fright by the product of two variables, 
the first of them would be very short. 

If /xieft is not very short for the interval S labelled by 

we do not split the interval, and /xieft will be considered as the principal variable for it. If ^loft is not very 
short for the interval 5 labelled by zt^^ = zt^^ A^^^^^ , it is a principal variable, otherwise /x^ight is principal. 

If an interval S is labelled by {c^^^l)'^'^^ = ^J^{""^^^c~^'" we consider /iiight principal if yu"igi-,t 

ends with (c"^™ " and the difference is not very short. If ^f^^^. is almost z^'^''^ and ^"jg^t is almost 

zf^^ , we do not call any of the side variables principal. In all other cases /iioft is principal. 

Definition of the principal variable in the interval with label zf'^^ , i = 1, ... to — 2 is the same as in 5) for 
n / 0. 

A variable can be principal only in one class of equivalent partitions. All the rest of the proof is the same 
as for 71 > 0. 

□ 

Now we continue the proof of TheoremlHl Let L ~ 2K + K(n)4K and 

n^ = iiL^nL-i^ ...^ ... 

be the sequence of F-cut equations H108|l . For a F-cut equation IIj from H108|l by Mj and aj we denote the 
corresponding set of variables and the solution relative to (3. 

By Claim |51 in the sequence pU8|) either there is 3i^-stabilization at K{r + 2) or Comp{Ilx(r+i)) = 0. 

Case 1. Suppose there is 3/ir-stabilization at K{r + 2) in the sequence (|108|1 . 

By Proposition |S1 the set of variables A/^^,.^]^) of the cut equation IlK(r+i) can be partitioned into three 
subsets 

A^/f (r+l) = ^^voryshort U A/fj-co U Afusclcss 

such that there exists a finite consistent system of equations A(A/vcryshort) = 1 over F and words G 
F[X, Affroe, Afveryshort] , whcrc fj. £ Af useless, such that for cvery solution 5 E B, for every map afree : Affrce — ^ F, 
and every solution ashort ■ ^'[A^veryshort] ^ F of the system A(A/veryshort) = 1 the map aK{r+i) ■ F[M] F 
defined by 

M"'"" ifAteAffree; 

= ^ ^".;.ow if ^ g Afveryshort; 

V,iX\ AO- , Af;;^y,,„^J if M e A/u,eless 
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is a group solution of 11^(^+1) with respect to (3. Moreover, the words do not depend on tuples p* and q. 

By Claim 0] if 11 = (f , fx, /m) is a F-cut equation and ji & M then there exists a word M.^{Mrp^jy^^ X) in 
the free group F[Mx(n) U X] such that 

where an and aT{n) are the corresponding solutions of 11 and r(n) relative to (3. 

Now, going along the sequence (|108|l from n^^^^i) back to the cut equation Hl and using repeatedly the 
remark above for each /i S we obtain a word 

such that 

Let (5 = 4>K(r+i) G and put 

; — /i.Llf/il^ '^'^'froe ' -'^-'voryshort/' ^"^free ' "'"veryshort ' ^ J- 

Then for every ^ G 

If we denote by A4l{X) a tuple of words 

Ml{X) = {M^.AX), ■ ■ . 
where y^ti, . . . , fJ-\Mi^\ is some fixed ordering of Ml then 

A/^^ = ML{X'f''<(''+^^f. 

Observe, that the words A4f_i,L{X), hence A4l{X) ( where is replaced by X) are the same for every 

(t>L e Bp^q. 

It follows from property c) of the cut equation II^ that the solution of II^ with respect to /3 gives rise 
to a group solution of the original cut equation He with respect to (j)^ o p. 

Now, property c) of the initial cut equation !!£ = {£ , fx, Iml) insures that for every (pL G ^p,q the pair 
V^^p) defined by 

U^,p = Q{Ml-) = Q{ML{X^-^^+-y)f, 

V^,p = P{M1^) - P(A^l(X'>-('-+i)))'3. 

is a solution of the systemS'(X) = 1 A T{X, Y) = 1. 
We claim that 

Y{X) = P{MLiX)) 

is a solution of the equation T{X, y) = 1 in -Fr(s) ■ By Theorem llOI Sr.^ « is a discriminating family of solutions 
for the group FjK^gy Since 

T{X, Y{X))'^^ = T{X'^^, Y{X'^^)) ^ T{X^P, Ml{X^^)) = T(U^,p, V^,p) = 1 

for any 0/3 G Sp,g,/3 we deduce that T{X,Yp^q{X)) — 1 in Fj^^s)- 

Now we need to show that T{X,Y) = 1 admits a complete S'-lift. Let W{X,Y) 7^ 1 be an inequality such 
that T{X, y) = 1 A W{X, y) ^ 1 is compatible with S{X) — 1. In this event, one may assume (repeating the 
argument from the beginning of this section) that the set 

A = {{u^,v^,) \4>eC2} 

is such that every pair {U^,V^) € A satisfies the formula T{X,Y) = 1 A W{X,Y) ^ 1. In this case, 
W{X,Yp^q{X)) 7^ 1 in because its image in F is non-trivial: 

WiX,Yp^q{X))'^^ = WiU^„V^) ^ 1. 

Hence T{X,Y) = 1 admits a complete lift into generic point of S{X) = 1. 

Case 2. A similar argument applies when Comp(nx(r+2)) = 0. Indeed, in this case for every a £ £K{r+2) 
the word /mkc^+i) (''') ^as length one, so fMK(r+i) {'^) = M for some /i £ M[i(r+2) - Now one can replace the word 

G F[X U Mfree U Mvcryshort] by the label (f) where (c) = /i and then repeat the argument. 

□ 
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7.5 Non-orientable quadratic equations 

Consider now the equation 

m n n 

Y[ z'^CiZi Y\_Xi ^ Cl . . . Cm W af, (112) 

i—1 i—1 i—1 

where at, Cj give a solution in general position (in all the cases when it exists). We will now prove Theorem El 
for a regular standard non-orientable quadratic equation over F. 

Let S{X,A) = 1 be a regular standard non-orientable quadratic equation over F. Then every equation 
T{X,Y, A) = 1 compatible with S{X,A) = 1 admits an complete S-lift. 

The proof of the theorem is similar to the proof in the orientable case, but the basic sequence of automor- 
phisms is different. We will give a sketch of the proof in this section. 

It is more convenient to consider a non-orientable equation in the form 

m 71 n 

S = W z,"^ciz, yi\xl^+i = Cl . . . c,„ J|[aj, bi\al^+i, (113) 

2=1 2 = 1 i=l 

or 

m n n 

S ^r^CjZ, Y[[xi, yj]a;^+ia;,V2 = ci . . . CmY[[a^,bi\al_^_lal^2■ (114) 

i—1 i—1 i—1 

Without loss of generality we consider equation H114|) . We define a basic sequence 

r = (71,72, • ■ • ,7i<:(m,«)) 

of G-automorphisms of the free G-group G[X] fixing the left side of the equation H114() . 

We assume that each 7 g F acts identically on all the generators from X that are not mentioned in the 
description of 7. 

Automorphisms 7,;, i = 1, . . . , m + 4n — 1 are the same as in the orientable case. 
Let n = 0. In this case K — K(m, 0) = m + 2. Put 

• Zm ^ ZmyCm *^lj, Xl ^ X-^ , 

7m+i : xi -> xi{xiX2), X2 (a;ia;2)"^a;2; 

/ 2, 2\ / 2 2-, 

{X -I X .J ) \X -• Xn ) 

7,„+2 : xi -> 1 ^% 2:2^2;^'^'. 
Let n > 1. In this case K — K{m, n) ^ m + An + 2. Put 



( 2 \-l + + 

7m-t-4n ■ Xn ^ ll/n^n+l/ Xni Un ^ Vn , ^n+1 ^ -^n+l ' 

lm+An+1 ■ Xn+1 — > a;„+i (x„+i a;„+2 ) , Xn+2 {Xn+lXn+2) ^Xn+2] 



Jm+in+2 '■ Xn+1 ^ X^_^_l , Xn+2 ^ X„_^_2 

These automorphisms induce automorphisms on Gs which we denote by the same letters. 

Let F = (71 , . . . , 7if ) be the basic sequence of automorphisms for S = 1. Denote by Fqo the infinite periodic 
sequence with period F, i.e., Too = {7i}i>i with ^i+K = 7i- For j S N denote by Tj the initial segment of Too 
of length j. Then for a given j and p G put 

Let 

Tp = {dp,^p\p^P}. 

We can prove the analogue of Theorem^] namely, that a family of homomorphisms Tp(3 from Gs ~ Gjk^s) 
onto G, where /3 is a solution in general position, and P is unbounded, is a discriminating family. 
The rest of the proof is the same as in the orientable case. 
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7.6 Implicit function theorem: NTQ systems 

Definition 43. Let G be a group with a generating set A. A system of equations S ~ 1 is called triangular 
quasiquadratic (shortly, TQ) if it can be partitioned into the following subsystems 

Sl{Xi, X2, ■ ■ ■ , Xn, A) = 1, 

52(X2,...,X„,^) = 1, 

5„(X„,A) = 1 
where for each i one of the following holds: 

1) Si is quadratic in variables Xi; 

2) Si = {[y, z] ~ \,[y,u\ = 1 \ y, z ^ Xi} where u is a group word in Xi^i U . . . U X„ U A such that 
its canonical image in G^+i is not a proper power. In this case we say that Si = 1 corresponds to an 
extension of a centralizer; 

3) 5,={[2/,z] = l|y,zeXa.- 

4) Si is the empty equation. 

Define Gi = Gii(^Si,...,s„) fori ^ 1, . . . ,n and putGn+i = G. The TQ system S = 1 is canted non-degenerate 
(shortly, NTQ) if each system Si = \, where X^+i, . . . , X„ are viewed as the corresponding constants from 
Gi+i (under the canonical maps Xj G^+i, j — i + 1, . . . ,n, has a solution in Gi+i. The coordinate group 
of an NTQ system is called an NTQ group. 

An NTQ system S = 1 is called regular if for each i the system Si = 1 is either of the type 1) or 4), cind 
in the former case the quadratic equation Si = 1 is in standard form and regular (see Defi,nition\^) . 

One of the results to be proved in this section is the following. 

Theorem 11. Let U{X,A) ~ 1 be a regular NTQ-system. Every equation V{X,Y, A) ~ 1 compatible with 
U = 1 admits a complete U -lift. 

Proof. We use induction on the number n of levels in the system U = I. We construct a solution tree 
Tsoi{V{X, Y, A) A U{X, Y)) with parameters X = XiU . . .U X„. In the terminal vertices of the tree there are 
generalized equations Qvi , • ■ • , ^v^. which arc equivalent to cut equations 11^^ , ■ • ■ , Huj, . 

If Si{Xi, . . . , Xn) = 1 is an empty equation, we can take Merzljakov's words (see Theorem 0J as values of 
variables from Xi, express Y as functions in Xi and a solution of some VF(yi, X2, . . . , Xn) = 1 such that for 
any solution of the system 

S2iX2,...,Xn,A) = 1 
SniXn,A) = 1 

equation W = 1 has a solution. 

Suppose, now that S'i(Xi, . . . , X„) = 1 is a regular quadratic equation. Let F be a basic sequence of 
automorphisms for the equation Si{Xi, . . . , X„, A) ~ 1. Recall that 

'^.,P = 7f •.•7r=r-, 

where j G N, = (71 , . . . , 7^ ) is the initial subsequence of length j of the sequence r^°°) , and p = {pi, . . . ,pj) G 
N-' . Denote by ipj p the following solution of 
Si{Xi) = 1: 

where a is a composition of a solution of 6*1 = 1 in G2 and a solution from a generic family of solutions of the 
system 

S2iX2,...,Xn,A) = 1 



138 



in F{A). We can always suppose that a satisfies a small cancellation condition with respect to F. 
Set 

and let be an infinite subset of satisfying one of the cut equations above. Without loss of generality we 
can suppose it satisfies Hi. By Proposition|Hlwe can express variables from Y as functions of the set of F-words 
in Xi, coefficients, variables Mfree and variables Myeryshort, satisfying the system of equations A{Myi,ryshort) 
The system A{Myeryshort) can be turned into a generalized equation with parameters X2 U . . . UX„, such that 
for any solution of the system 
S2iX2,...,X„,A) = 1 

Sn{X„,A) - 1 

the system A{Myeryshort) has a solution. Therefore, by induction, variables {Myeryshort) can be found as 
elements of G2, and variables Y as elements of Gi. □ 

Lemma 74. All stabilizing automorphisms (see \15^ )) of the left side of the equation 

crc^^(ciC2)-^ = 1 (115) 

have the form zf = c5;'zi(cJ^C2^)", = c™Z2(c^'^C2^)". All stabilizing automorphisms of the left side of the 
equation 

x^c'ia'^c)-^ = 1 (116) 
have the form x'^ = a;^^ ' , z"^ = z{x'^c^)^ . All stabilizing automorphisms of the left side of the equation 

x\x\{a\al)-^ = 1 (117) 

have the form x\ ~ (xi (xi2:2)™)*^'^i^2)" ^ ^2 = {(xiX2)~'"^ X2)'^^'^^^^^^'' ■ 

Proof. The computation of the automorphisms can be done by utilizing the Magnus software system. □ 
If a quadratic equation S{X) = 1 has only commutative solutions then the radical R{S) of S{X) can be 
described (up to a linear change of variables) as follows (see \2U\]: 

Rad{S) = ncl{[xi, Xj], [xi, b],\ z, j = 1, . . . , k}, 

where b is an element (perhaps, trivial) from F. Observe, that if b is not trivial then b is not a proper power 
in F. This shows that S{X) = 1 is equivalent to the system 

Ucon^iX)^ {[x,,Xj] = l,[x,,b] = l,\ l,j =l,...,k}. (118) 

The system Ucom{X) = 1 is equivalent to a single equation, which we also denote by Ucom{X) = 1. The 
coordinate group H — -P'fl(c/co™) of the system Ucom = 1, as well as of the corresponding equation, is _F- 
isomorphic to the free extension of the centralizer Cpih) of rank n. We need the following notation to deal 
with H . For a set X and 6 S F by A{X) and A{X, b) we denote free abelian groups with basis X and X U {&}, 
correspondingly. Now, H F ^b=b A{X, b). In particular, in the case when 6 = 1 we have H = F * A{X). 

Lemma 75. Let F — F(A) be a non- abelian free group and V{X,Y, A) — I, W{X,Y, A) — 1 be equations 
over F. If a formula 

$ = VX(i7™„(X) = 1 ^ 3Y{ViX, Y,A)^1A WiX, Y, A) ^ 1)) 

is true in F then there exists a finite number of < b >-embeddings (f>k '■ A{X, b) A(X, b) (fc G K) such that: 

1 ) every formula 

= ^YiViX"^" , r, A) = 1 A ly (X"^" , r, A) ^ 1) 

holds in the coordinate group H = F *b=b A[X, b); 

2) for any solution X : H F there exists a solution X* : H ^ F such that X = (pkX* for some k G K . 
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Proof. We construct a set of initial parameterized generalized equations QE{S) = {fii, . . . , f2,.} for 
V{X, Y,A) = \ with respect to the set of parameters X. For each O g QE{S) in Section lsTBl we constructed the 
finite tree Tso;(f2) with respect to parameters X. Observe, that non-active part \jvoiPva\ the root equation 
= 11^0 of the tree TgoiiS^) is partitioned into a disjoint union of closed sections corresponding to X-bases 
and constant bases (this follows from the construction of the initial equations in the set QE{S)). We label 
every closed section a corresponding to a variable x G X^^ by x, and every constant section corresponding 
to a constant a by a. Due to our construction of the tree Tsoi{^) moving along a brunch B from the initial 
vertex to a terminal vertex v we transfer all the bases from the non-parametric part into parametric part 
until, eventually, in ^l^ the whole interval consists of the parametric part. For a terminal vertex v in Tsoi{^) 
equation Vly is periodized (see Section 5.4). We can consider the correspondent periodic structure V and the 
subgroup Z2. Denote the cycles generating this subgroup by zi, . . . , Zm- Let Xi = b''' and Zi = h"^ . All XiS are 
cycles, therefore the corresponding system of equations can be written as a system of linear equations with 
integer coefficients in variables {fci, . . . , fc„} and variables {si, . . . , s,„} : 

m 

fcj = ^ UijSj + I3i, i ^1,.. .,n. (119) 
i=i 

We can always suppose m < n and at least for one equation Qy m = n, because otherwise the solution set 
of the irreducible system Ucom = 1 would be represented as a union of a finite number of proper subvarieties. 

We will show now that all the tuples (fei, . . . , kn) that correspond to some system ()119|l with m < n (the 
dimension of the subgroup generated by fc — /3 = fci — /3i , . . . , fc„ — /3„ in this case is less than n) , appear 
also in the union of systems (|119() with ni = n. Such systems have form k ~ /3q £ Hq, q runs through some 
finite set Q, and where Hq is a subgroup of finite index in Z" =< si > x...x < s„ >. We use induction 
on n. If for some terminal vertex v, the system H119f) has m < n, wc can suppose without loss of generality 
that the set of tuples H satisfying this system is defined by the equations k^ = . . . , kn = 0- Consider just the 
case kn = 0. We will show that all the tuples fco = {ki, ■ ■ ■ , fc„_i, 0) appear in the systems (|119|l constructed 
for the other terminal vertices with n = m. First, if Nq is the index of the subgroup Hq, Nqk G Hq for each 
tuple k. Let N be the least common multiple of TVi, . . . , Nq. If a tuple (fci, . . . , fc„_i, tN) for some t belongs 
to Pq + Hq for some q, then (fci, . . . , A:„_i, 0) & f3q + Hq, because (0, . . . , 0, tN) £ Hq. Consider the set K 
of all tuples (fci, ... , kn-i, 0) such that (fci, . . . , fc„_i,iiV) ^ Pq + Hq for any q = 1, . . . , Q and t £ Z . The 
set {(fci, ... , fc„_i, tA^)|(fci, . . . , fc„_i, 0) £ K,t £ Z} cannot be a discriminating set for Ucomm = 1- Therefore 
it satisfies some proper equation. Changing variables fci,...,fc„_i we can suppose that for an irreducible 
component the equation has form fc'„_i = 0. The contradiction arises from the fact that we cannot obtain a 
discriminating set for Ucomm ~ 1 which does not belong to f3q + Hq for any q = 1, . . . ,Q. 

Embeddings 1/)^ are given by the systems (I119|l with n = m for generalized equations fl^ for all terminal 
vertices v. □ 

There are two more important generalizations of the implicit function theorem, one - for arbitrary 
NTQ-systems, and another - for arbitrary systems. We need a few more definitions to explain this. Let 
U{Xi,...,Xn,A) = lhe em NTQ-system: 

SiiX,,X2,...,Xn,A) =1 
S2iX2,...,Xn,A) =1 

Sn{Xn,A) =1 

and G, = Gii(^s,,...,s„), Gn+i = 

A Gi+i- automorphism a of Gi is called a canonical automorphism if the following holds: 

1) if Si is quadratic in variables Xi then a is induced by a G^+i -automorphism of the group Gi^i[Xi] which 
fixes Si; 

2) if Si = {[y, -z] Ij [2/:''^] = 1 I 2/1 2 G Xi} where w is a group word in X^+i U • ■ • U X„ U A, then 
Gi — Gi+i Ab{Xi U {u}), where Ab{Xi U {u}) is a free abelian group with basis Xi U {u}, and in 
this event a extends an automorphism of Ab{Xi U {u}) (which fixes u); 
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3) If Si = {[y, z] = 1 \ y, z E X;} then Gi = Gj+i * Ab{Xi), and in this event a extends an automorphism 
oiAb{X,); 

4) If Si is the empty equation then Gi = Gi-i-i[Xi], and in this case a is just the identity automorphism of 
Gi. 

Let TTj be a fixed Gi^i [Y^J-homomorphism 

where 9 = Yi C Y2 C . . . C Yn Q Yn+i is an ascending chain of finite sets of parameters, and Gn+i = F{A). 
Since the system [/ = 1 is non-degenerate such homomorphisms tt^ exist. We assume also that if Si{Xi) = 1 is 
a standard quadratic equation (the case 1) above) which has a non-commutative solution in Gi+i, then X'^' 
is a non-commutative solution of Si{Xi) = 1 in Gi+i[yi+i]. 

A fundamental sequence (or a fundamental set) of solutions of the system U{Xi, . . . ,Xn,A) = 1 in F{A) 
with respect to the fixed homomorphisms tti, . . . , 7r„ is a set of all solutions of ?7 = 1 in F{A) of the form 

(TlTTl • • • tJ„7r„T, 

where ai is Ki-automorphism of Gi[i^i] induced by a canonical automorphism of Gi, and t is an F(A)- 
homomorphism t : F{A\jYn+i) F{A). Solutions from a given fundamental set of U are called fundamental 
solutions. 

Below we describe two useful constructions. The first one is a normalization construction which allows one 
to rewrite effectively an NTQ-system U{X) = 1 into a normalized NTQ-system U* ~ 1. Suppose we have an 
NTQ-system U{X) = 1 together with a fundamental sequence of solutions which we denote V{U). 

Starting from the bottom we replace each non-regular quadratic equation Si = 1 which has a non- 
commutative solution by a system of equations effectively constructed as follows. 

1) If 5i = 1 is in the form 

cfica'" = C1C2, 
where [ci, C2] ^ 1, then we replace it by a system 

{x^l = Z1C1Z3, Xi2 = Z2C2Z3, [Zi, Ci] = 1, [Z2, C2] = 1, [2:3, C1C2] = 1}. 

2) If 5i = 1 is in the form 

where [a, c] ^ 1, we replace it by a system 

{xii = a'^\xi2 = Z2CZ1, [z2,c\ = 1, [2;i,a^c] = 1}. 

3) If 5i = 1 is in the form 

2 2 _ 2 2 

•^il'^i2 ~ '^lO-2 

then we replace it by the system 

{xii = {aiZiy,Xi2 = (zf ^a2)''^ [zi, 0102] = 1, {z2,a{c<?^ = 1}. 

The normalization construction effectively provides an NTQ-system IJ* ~ \ such that each fundamental 
can be obtained from a solution oi \J* = 1. We refer to this system as to the normalized system of U 
corresponding to the fundamental sequence. Similarly, the coordinate group of the normalized system is called 
the normalized coordinate group of ?7 = 1. 

Lemma 76. Let U(X) ~ I be an NTQ-system, and U* ^ I be the normalized system corresponding to the 
fundamental sequence V(U). Then the following holds: 

1) The coordinate group Fjkjj) canonically embeds into Fjkjj*-^; 

2) The system U* ~ 1 is an NTQ-system of the type 



Sl{Xi, X2, ■ ■ ■ , Xn, A) ~ 1 
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S2{X2,...,X,,,A) = 1 

Sn{X^,A) = 1 

in which every Si = I is either a regular quadratic equation or an empty equation or a system of the type 

Ucom{X, b) = {[xt,Xj] l,[xi,b] ^ 1,\ i, j = 1, . . . , fc} 

where b £ Gi+i . 

3) Every solution Xq of U{X) = 1 that belongs to the fundamental sequence V{U) can be obtained from a 
solution of the system U* ~ I. 

Proof. Statement 1) follows from the normal forms of elements in free constructions or from the fact that 
applying standard automorphisms 0^ to a non-commuting solution (in particular, to a basic one) one obtains 
a discriminating set of solutions (sec Section 7.2). Statements 2) and 3) arc obvious from the normalization 
construction. □ 

Definition 44. A family of solutions of a regular NTQ-system U {X, A) ~ 1 is called generic if for 
any equation V{X,Y, A) = 1 the following is true: if for any solution from ^' there exists a solution of 
V{X'I',Y,A) = 1, then V = 1 admits a complete U-lift. 

A family of solutions Q of a regular quadratic equation S{X) — 1 over a group G is called generic if for 
any equation V{X, Y, A) = I with coefficients in G the following is true: if for any solution 9 G O there exists 
a solution of V{X^ ,Y, A) = 1 in G, then V ^1 admits a complete S-lift. 

A family of solutions 4* of an NTQ-system U{X,A) = 1 is called generic i/ 5* = ^'i ...^'„, where ^'^ 
is a generic family of solutions of Si = 1 over G^+i if Si = 1 is a regular quadratic system, and ^'^ is a 
discriminating family for St = 1 if it is a system of the type Ucom- 

The second construction is a correcting extension of centralizers of a normalized NTQ-system U{X) = 1 
relative to an equation W{X, Y^A) = 1. where y is a tuple of new variables. Let U{X) = 1 be an NTQ-system 
in the normalized form: 

'5'l(^l, -'^^2: ■ • ■ , Xn, A) ~ 1 

S2{X2,...,X^,A) = 1 
5„(X„,^) = 1 

So every S'i = 1 is either a regular quadratic equation or an empty equation or a system of the type 

UcomiX, b) = {[xi, Xj] = 1, [xi, b] = l,\ i, j = 1, . . . , A:} 

where b G G^+i. Again, starting from the bottom we find the first equation Si{Xi) = 1 which is in the form 
Ucom{X) = 1 and replace it with a new centralizer extending system UcomiX) = 1 as follows. 

We construct Tsoi for the system W{X,Y) = 1 A U{X) = 1 with parameters Xi, . . . , Xn. We obtain 
generalized equations corresponding to final vertices. Each of them consists of a periodic structure on Xi and 
generalized equation on Xi+i . . .Xn- We can suppose that for the periodic structure the set of cycles C^^^ is 
empty. Some of the generalized equations have a solution over the extension of the group Gi . This extension is 
given by the relations Ucom{Xi) = 1, Si+i{Xi^i, . . . , X„) = 1, . . . , S'„(X„) = 1, so that there is an embedding 
4ik ■ A{X,b) A{X,b). The others provide a proper (abelian) equation Ej{Xi) = 1 on Xi. The argument 
above shows that replacing each centralizer extending system Si{Xi) = 1 which is in the form Ucom{Xi) = 1 
by a new system of the type Ucom{Xi) — 1 we eventually rewrite the system U{X) = 1 into finitely many 
new ones Ui{X) = 1,...,C7„(X) = 1. We denote this set of NTQ-systems by CwiU)._ For every NTQ- 
system Um{X) = 1 e Cw{U) the embeddings (j)k described above give rise to embeddings : -Fij(c/) — > Fj^^py 
Finally, combining normalization and correcting extension of centralizers (relative to = 1) starting with an 
NTQ-system [/ = 1 and a fundamental sequence of its solutions V{U) we can obtain a finite set 



MCw{U)^Cw{U*) 
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which comes equipped with a finite set of embeddings 9i : Fji^u^ ^R{Ui) ea.ch Ui G NCw{U). These 
embeddings are called correcting normalizing embeddings. The construction implies the following result. 

Theorem 12. (Parametrization theorem) Let U{X, A) = \ he an NTQ-system with a fundamental sequence 
of solutions V{U). Suppose a formula 

$ = \fX{U{X) = 1 3Y{W{X, Y,A)^IA Wi{X, Y, A) ^ 1) 

is true in F. Then for every Ui £ AfCw{U) the formula 

3Y{W{X'^^ , y, ^) = 1 A W^i {X'^' ,Y,A):^1) 

is true in the group G^(p.) for every correcting normalizing embedding 9i : FfK^u) — > Fpj^ir.y This formula can 
be effectively verified and solution Y can be effectively found. 

Futhermore, for every fundamental solution (j) : FfKjj-^ F there exists a fundamental solution ip of one 
of the .systems Ui = 1, where Ui £ AfCwiU) .such that (p = 9iip. 

As a corollary of this theorem and results from Section 5 wc obtain the following theorems. 

Theorem 13. Let U{X^A) = I be an NTQ-system and V(U) a fundamental set of solutions of U ^ 1 in 
F^F{A). If a formula 

$ = yx{u{x) = 1 3Y{w{x, r, ^) = 1 A Wi{x, r, .4) 7^ i) 

is true in F then one can effectively find finitely many NTQ systems Ui — 1, . . . , C/fc = 1 and embeddings 
9i : FjK^ij-j — > FfK^ij.-) such that the formula 

3Y{W{X^' ,Y,A) = lAWi {X^^ , F, A) 7^ 1) 

is true in each group Fjkjj.). Furthermore, for every solution (f) : Fj^u) F of U ^ 1 from V{U) there exists 
i € {1, . . . ,k} and a fundamental solution -0 : Fjk^ij.^ —^ F such that cj) = 9i'ip. 

Theorem 14. Let S{X) = 1 be an arbitrary system of equations over F . If a formula 

^ = yX3Y{S{X) {W{X,Y,A) = 1 AWi{X,Y,A) 

is true in F then one can effectively find finitely many NTQ systems Ui = I, . . . ,Uk ~ I and F -homomorphisms 
9i : ffl(s) —>■ F^ijj.) such that the formula 

3Y{W{X^\Y,A) = 1 AVFi(X''%y,A) ^ 1) 

is true in each group FfK^jj.j . Furthermore, for every solution (f) : F of S ^ 1 there exists i £ {1, . . . , fc} 

and a fundamental solution ip ■ F^ijj.) F such that (p — 9iip. 
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